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We discuss the difference between the thermodynamics of black holes and the thermodynamics of the de Sitter
expansion. Both systems experience the Hawking radiation, but its impact on thermodynamics is different. As
distinct from the thermodynamics of black holes, which are finite compact objects, the de Sitter state is the
infinite and homogeneous state. The presence of the cosmological horizon provides two sides of the de Sitter
thermodynamics: the local thermodynamics and the thermodynamics related to the cosmological horizon. We
discuss the connection between these two sides considering the entropy of the Hubble volume in de Sitter
spacetime — the region inside the horizon. On one hand there is the Gibbons—Hawking entropy Scu = A/4G
associated with the cosmological horizon. On the other hand this entropy can be obtained by integrating
the local entropy density over the Hubble volume. In (3 + 1) spacetime, these two entropies coincide. This
provides physical meaning and a natural explanation to the Gibbons—Hawking entropy — it is the entropy
in the volume Vi bounded by the cosmological horizon. Here we consider whether the Gibbons—Hawking
conjecture remains valid for the de Sitter state in general d 4+ 1 spacetime. To do this, we use the local de
Sitter thermodynamics, characterized by a local temperature Tys = H/m. This temperature is not related to
the horizon: it is the temperature of local activation processes, such as the ionization of an atom in the de
Sitter environment, which occur deep within the cosmological horizon. This local temperature is universal and
does not depend on dimension d, it is twice the Gibbons—Hawking temperature Teu = H/27. We found that
the entropy of the Hubble volume is Sy = (d — 1) A/8G, which modifies the Gibbons—Hawking entropy of the
horizon. The original form of the Gibbons—Hawking entropy is valid only for d = 3.
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1. INTRODUCTION

It is now accepted that Bekenstein-Hawking entropy
of a black hole is associated to the area of the event
horizon, Spg = A/4G, although there are still some
doubts [1]. Later it was suggested by Gibbons and
Hawking that the area of cosmological horizon can be
also interpreted as an entropy [2]. A black hole is a
compact object, the position of the horizon is well de-
termined, and in the asymptotically flat spacetime the
concept of its entropy is physically motivated. In con-
trast, the de Sitter universe is a homogeneous state,
and the position of the cosmological horizon depends
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on the position of the observer. That is why the mean-
ing of the horizon entropy requires explanation [3].

The proper approach is to consider this surface en-
tropy as coming from the bulk contribution, see Ref. [4]
and references therein. In this approach, the de Sitter
state is considered as a medium which is character-
ized by the local temperature Tqs = H/m. This tem-
perature describes the local processes in the de Sitter
environment, such as the activation process of ioniza-
tion of an atom [5, 6], the decay of a composite par-
ticle [5,7,8], and decay of massive fields into pairs of
inflatons [9]. For example, the rate of ionization of an
atom is w o exp (—e/Tys), where € is the ionization
potential and Tqs = H/m. The decay rate of a par-
ticle with mass mg into two particles of mass my for
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2m1 > my is also determined by this local temperature,
w X exp (72’”%7;3’”“) This local temperature is twice
the Gibbons—Hawking temperature [2], Tou = H/27.

The local temperature Tys = H/m determines the
local entropy density s(7'). Integrating of the entropy
density over the Hubble volume Vj one obtains the en-
tropy of the Hubble volume, which coincides with the
horizon entropy Sgu suggested by Gibbons and Hawk-
ing, Sy = s(T)Vyg = A/AG = Scu. This coincidence
gives physical meaning and a natural explanation to
the Gibbons—Hawking entropy of the horizon: it can
be associated with the entropy of the region inside the
cosmological horizon.

In Ref. [3] the relationship between these two en-
tropies (called on-shell and off-shell entropies) was con-
sidered for a general (d + 1) spacetime. As in our
approach, the on-shell entropy — the entropy of the
Hubble volume — was computed as a volume inte-
gral in de Sitter space. It was found that in any
(d + 1)-dimensional spacetime, the holographic bulk-
horizon correspondence remains valid: the bulk contri-
bution coincides with the Gibbons—-Hawking entropy
Scu = A/4G. However, in the calculations, instead of
the local temperature T' = H/m, the Gibbons—Hawk-
ing temperature Ty = H/27m was used, which causes
the problem. We extended our approach for general
dimension d, and found that the entropy of the Hub-
ble volume and thus the entropy associated with the
horizon is modified: Sy = 42A/G. The modifica-
tion of Gibbons—Hawking entropy is also confirmed by
consideration of the first law of de Sitter thermodynam-
ics [10], which is also based on the local temperature
T =H/r.

We start with Sec. 2, which demonstrates how the
temperature of Hawking radiation and the Bekenstein —
Hawking entropy of black holes arise from the consid-
eration of the correspondingly quantum tunneling and

macroscopic quantum tunneling.

In Sec. 3, the local thermodynamics of de Sitter is
discussed. It is shown that it looks similar to the Lan-
dau two-fluid hydrodynamics, where the role of the su-
perfluid component is played by the dark energy, while
gravitational degrees of freedom form the thermal com-
ponent. In particular, in Sec. 3.6 it is shown that the
graviton propagating in the de Sitter spacetime is ob-
tained directly from the Landau equation for the ve-
locity of the second sound — the propagating mode of
entropy density. In Sec. 3.7 the two-fluid thermody-
namics of de Sitter is applied to the estimation of the
present value of the cosmological “constant” using the
Gribov approach to the QCD confinement.
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In Sec. 4 the global thermodynamics of the Hubble
volume is discussed. The first law of this thermody-
namics is in Sec. 4.2. In Sec. 4.4 we discuss the contro-
versy between our approach and that in Ref. 3], which
is attributed to the sign problem [11]. We show that the
negative sign does appear, but only for the contracting
de Sitter state, which has negative H < 0, negative
T < 0 and correspondingly the negative entropy of the
Hubble volume. In Sec. 4.5 we considered the possible
extension of the Wald entropy to satisfy the modified
value Sy = 421 A/G of the Gibbons -~ Hawking entropy.
Sec. 4.6 is devoted to the quantum and classical fluctu-
ations of the cosmological horizon in general dimension
d. In Sec. 4.7 we consider the application of the Tsal-
lis— Cirto composition law to the cosmological horizon.

