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Despite its apparent simplicity, the Landau Fermi
liquid (FL) theory is one of the most non-trivial theo-
ries of interacting fermions [1–6]. In general terms, it
states that a generic system of interacting fermions in
dimension D > 1 displays behavior which differs from
that for free fermions only qualitatively, but not quan-
titatively.

A conventional wisdom is that fundamental proper-
ties of a FL are determined by fermions near the Fermi
surface (FS), while contributions from fermions away
from the FS can be safely integrated out in, e. g., renor-
malization group formalism [7], and only provide some
finite renormalization of FL parameters like quasiparti-
cle residue Z and the vertex function Γω(pF , qF ) for the
interaction between fermions on the FS. The potential
instabilities of a FL — superconductivity or a sponta-
neous deformation of a FS (a Pomeranchuk order), are
also attributed to the effects of the interaction between
fermions at the FS. The condition for a Pomeranchuk
instability in a charge or spin channel with orbital mo-
mentum l is set to be F

c(s)
l = −1, where F

c(s)
l are

partial components of Γω(pF , qF ).

In this communication, we review earlier and re-
cent work on microscopic theory of a FL, with special
attention to the interplay between contributions from
fermions at the FS and away from it. Our central mes-
sage is that conservation laws set up delicate balances
between these contributions, with sometimes surprising
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effects, and some care should be taken when consider-
ing the contributions away from the FS.

We first discuss the expressions for quasiparticle
residue Z and mass renormalization m∗/m in a generic
rotationally-invariant FL, known as Pitaevskii–Landau
and Kondratenko relations. These relations can be
rewritten as Ward identities [8] associated with conser-
vation of total charge (fermionic mumber), total spin,
and total momentum. This leads to five relations be-
tween Z, m∗/m, and three-leg vertices associated with
conserved “charges” and their currents:

ΛcZ = 1, ΛsZ = 1, ΛmomZ = 1, (1)
m∗

m
Λc
JZ = 1 + F c

1 ,
m∗

m
Λs
JZ = 1 + F s

1 . (2)

Here, Λc, Λs, and Λmom are three-leg vertices for
conserved “charges” (fermionic number/charge, spin,
and momentum) and Λc

J and Λs
J are three-leg vertices

for conserved fermionic number/charge and spin “cur-
rents”. Each three-leg vertex is expressed via charge
and spin components of the vertex function Γω(pF , q)

in which one fermion is at the FS, but the other is
generally away from it:

Λc = 1− 2i

∫
Γc(pF , q)(G

2
q)ω

dD+1q

(2π)D+1
,

Λs = 1− 2i

∫
Γc(pF , q)(G

2
q)ω

dD+1q

(2π)D+1
,

Λmom = 1− 2i

∫
Γc(pF , q)(G

2
q)ω

pF · q
p2F

dD+1q

(2π)D+1
,

(3)

and
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Λc
J = 1− 2i

∫
Γc(pF , q)(G

2
q)ω

pF · q
p2F

×

× ∂εq
∂εparq

dD+1q

(2π)D+1
,

Λs
J = 1− 2i

∫
Γs(pF , q)(G

2
q)ω

pF · q
p2F

×

× ∂εq
∂εparq

dD+1q

(2π)D+1
.

(4)

The functions Γc(pF , q) and Γs(pF , q) are charge and
spin component of Γω

αβ,γδ(pF , q) = δαγδβδΓ
c(pF , q) +

+σαγσβδΓ
s(pF , q), p = (ω′,p), the object

(
G2

q

)
ω

is the
product of two Green’s functions with the same mo-
menta and infinitesimally close frequencies, εq is the
dispersion, which near the FS reduces to εq = μ +

+ pF (q − pF )/m, and εparq = q2/(2m) is a parabolic
dispersion with the same m as in εq. The current of
momentum (the energy-momentum tensor) is not ex-
pressed as a bilinear combination of fermions, and does
not give an additional relation for m∗/m in terms of
Γc(pF , q).

Equations (3) and (4) are valid for both Galilean-in-
variant and non-Galilean-invariant systems, as long as
the total momentum is a conserved. We emphasize that
the integrals in (3) and (4) are not confined to the FS
and come from fermions with q anywhere in the Bril-
louin zone.

Next we explore the fact that the set of equations
(1) and (2) is overcomplete in the sense that the re-
lations with Λc and Λc

J alone already express Z and
m∗/m in terms of the vertex function:

1

Z
= 1− 2i

∫
Γc(pF , q)(G

2
q)ω

dD+1q

(2π)D+1
,

m∗

m
= (1 + F c

1 )Q,

Q =

=

1−2i

∫
Γc(pF , q)(G

2
q)ω

pF · q
p2F

dD+1q

(2π)D+1

1−2i

∫
Γc(pF , q)(G

2
q)ω

pF · q
p2F

∂εq
∂εparq

dD+1q

(2π)D+1

(5)