2. BLACK HOLE: HAWKING TEMPERATURE
AND BEKENSTEIN -HAWKING ENTROPY

2.1. Hawking radiation by quantum tunneling

It is convenient to study the Hawking radiation
from black hole and in de Sitter using the metric in
the Painlevé — Gullstrand (PG) form [12,13]

ds* = —dt* + (dr — v(r)dt)?. (1)
Here v(r) is the shift vector, which corresponds to the
superfluid velocity in the condensed matter analogues.
For the black hole one has v*(r) = 2GM/r, where M
is the black hole mass and G is the Newton constant.
In the de Sitter state the shift velocity is v(r) = Hr,
and the metric is

ds* = —dt* + (dr — Hrdt)* + r2dQ> . (2)

In both cases the particle spectrum is given by

E(p,r)=+cp+p-v, (3)

where the first term is the spectrum in the frame co-
moving with the vacuum, while the last term plays the
role of the Doppler frequency shift. Equation

E(p,r) = E = const

determines the radial trajectories of massless particles:

E

pr(r) = i te (4)

The integration contour contains the path along
the semicircle around the pole at r ry where
|[v(r)] = e, which relates the tunneling probability
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to the imaginary part in the semiclassical action
w o exp(—2Im S):

2Im S = QIm/drp,.(r)

e
v(r) e
2rE

- dv/drly—y, 5)

The latter is interpreted as the thermal radiation from
the horizon, which is described by the Hawking tem-
perature
h dv
= —— 6
2m dr (6)
For the black hole with mass M, this tunneling ap-
proach gives the following probability of emission of the
particle with energy w per unit time: [14, 15]
)

where Ty is the temperature of the Hawking radiation:

Ty

rT=Tg

w

w(w, M) x exp (—8mGMw) = exp (T_
H

1

Ty = ——
el Vi

(8)
and we use the condition Ty <« w < M. Here we use
the units A = ¢ = 1, however in some cases these pa-
rameters are restored for greater clarity, while in some
cases we also use G = 1 to simplify equations.

For the de Sitter Universe with its v(r) = Hr, the
corresponding temperature is the Gibbons—Hawking
temperature of the cosmological horizon:

H

Ton = 5= -

o (9)

But while the Hawking temperature Ty determines
the black hole thermodynamics, the Gibbons—Hawk-
ing temperature Tgy does not determine the thermo-
dynamics of the de Sitter state. This is what distin-
guishes finite systems from infinite ones. We consider
the de Sitter thermodynamics in Sec. 3, but now con-
centrate on black hole thermodynamics.

2.2. Back reaction and the
Bekenstein — Hawking entropy

Parikh and Wilczek [14] obtained the correction to
the Hawking radiation, which is caused by the back
reaction — the reduction of the black hole mass after
emission:

w(w, M —w) x exp <787rGw (M — %)) . (10)
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This back reaction opened another path to the con-
cept of black hole entropy — the Bekenstein — Hawking
entropy. The process of Hawking radiation, described
by the Hawking temperature, can be viewed as a ther-
modynamic fluctuation. According to Landau and Lif-
shitz [16], the rare fluctuations lead to the decrease
of entropy, and thus the rate of Hawking radiation in
Eq. (10) can be described in terms of the decrease of
the black hole entropy after emission of a particle:

w(w, M —w) < exp [Spu(M — w) — Sgu(M)]. (11)
This immediately gives the value Spy(M) = 47GM?
for the Bekenstein —Hawking entropy, which agrees
with the thermodynamic law

1 dSeu
Tu dM

This shows that the quantum tunneling processes
serve as a source of both the Hawking temperature
and the Bekenstein - Hawking black hole entropy. The
entropy consideration is also supported by considera-
tion of macroscopic quantum tunneling discussed in
Sec. 2.3. It describes the process in which a large
black hole emits smaller black holes [17]. These macro-
scopic processes occurring in the ensemble of black and
white holes obey the peculiar non-extensive Tsallis -
Cirto statistics discussed in Sec. 2.4.

2.3. Emission of black holes as macroscopic
quantum tunneling

The emitted black hole can be thought of as a type
of particle, and the emission process contains a similar
element of back reaction [17]. However, such “particle”
emitted by the black hole has a non-zero entropy. As a
result, unlike the emission of a point particle, the emis-
sion rate of a small black hole increases by the entropy
of the emitted black hole [18].

All this suggests that the general process of the
splitting of black holes into several parts can be ex-
pressed in terms of the entropies of the black holes par-
ticipating in this process. In particular, the rate at
which a black hole splits into two smaller black holes
in the process of macroscopic quantum tunneling obeys
the following rule:

’LU(M — M1 + MQ) X
o exp | Spu(Mi) + Spu(Msz)—

—SBH(M1+M2) . (12)
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This equation allows us to obtain the entropy of the
black hole as a function of its mass, Sgi(M). For that
let us consider the emission of a small black hole with
mass m by a large black hole with mass M > m. The
rate of emission obeys Eq. (7) with w = m. On the
other hand, it obeys Eq. (12) with M; = M — m and
My = m <« M. Expanding this equation in small m
and comparing this equation with Eq. (7) one obtains
the function Spp(M):

dSBH

v =87GM — Spu(M) = 4z GM>.

(13)

The macroscopic quantum tunneling approach is ac-
tually another way to derive the Bekenstein — Hawking
entropy of a black hole. Application of the macroscopic
quantum tunneling to the cosmological decay of a false
quantum vacuum can be found in Refs. [19,20].

2.4. Non-extensive entropy of black hole

The black hole entropy is non-extensive, since
Spu(My + Ms) > Spu(Mi) + Spu(Ms).

The source of the non-extensive entropy of black holes
is a special type of configuration space of the black hole
ensemble, which follows from the black hole transfor-
mations discussed in Sec. 2.3.

The entropy of the conventional thermodynamic
systems is extensive. The entropy there is proportional
to the volume of the system, and thus the splitting of
the system with volume V' in two parts with volumes
Vi + Vo = V does not change the total entropy of the
system,

S(Vi+Ve) =85(V1) +5(Va),

or

S(A, B) = S(A) + S(B).

The black hole entropy does not satisfy the addi-
tivity condition. Instead one has the following non-
additive composition rule for the black hole entropies:

SBH(Ml +M2) -
— (\/SBH(Ml) + \/SBH(M2)>2 - (14)

It is precisely because of the quantum processes
that the ensemble of black holes has a special type
of configuration space, where the entropy is not ex-
This non-extensivity is caused by quantum
fluctuations, which determine the rare processes of
macroscopic quantum tunneling between the black hole
states. This is the analog of intermittency in the

tensive.
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chaotic systems [21]. Such processes require the gener-
alization of the statistics with the corresponding non-
extensive entropy. The Eq. (14) fully determines the
type of the statistics: it is described by the Tsallis—
Cirto entropy with § = 2 [22], see Sec. 2.5.

If a black hole is a mixed state and its entropy is
a kind of the von Neumann entropy, then the quan-
tum tunneling process of breaking the black hole into
smaller black holes transforms the mixed state into a
less mixed state — a state with lower entropy. This is
consistent with Weinberg’s view [23] that it is the den-
sity matrix introduced by Landau and von Neumann
that describes physical reality, not the wave function in-
troduced by Schrédinger. The wave function approach
is as convenient as the complex order parameter (the
condensate wave function) introduced by Ginzburg and
Landau to describe superfluidity and superconductiv-
ity. But the real physical quantities are their bilinear
combinations — the density matrix and the correlation
function, which are invariant with respect to phase shift
(for additional symmetries of the density matrix com-
pared to the wave function, see Ref. [23]).

2.5. Composition rule for merging and splitting
of black holes

The black hole entropy Spu(M) = 47GM? is non-
extensive with the special type of composition. An ex-
ample, which we considered, was the process of the
splitting of the black hole with mass M into two
smaller black holes with masses M; and Ms,. For
M, + My = M, the entropy in Eq. (14) obeys the fol-
lowing composition rule:

VSeu(M = My + M) =
= /Seu (M) 4+ /S (M)

(15)

This composition suggests the application of the non-
extensive Tsallis — Cirto § = 2 entropy: [24]

2
1
Ss—2 =Y _pi (lﬂ p—) ;

which gives for a system composed of two probabilisti-
cally independent subsystems A and B, the following
non-additive composition rule:

(16)

VSs=2(A+ B) = /S5=2(4) + V/S5=2(B) . (17)
The non-extensive entropy is a direct consequence of
the non-extensivity of the gravitational interaction,
i.e., the consequence of the long-range force of gravity,
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see, e.g., Refs. [25-29]. This can be seen if one consid-
ers the black hole with mass M as ensemble of IV black
holes with masses mg, which gravitationally interact
with each other [30]. The entropy of this ensemble is
proportional not to the number N of the objects, but
to the number N(N — 1)/2 of ways to select two in-
teracting objects from this ensemble. As a result, the
entropy of black hole is proportional to N? = M?/m2,
which agrees with Bekenstein — Hawking entropy, if mg
is on the order of the Planck mass. That is why statis-
tically a black hole can be considered as the statistical
ensemble of Planck scale black holes — planckons or
maximons [31].

2.6. Negative entropy of white hole

The black and white holes differ by the opposite
directions of the shift vector,

v(r) = £8/2MG/r.

The minus and plus signs correspond to the motion
towards the central singularity in the black hole and
away from the singularity in the white hole. The sign
reversal suggests that black and white holes are the
physical objects with the opposite signs of the entropy.
The negative value of the white hole entropy can be ob-
tained using the process of macroscopic quantum tun-
neling from a black hole to a white hole of the same
mass, whose rate is w o e—8mGM? According to Lan-
dau and Lifshitz [16] this process can be considered as
rare fluctuation whose rate is determined by the differ-
ence in entropies in these two states, w oc eSWu—S8m,
This demonstrates that the entropy of the white hole
is equal to the entropy of the black hole with a minus
sign

SWH(M) == 747TGM2 == 7SBH(M) (18)

In the further process of the relaxation of the white
hole towards the black hole, the entropy increases, first
reaching the zero value at the Schwarzschild black hole
with coordinate singularity at the horizon and finally
reaching the maximum value when the black hole is
formed.

It was shown [32] that the composition law (15) can
be extended to include the white holes with negative
entropy and also to the inner horizons of black holes,
which also have negative entropy. For example, if the
black hole splits into the black hole with mass M; and
the white hole with mass Ms, the Eq. (15) becomes

VSpu(M = My + M) =
= V/Seu (M) + /| Swa(Ms)].

(19)
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For My, = 0 and My = M this corresponds to the pro-
cess of macro-tunneling from black to white hole.

The negative entropy of the contracting de Sitter
with H < 0 will be discussed in Sec. 4.4.

2.7. Entropy of rotating black hole

The black hole entropy is the consequence of quan-
tum/thermodynamic statistics of the ensembles of the
black holes, which determines the rate of different pro-
cesses of merging and splitting of black and white holes.
These processes are governed by the non-extensive
Tsallis—Cirto § = 2 statistics [24]. Let us apply this
statistics to the composition law for the inner and outer
horizons of the Kerr black hole [33]. According to this
composition law the total entropy of the Kerr black
hole is expressed in terms of the entropies of the inner
and outer horizons in the same way as for the RN black
hole [32], where the entropy of the inner horizon is neg-
ative (the entropy of states with multiple horizons see
also in Ref. [34]). For the Kerr black hole one has

V SKerr Y S+ + |S—| ) (20)
where the entropy of outer horizon is
Sy = 20GM? (1 /1o J2/M4G2) . (2D

while the entropy of the inner horizon is negative with

S| = 2mGM? (1 1= P/AIGP)

Then the composition law in Eq. (20) gives the fol-
lowing total entropy of the Kerr black hole, which con-
tains two separate contributions from the mass M and
from rotation with angular momentum J:

(22)

Skerr(M,J) = AnGM? + 47 =

= SSChwarzschild(M) +4rJ. (23)

Eq. (23) suggests the quantization of the rotational part
of the total entropy:

Skerr(M,J) — S(M,0) = 4n\/J(J +1). (24)
In the thermodynamic limit J > 1 this gives
95/0.J|,, = 4r. (25)

If the Kerr black hole with J > 1 absorbs or emits
a massless particle with spin s, = 4+1/2, then the mass
M of the black hole remains the same, while its entropy
changes by the following amount:

IAS| = 2r. (26)
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Such stepwise behaviour of the black hole entropy is dis-
cussed in many papers, starting with Bekenstein who
argued that entropy should be quantized in equidistant
steps [35,36], see, e.g., the recent paper [37] and refer-
ences therein. But in Eq. (24) only the rotational part
of the entropy of the Kerr black hole is quantized.

The entropy of the extremal Kerr black hole with
J=GM?is

SKerr extreme = S(M, J = GM2) =

= 28(M,0) =8xJ. (27)

It is four times the traditionally discussed value
So = 2mJ. Also, if Eq. (27) is written in the form

SKerr extreme = ST V J(J + 1) ,

this corresponds to Eq.(11) in Ref. [38] with an addi-
tional factor of 4. Instead of being two times smaller
than the entropy of a Schwarzschild black hole of the
same mass M, it is two times larger.

(28)

3. DE SITTER LOCAL THERMODYNAMICS

The thermodynamics of de Sitter is essentially dif-
ferent from that of the black holes. It appears that it
is not determined by the temperature of the Hawking
radiation from the cosmological horizon.

3.1. Hydrogen atom in de Sitter environment
and de Sitter temperature

Let us show that matter perceives the de Sitter state
of the quantum vacuum as the heat bath. For that let
us consider an atom at the origin, » = 0. The atom
plays the role of the detector (or the role of the static
observer) in this spacetime. The electron bounded to
an atom may absorb the energy from the gravitational
field of the de Sitter background and escape from the
electric potential barrier. If the ionization potential is
much smaller than the electron rest energy but is much
larger than the Hubble parameter, hH < ¢y < mc?,
one can use the non-relativistic quantum mechanics to
estimate the tunneling rate through the barrier.

Let us consider an electron at the n-th level in a
hydrogen atom. Under de Sitter gravitational field this
electron can escape from the atom with the conserva-
tion of energy, which in the classical limit is given by
the classical equation:

2

o + prv

me? 1

(T):*En,En:Wﬁ

(29)
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Here v(r) = Hr and p,(r)v(r) is the Doppler shift,
which allows for electron to reach the negative energy
when it escapes from the atom. The corresponding
radial trajectory p,(r) for escape of electron from the
atom is

pr(r) = —mo(r) + /m2v2(r) — 2mE,,, (30)
and this trajectory was used for calculation of ioniza-
tion rate.

However, since the trajectory is well inside the hori-
zon, one can obtain the same result using the classical
(i. e., non-relativistic) gravitational potential [6]

U(r) = —mav?(r)/2 = —mH?*r? /2.
Then the bound state decays by quantum tunnelling
of electron from the point » = 0 to the point r = r,,,
at which the electron level —F,, matches the de Sitter
gravitational potential,

U(ry) = —mH?*r2/2 = —E,,.

The radial trajectory p,(r) follows now from the clas-
sical equation

ol
2m

mH?*r? =

- —E,. (31)

1
2

One obtains

pr(r) = Vm2H?r2 — 2mE,, (32)

and the integral of p,(r) over the classically forbidden

0<r<r,=+2E,/mH?,

gives the ionization rate
2 Im S
w~exp|—=Im
PATn

dr\/2mEn — m2H?2y?

region,

(33)

E, hH
) Tus = —. (34
< TdS) ’ ds s ( )

The ionization rate is equivalent to the rate of ioniza-
tion in the flat Minkowski spacetime in the presence
of the heat bath with temperature Tgs = AH /7. This
suggests that the de Sitter state of the quantum vac-
uum is the mixed state [39], that serves as the heat
bath for matter or for other degrees of freedom.

o\;
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3.2. Relation between de Sitter temperature
and Gibbons—Hawking temperatures

This heat bath temperature is twice the Gibbons—
Hawking temperature Ty = H/2m, which is generally
considered as the temperature of the cosmological hori-
zon describing the Hawking radiation from the horizon.
Since the electron’s trajectory is deep inside the hori-
zon, 1, < ry = ¢/H, the ionization process is funda-
mentally different from the process of Hawking radia-
tion from the cosmological horizon. However, there is
a relation between the ionization temperature Tyg and
the Gibbons —Hawking temperature of Hawking radia-
tion, Tys = 2Tgu. This follows from the symmetry of
the de Sitter state [4]. The reason for this is that the
temperature Tyg determines not only local processes,
but also the process of Hawking radiation from the cos-
mological horizon.

In the Hawking process in de Sitter state, two
particles are created coherently: one particle is cre-
ated inside the horizon, while its partner is simul-
taneously created outside the horizon. The rate of
the coherent cotunneling of two particles, each with
energy FE, is determined by the temperature Tyg,
ie, w o exp(—2F/T4s). However, the observer
who uses the Unruh — DeWitt detector can detect only
the particle created inside the horizon. For this
observer with limited information, the creation rate
w o exp(—2E/Tys) is perceived as

) — exp (_

That is why Tys = H/7 is the relevant thermodynamic
temperature, which determines both the local processes
and the processes related to the cosmological horizon.

E
Tas/2

E
Tcu

w x exp (_ (35)

The similar situations with two physical processes
should take place in the Unruh effect: the process re-
lated to Rindler horizon [40] and the local process. This
requires the further consideration, see e.g. Ref. [41].

3.3. Local entropy of de Sitter, bulk entropy
and entropy of Hubble volume

The behaviour of matter in the de Sitter environ-
ment suggests that the de Sitter state can be consid-
ered as the heat bath, where the local temperature
Tus = H/7 determines the thermodynamics of the de
Sitter state.

From Friedmann equations of general relativity one
can express the energy density of the de Sitter vacuum
in terms of this local temperature, and then find its free
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energy and the entropy density. The energy density,
which is the cosmological constant A, is (A =c=1) [4]

3

_ L
81G

:A =
8G

T3 . (36)

€vac

This determines the free energy density F' of the de
Sitter state. From equation

F — TdeF/des = €yac

one obtains
F(TdS) = _evac(TdS);

and thus the entropy density sqg is:

OF _ 3m
0Tys 4G

3

=51 (37)

Sds = — ds
This is an example of the entropy density of spacetime
suggested by Padmanabhan [42], see also the review
papers on the gravitational entropy [43,44].

The de Sitter state is homogeneous and thus the en-
tropy of any part of the de Sitter state is proportional
to the volume V of this part:

S(V) =sasV . (38)
The volume V is arbitrary, it can be smaller or larger
than the Hubble volume.

The special case is presented by the entropy of the
Hubble volume. It is obtained by integrating of the
entropy density (37) over the Hubble volume Viypbple:

Stubble = S(Viubble) = SasViubble = (39)

ek
where A is the area of the cosmological horizon. The
entropy in Eq. (39) has the same form as the entropy
of the black hole horizon, and it coincides with the en-
tropy of the cosmological horizon introduced by Gib-
bons and Hawking, Sqy = %. This coincidence gives
physical meaning to the Gibbons - Hawking entropy: it
can be associated with the entropy of the region inside
the cosmological horizon. That is why we have the
holographic bulk-horizon correspondence, in which the
entropy of bulk is equal to the entropy of the surface.
Note that such holography does not take place if one
uses the Gibbons—Hawking temperature Tgy as the
local temperature.

3.4. Two-component de Sitter thermodynamics

Since the de Sitter state has local temperature, the
local energy density €y, and pressure Piae = —€vac,
then we must have the corresponding thermodynamic
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laws. The conventional expression for the Gibbs— Poac = Wyac€vac , Wyac = —1, (43)
Duhem relation, Tyssqs = €vac + Puac, does not work, Pr = wrer , wr =1, (44)
since €yac+ Peac = 0. The reason is that we did not take Pr + Pose = 0. (45)

into account the gravitational degrees of freedom. Ear-
lier it was shown, that gravity contributes to thermo-
dynamics with the pair of the thermodynamically con-
jugate variables: the gravitational coupling K = ﬁ
and the Riemann curvature R, see Refs. [17,45, 46].
The emergence of the space independent thermody-
namic variable R in de Sitter is an example of the so-
called Kronecker anomaly [47], or of the Larkin—Pikin
effect [48], where the extra degrees of freedom emerge
in the fully homogeneous state, i. e., at k = 0. The Kro-
necker anomaly has been also applied to the Bonnor-
Melvin-A Universe and static Einstein Universe [49].

Since the scalar curvature in de Sitter is R = 12H?,
one obtains

TdSSdS =KR. (40)

This demonstrates that it is the gravitational degrees
of freedom that provide the entropy of the de Sitter
state.

So, we have two components of the de Sitter state,
the dark energy component with equation of state
Pyac = —€yac, and the thermal gravitational compo-
nent in Eq. (40). This equation can be rewritten in
the form of Gibbs — Duhem relation, which incorporates
corresponding energy density erx of the gravitational
component and its pressure Pp.

Tassdas = er + Pr . (41)

The gravitational pressure is obtained from the re-

quirement, that in the absence of external pressure

the total pressure of the two components is zero,

Pr = —Pyac = €yac. And then Eq. (41) gives

€ER = €vac = PR, (42)

which means that the gravitational component of de
Sitter has the equation of state wg = 1.

This demonstrates that the gravitational com-
ponent is similar to stiff matter introduced by
Zel’dovich [50], where the speed of sound is equal to
the speed of light,

Ci = CQdPR/den = C2.

In our case this mode represents the propagation of en-
tropy, which exactly corresponds to the second sound in
the Landau two-component model, where the dark en-
ergy plays the role of superfluid component, and gravity
plays the role of the normal component, see Sec. 3.6.
Finally we have for the two components of de Sitter:
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If the matter component is added, one would have
the three-fluid hydrodynamics: vacuum + gravity +
matter. The three-component thermodynamics of the
static Einstein Universe see in Refs. [49,51] and in
Sec. 29.4.5 of Ref. [52].

3.5. de Sitter bubble

To explain the physical meaning of the external
pressure acting on the de Sitter state, let us consider
a de Sitter bubble of radius Rpupble- [53] Then exter-
nal pressure is the pressure acting on this bubble, and
we assume that it is zero. But now we must take into
account the surface tension of the bubble boundary,
o ~ E3, where Ep is the Planck energy scale, and
the corresponding Laplace pressure P, ~ EE’, / Ruubble-
The Laplace pressure can be neglected compared to the
vacuum pressure P,,. if the de Sitter bubble is large
enough:

Ep 1
T2 > T
Only under this condition, when the radius of the de
Sitter bubble highly exceeds the horizon radius 1/H,
will the partial pressures of gravitational and dark en-
ergy components compensate each other in Eq. (45).

Ryupple > (46)

3.6. Graviton in de Sitter as second sound in
two-fluid thermodynamics

Let us consider a particular consequence of the con-
nection between cosmological two-fluid hydrodynamics
and ordinary two-fluid hydrodynamics represented, for
example, by superfluid “He. We are interested in the
analog of the second sound — the propagating waves
of the entropy density S, which is concentrated in the
thermal normal components of the cosmological fluid.

The velocity so of the second sound in the two-fluid
hydrodynamics has the following general form: [54]
TS? ps
CVp Pn ’
where C'y is the specific heat; and p = ps + p,, is the
liquid density.

In the de Sitter state one has S = sqs; T = Tys;
€R = PnC?; Evac = PsC = pnc?; p = pn + ps = 2pn; and
Cy = sgs. Then from Eq. (47) one obtains that the

velocity of the second sound coincides with the speed
of light:

2 _
S5 =

(47)

(48)

So = C.
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At first glance this seems strange: why would Lan-
dau’s classical two-fluid hydrodynamics equations lead
to a mode that propagates at the speed of light. But
apparently the two-fluid approach is quite general. It
follows from the general laws of thermodynamics, which
apply also to the relativistic quantum vacuum. In par-
ticular, thermodynamics allows us to solve the cosmo-
logical constant problem [22]. The mechanism of can-
cellation of the vacuum energy in the ground state of
the system is purely thermodynamic and does not de-
pend on whether the vacuum is relativistic or not. The
relativistic behaviour of the cosmological second sound
supports the applicability of the two-fluid approach to
the de Sitter state.

Since the thermal component of this two-fluid hy-
drodynamics is represented by the gravitational de-
grees of freedom (the scalar curvature R), the sec-
ond sound mode represents graviton propagating in
de Sitter. It would be interesting to derive this mass-
less de Sitter graviton directly from the de Sitter dy-
namics. However, there is still no consensus regarding
massless modes in the de Sitter background, see, e.g.,
Refs. [55-62].

3.7. Two-fluid de Sitter thermodynamics, QCD
vacuum and cosmological constant

The two-fluid de Sitter thermodynamics allows us
to estimate the present value of the cosmological con-
stant in the scenario, which is related to quark confine-
ment. In this scenario, the dark energy is generated by
the vacuum of Quantum Chromodynamics (QCD), see
Ref. [63] and references therein. In the fully equilib-
rium ground state, i.e., in the Minkowski vacuum, all
the contributions to the dark energy cancel each other.
In the expanding de Sitter Universe, the cancellation is
not complete, and in the QCD scenario the dark energy
is proportional to the Hubble parameter H [63]:

€vac = CHA3QCDH7 (49)

where Aqcp ~ 100 MeV is the QCD energy scale and
cp is the dimensionless parameter on the order of unity.
The same estimation was obtained [64] using the Gri-
bov picture of quark confinement [65].

In the two-fluid thermodynamics of de Sitter, the
vacuum energy density €y, coincides with the energy
density er of the gravitational degrees of freedom, see
Eq. (42). Then from equation €y,. = eg = 6K H? and
Eq. (49), one obtains the following estimation of the

2 JKDT®/JETP, sem. 5 (11)

present value of the Hubble parameter and correspond-
ingly the present value of the cosmological «constanty:

Azé)CD A=c o CQ AEC%)CD
6K 7 T T 6K
Since the QCD scale Aqcp is responsible for the proton
mass myp, this estimation of the cosmological constant
corresponds to Zeldovich’s original suggestion [66,67],
A~ Gmg.
The value of A in the Eq. (50) may represent one of
several possible dark energy plateaus in the expanding
Universe [68], but finally A relaxes to zero.

H=cy (50)

4. ENTROPY OF COSMOLOGICAL HORIZON
IN DE SITTER (D+1)-SPACETIME

4.1. On-shell vs off-shell

To emphasize the connection between the entropy
of the Hubble volume (obtained by integration over the
volume inside the cosmological horizon) and entropy re-
lated to the area A of horizon, Diakonov [3] introduced
the notions of the on-shell and off-shell entropies. The
first represents the entropy of the Hubble volume, and
the second corresponds to the entropy traditionally as-
sociated with the cosmological horizon.

Let us consider this connection assuming that the
local temperature of de Sitter is ' = aH. Here we do
not specify the parameter a. The local processes, such
as ionization of an atom in de Sitter environment [6,10],
suggest a = 1/, while the Hawking radiation from the
cosmological horizon suggests a = 1/2.

Let us first consider the on-shell entropy. The tem-
perature dependence of energy density in the de Sitter
d + 1 dimensional spacetime is given by (here we use
G=1)

dd—1) o, d(d-1)T?
= VH="_ 51
T 16r 167 a2 (51)
This energy density determines the local entropy den-
sity, s = —%, where F' is the free energy density.

For the T2 dependence of the energy density, one has
F = —¢, and thus the entropy density is
de dld-1)T dd-1)H

ST 8t a? 8t a’ (52)

The de Sitter state is homogeneous, and its entropy
is extensive, i.e., it is proportional to the considered
volume, Sy = sV. Here the volume V is arbitrary, it
can be smaller and larger than the Hubble volume Vi,
which is

— . (53)
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The on-shell entropy is the entropy of the Hubble
volume:

d(d—1) =/? o
T I‘(%) Hi-1q
d—1q7Y? 1
47 I‘(g) Hi1q "

SVH =

(54)

Let us compare this on-shell entropy of the Hubble
volume with the off-shell entropy, which is traditionally
associated with the area law for the Gibbons - Hawking
entropy of the cosmological horizon:

A d/2

4

oo 1

T or(@) ETT (55)

Sau =
The on-shell and off-shell entropies coincide,
sV = Sgu, if a = 2 i.e., if the local tempera-

(d—1)m>
ture depends on dimension:
2

TZWH

(56)
For d = 3 this temperature agrees with the local tem-
perature, which is obtained by consideration of the rate
of all the local activation processes in the de Sitter en-
vironment, T'(d = 3) = Tys = H/m. But for the other
dimensions, d # 3, the Eq. (56) does not agree with the
local temperature. However, we already demonstrated
that the temperature T = Tys = H/7 is the proper
thermodynamics temperature, which determines both
the local processes and processes related to the cosmo-
logical horizon. This temperature does not depend on
dimension d and thus we must keep Tys = H/m. But
if we keep both the local temperature T' = Tys = H /7w
and the standard Gibbons—Hawking entropy A/4 in
Eq. (55), then the holographic bulk-horizon correspon-
dence is violated.

That is why, the only way to reconstruct the holog-
raphy, i.e., to relate the off-shell entropy of the hori-
zon to the on-shell entropy of the region bounded
by the horizon and preserve the local temperature
T(d) = Tas = H/m, the Gibbons—Hawking entropy
must be modified:

d—1 H
Scu(d) = TA’ T(d) = Tas = gt

(57)

In principle, this modification of the Gibbons—
Hawking entropy is not very unusual. Even the en-
tropy of a black hole can deviate from A/4, examples
of which are the entropy of the Reissner — Nordstrom
black hole [32] and the entropy of Kerr black hole in
Eq. (20). The RN and Kerr black holes have two hori-
zons, and thus the traditional approach, in which the
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entropy is determined by the area of the outer horizons,
is not applicable.

In the next section we confirm the modified Gib-
bons—Hawking entropy (57) of the cosmological hori-
zon using the first law of thermodynamics. Thus the
modified Gibbons—Hawking entropy for d # 3 is an-
other example where the entropy of the horizon is not
equal to A/4, although for the cosmological horizon it
remains proportional to the area.

4.2. First law of thermodynamics of de Sitter
horizon

In Sec. 3.4, we considered the local thermodynam-
ics of de Sitter with the Gibbs—Duhem relation in
Eq. (41). Now let us consider the thermodynamics
of the Hubble volume Vg — the part of the de Sit-
ter space inside the cosmological horizon. Since Vg de-
pends on temperature, the first law of thermodynamics
must include the pressure term. For the thermal grav-
itational component of the de Sitter thermodynamics,
with T = Tds, P = PR, EH = GRVH, and SH = SdsvH,
the first law of thermodynamics has the conventional
form:

TdSy = dEy + PdVy . (58)

Let us check this equation considering first the di-
mension d = 3. The quantities which enter the first law
in Eq. (58) for Sy = A/4 are

dA dH

™
47 3H? 1 1dH
dEHd<—3H3—87T ) d<_2H> *7§H2 ) (60)
3H? 4m 3dH
PdVy = 5 -d <37> =3z O

Inserting these terms to Eq. (58), one obtains that the
first law is satisfied if T is the Sitter local temperature,
T = Tys = H/w. This supports the Gibbons — Hawking
entropy Sqgu = A/4 for d = 3. The same result is valid
in the f(R)-theory [4].

4.3. Cosmological horizon entropy in other
dimensions

Let us now find the entropy of the horizon at arbi-
trary dimension d. As follows from the probability of
the activation processes in de Sitter environment, the
local temperature T' = H/ is universal: it does not de-
pend on d and is always twice the Gibbons - Hawking
temperature. So, we have

H
TdSy = —dSn. (62)
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while
(d—1)% 7% dH
dEy + PdVy = — : 63
H + H Ar F(%l) Hdil ( )
Equating Egs. (62), (63), we obtain
d—1)? 7% dH
dsy = 4=V m (64)

4 T()H

which gives for the entropy of the Hubble volume in
space dimension d:
d—17%% 1

d—14
Sn(d) == T4 Hi=T 2 4

(65)

Equation (65) coincides with Eq. (57) for the modi-
fied Gibbons—Hawking entropy. Thus, the first law
of de Sitter thermodynamics with the local tempera-
ture T = Tys = H/m gives a modification of the Gib-
bons— Hawking entropy of the cosmological horizon in
Eq. (57). Note that this conclusion does not require ac-
cepting the controversial sign-reversal proposals [3,11];
it follows solely from local de Sitter thermodynamics,
which includes the gravitational pair of the thermody-
namically conjugate variables: the gravitational cou-
pling K and scalar curvature R.

4.4. Negative entropy and contracting de Sitter

The controversial negative sign in the off-shell ap-
proach in Ref. [3] and in the first law for the de Sitter
horizon in Ref. [11] actually corresponds to a negative
sign for the entropy, and this violates the bulk-horizon
correspondence. In the local thermodynamic approach
the contradiction does not arise: the signs of both en-
tropies (of the Hubble volume and of cosmological hori-
zon) coincide.

However, the negative entropy may also take place,
but this happens for the contracting de Sitter state.
Both the entropy of the Hubble volume and the en-
tropy of cosmological horizon are negative for the con-
tracting Universe. This becomes clear, when the PG
coordinates [12,13] are used, which have no singularity
at the horizon. The PG metric is given by

ds* = —c2dt* + (dr — v(r)dt)?, (66)

where v(r) = Hr is the shift velocity. The posi-
tive Hubble parameter, H > 0, corresponds to ex-
pansion and the negative Hubble parameter, H < 0,
corresponds to contraction. Similar situation for the
entropies of black and white holes was discussed in
Sec. 2.6.

For the contracting de Sitter Universe, the local
temperature is negative, T'= H /7 < 0. This produces
the negative entropy density in Eq. (52):

_de Wd(d—l)T: d(d—1)

= — = H
5= % 5 5 <0, (67)

and correspondingly the negative entropy of the Hubble
volume: P

Syp=""I"__"_ 0. 68

4 T(4)|H[? (68)

This agrees with the negative sign of the entropy
of the cosmological horizon in the contracting de Sit-
ter. This cosmological horizon is the white horizon, in
the same way as the horizon of the Schwarzschild white
hole and the inner horizon of the RN black hole [32].
The black and white horizons are distinguished using
the PG metric instead of static coordinates. Consider
the coordinate dependence of the shift velocity v(z)
across the horizon at # = 0. For the black horizon
one has dv/dz|,—o > 0, while for the white horizon
dv/dx|.—¢ < 0. Applying this to the de Sitter horizon,
one obtains dv/dr|,—,,, = H > 0 for the expanding de
Sitter and dv/dr|,—,, = H < 0 for the contracting de
Sitter.

The white horizons have negative entropies, as fol-
lows from the consideration of the Hawking radiation.
This demonstrates that for the contracting de Sitter,
the entropy of horizon is again equal to the entropy Sg
of the region inside the cosmological horizon. But now
both entropies are negative. The first law (58) of de
Sitter thermodynamics is also valid for the contracting
de Sitter, since both entropy and temperature change
sign.

4.5. Possible connection to Wald entropy

Let us consider whether it is possible to obtain the
modified Gibbons— Hawking entropy through the Wald
scenario of dynamic entropy: [69]

SWald(d) = (1 — Oéaa) S(Oé)|a:1 . (69)

The goal is to obtain the modified Wald entropy in the
form

d—1
Swald(d) = TA. (70)
For that one must assume that
A
S(a) = a(3_d)/2z . (71)

The modified Wald entropy is still proportional to the
area A, but the question of justifying the Eq. (71) re-
mains open.

2*
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4.6. Thermodynamic and quantum fluctuations
of horizon area

The connection between macroscopic quantum tun-
nelling and entropy in systems with event horizon in
Eq. (12) also suggests the connection between quan-
tum and thermodynamic fluctuations in these systems.
The variance of the thermal entropy corresponds to the
quantum fluctuations of the area of the horizon [70].

The de Sitter state is homogeneous and isotropic, so
we can apply the standard equations for the thermo-
dynamic fluctuations [16]. The local entropy density of
the de Sitter state is linear in temperature, s(T') < T,
and thus the heat capacity is also linear in T'. As a re-
sult one obtains the following fluctuations of the local
entropy: 5

((As)?) v

Then for entropy S(V) = sV of the arbitrary volume
V in Eq. (38) one has

((AS)%) = (S) .

The Eq. (73) does not contain the Planck constant £,
which demonstrates that it describes thermodynamic
fluctuations. This equation also does not contain the
gravitational coupling K. This is in agreement with the
observation by Jacobson [71] that both K and S are
renormalized by the very same quantum fluctuations.
Eq. (73) is automatically valid also for the entropy of
the Hubble volume with V' = V. A similar result with
a factor of two difference is obtained from fluctuations
of the Euclidean volume [72]. The difference may be
related to a factor of two difference in the de Sitter

(72)

(73)

temperature.
Let us first consider space dimension d = 3, where

S(VH) = SVH = A/4Gh = 47TKA/77,.

For this dimension one obtains the following fluctua-
tions of the area of the cosmological horizon:

_ h{4)
 4AnK
This equation for the area fluctuations contains the
Planck constant A. This suggests that thermal fluctua-
tions of the horizon can be also considered as quantum
fluctuations. To see that and find the corresponding
canonically conjugate variables, let us take into account
that the gravitational coupling K is the special ther-
modynamic variable which comes from the Kronecker
anomaly [47]. The variations of K and A at fixed en-
ergy of the Hubble volume obey the following relation:

A4, AK
A T K-

((AA)?) =4GR (A)

(74)

(75)
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Inserting this to Eq. (74) one obtains a kind of the
quantum uncertainty relation:

AAAK:E.

S (76)

This suggests that K = 47K is the variable, which is
canonically conjugate to the area A of the cosmologi-
cal horizon. The same works for the black hole hori-
zon [70]. These canonically conjugate variables, K and
the black hole area A, were used for the calculations
of the transition rate from the black hole to the white
hole with the same mass [17]. This rate is determined
by the integral [ A(K)dK over the tunneling trajec-
c

tory C', which connects black and white holes.
For general dimension d > 3, where

S(Vy) =2n(d—1)KA/h,
the Eq. (74) becomes
8

d—1

h

((A4)%) = A 1)K

Gh(4A) = Ay, (17)
Note that the coefficient in the area variance differs
from the corresponding coefficients in Refs. |73, 74].

Then the Eq. (75) becomes

AA  d—1AK

d—2 K
and one obtains the quantum uncertainty relation for
general dimension d:

h d—-2

AAAK = - .
o (d— 1)2

(79)

This means that K = 27K (d—1)%/(d—2) is a vari-
able canonically conjugate to the area A of horizon. On
the other hand, the gravitational coupling K and the de
Sitter curvature R are conjugate thermodynamic vari-
ables. The reason of the connection between quantum
and thermal variables and correspondingly between the
quantum and thermal fluctuations is the presence of
the event horizon, which is a source of irreversibility,
analogous to statistical irreversibility [75].

4.7. Combining black hole horizon and de
Sitter horizon

The entropy of the homogeneous de Sitter state is
extensive,

S(Vi + Vo) =S(W1) + S(Va),

while the entropy of the compact black hole obeys
the non-extensive Tsallis—Cirto composition rule in
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Eq. (17). However, there are connections between these
systems, if only the horizon entropy is considered. Ex-
ample is provided by the black hole in the de Sitter en-
vironment — the Schwarzschild —de Sitter (SdS) black
hole, which has both the black hole horizon and the
cosmological horizon. Let us use the approach based
on the singular coordinate transformations, which in
particular was used for the calculations of the proba-
bility of the macroscopic quantum tunneling from black
hole to white hole [17]. Since the coordinate transfor-
mation has a singularity, invariance under diffeomor-
phisms does not necessarily apply, and hence the coor-
dinate transformation connects two physically different
objects — the black hole with mass M and the white
hole with the same mass.
The SdS black hole with the shift vector

2M
vi(r) = H*r* + e
r

has two horizons: the black hole horizon at » = r_ and
the cosmological horizon at » =7 > r_. Let us make
the singular coordinate transformation » — —r. Then
one obtains the state with
2MG
vi(r) = H*r* — ,
r

which corresponds to the negative mass of black hole.
This state has only a single horizon at rg = ry +r_.
The entropies of the initial and final states obey the
composition law:

VS(ro) =/ S(r-) +/5(ry).

This corresponds to the Tsallis—Cirto § = 2 statis-
tics and justifies the dS Matrix Theory suggested by
Susskind [76]. One might expect that in the general
dimension d, the Tsallis—Cirto parameter is § = %,
and the entropy of cosmological horizon becomes ex-
tensive in the limit d — oo.

So, the statistics related to the black hole horizon
and to the cosmological horizons coincide. What about
the holographic bulk-horizon correspondence that ex-
ists for the entropy of cosmological horizon? Does it
apply to the black hole horizon? Unruh’s answer is
no, a black hole is not a container of entropy [77].
However, there are arguments based on the first law
of thermodynamics that all the entropy of an ordi-
nary Schwarzschild black hole is concentrated in the
black hole singularity, while the holographic correspon-
dence is satisfied [10]. Note that Unruh’s objections are
applicable to the Srinivasan and Padmanabhan tun-
neling approach to the Hawking radiation [78]. The
reason is that Srinivasan and Padmanabhan used the

(80)
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static Schwarzschild coordinates, that are singular at
the horizon and the inside and outside are causally dis-
connected regions. Moreover, the static Schwarzschild
coordinates describe a static hole, which is an in-
termediate state between a black hole with entropy
Spu = A/4G and a white hole with the opposite shift
vector and negative entropy Swn = —A/4G. [17] The
static hole has zero entropy, Sstatic = 0.

Possibility of the horizonless regular black holes
with zero entropy is under discussion [79-83].

5. CONCLUSION

In the de Sitter state in the 341 dimensional space-
time, there is the holographic connection between the
entropy of the Hubble volume and the Gibbons — Hawk-
ing entropy Sgu = A/4G of cosmological horizon. This
gives physical meaning and a natural explanation to the
Gibbons — Hawking entropy — it is the entropy in the
volume Vi bounded by the cosmological horizon. If so,
the same holographic bulk-horizon correspondence is to
be valid for an arbitrary spacetime dimension d + 1.

Calculating the entropy Sy of the Hubble vol-
ume Vg in the d + 1 de Sitter state, we obtained
Su(d) = 4L A/G. This suggests the modification of
the Gibbons—Hawking entropy of the de Sitter cosmo-
logical horizon. It must be the same as the entropy of
the Hubble volume,

d—1
—yyel
5 G

Scu(d) =Sy (d) =

This derivation was also confirmed using the first
law of the de Sitter thermodynamics. In both cases we
used the local thermodynamics of the de Sitter state
with the local temperature T = H/m, which deter-
mines the rate of activation processes in the de Sitter
environment.

The same approach to the contracting de Sit-
ter state, i.e., with the negative Hubble parameter
H < 0, demonstrates that the corresponding Gibbons —
Hawking entropy of the cosmological horizon equals,
with the minus sign, the modified Gibbons—Hawk-
ing entropy of the horizon of the expanding Universe,
Su(d) = =42 A/G. The minus sign of the entropy
follows both from the local thermodynamics of the con-
tracting de Sitter and from the properties of the white
horizon in the contracting de Sitter.

We also demonstrated that the local thermodynam-
ics of de Sitter looks similar to the Landau two-fluid
hydrodynamics, where the role of the superfluid com-
ponent is played by the dark energy, while gravitational
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degrees of freedom (the scalar curvature R) are respon-
sible for the thermal component of the de Sitter cos-
mological liquid. In particular, it is shown that the
graviton propagating in the de Sitter spacetime corre-
sponds to the second sound — the propagating mode of
the entropy density. The graviton velocity is obtained
directly from the classical Landau equation for the ve-
locity of the second sound, which demonstrates the uni-
versality of the Landau two-fluid hydrodynamics.
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