(in a Galilean-invariant system, where εq = ε0q, Q = 1,
and m∗/m = 1 + F c

1 , Refs. [1–3]). The other equa-
tions place constraints on the vertex function: the two
additional relations in (3) set conditions on the inte-
grals over dD+1q of Γc(pF , q) and Γs(pF , q), and the
additional relation in (4) can be expressed as

Λc
J

Λs
J

=
1 + F c

1

1 + F s
1

. (6)

Equation (6) expresses two essential insights. First,
that the ratio of certain integrals, which come from

fermions away from the FS, is exactly expressed in
terms of Landau parameters, which are determined by
the interactions between fermions at the FS. In other
words, conservation laws relate the low-energy sector
of a FL, where quasiparticles are well defined, and the
high-energy sector, where in a generic FL there are no
long-lived fermionic states. Second, we see from (6) and
(2) that, as long as m∗/m remains finite, the current
vertices ΛJc(s)

scale as 1 + F
c(s)
1 and vanish at F

c(s)
1 =

= −1.
The second part of our paper is devoted to a study

of Pomeranchuk instabilities of the FS to deformations
in a given angular momentum channel l, either in the
spin or the charge sector. We analyze how conserva-
tion laws constrain these instabilities. To this end we
introduce a generic order parameter with angular mo-
mentum l

ρ̂cl (q) =
∑
p,α

λc
l (p)c

†
p−q/2,αcp+q/2,α, (7)

ρ̂sl (q) =
∑
p,αβ

λs
l (p)c

†
p−q/2,ασ

αβcp+q/2,β, (8)

where λ
c(s)

l (p) is a form-factor. A generic λ
c(s)

l (p) has
momentum dependence dictated by its angular momen-
tum channel (1 for l = 0, p for l = 1, etc.) times a
function of |p|. For example in 2D

λ
c(s)
l (k) = cos(lφk)|k|lf c(s)

l (|k|), (9)

or equivalently with sin instead of cos.
The starting point for our analysis is the expres-

sion for the static susceptibility χ
c(s)

l in a generic FL,
originally derived by Leggett [9]:

χ
c(s)
l =

(
Λ
c(s)
l Z

)2

χ
c(s)
l,qp + χ

c(s)
l,inc,

χ
c(s)
l,qp = χl,0

m∗/m

1 + F
c(s)
l

.
(10)

Here, Λ
c(s)

l is the same triple vertex as before but now
for arbitrary order parameter with angular momentum
l (still normalized such that Λc(s)

l = 1 for free fermions),
and χl,0 is the susceptibility of free fermions (a partic-
le–hole bubble with λ

c(s)
l in the vertices. χ

c(s)

l,inc is the
contribution to the susceptibility from fermions strictly
away from the FS. We present the diagrammatic deriva-
tion of (10).

The χ
c(s)

l,qp term is often called the quasiparticle con-
tribution because it is finite in the static limit Ω = 0,
q → 0, but vanishes at q = 0, Ω → 0, i. e., it comes
from the immediate vicinity of the FS, like the suscep-
tibility of free fermions. However, Λ

c(s)

l , Z, and χ
c(s)

l,inc

(and m∗/m in a non-Galilean system) are inputs com-
ing from fermions away from the FS. The last term,
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χ
c(s)

l,inc, is in general not described at all within FL the-
ory, and its value does not depend on the order of limits
Ω goes to zero first or q goes to zero first.

We analyze the implication of the conservation laws
for (10). We first consider the susceptibilities for three
conserved order parameters — total charge (particle
number), total spin, and total momentum. For the first
two l = 0 and λ

c(s)

l=0(p) = 1, for the third one l = 1 and
λ

c(s)

l=1(p) = p. In all three cases, ΛZ = 1 and χinc = 0.
Consequently, the full susceptibilities coincide with the
corresponding χqp:

χc =
m∗

π

1

1 + F c
0

, χs =
m∗

π

1

1 + F s
0

,

χmom =
m∗k2F
2π

1

1 + F c
1

(11)

(by χmom we mean the longitudinal component of the
susceptibility tensor). We see that in each channel the
susceptibility diverges when the proper F

c(s)
l = −1.

This divergence is indeed the signature of a Pomer-
anchuk instability. The l = 0 instability in the charge
channel corresponds to phase separation, the one in
the spin channel corresponds to ferromagnetism, and
the one at l = 1 signals the emergence of a charge ne-
matic (dipolar) order. In a Galilean-invariant system,
m∗/m = 1 + F c

1 , and l = 1 Pomeranchuk instability
does not occur by elementary reasons.

We next consider the susceptibilities for charge cur-
rent and spin current orders, i. e., for order parame-
ters with l = 1 and form factor λ

c(s)

l=1(p) = ∂εp/∂p =

= (p/m)∂εp/∂ε
0
p. We label the corresponding suscep-

tibilities as χ
c(s)

J . Using (2), we can re-express Eq. (10)
for χ

c(s)

J as

χ
c(s)

J =
mp2F
2π

m

m∗
(
1 + F

c(s)

1

)
+ χ

c(s)

J,inc. (12)

We see that the quasiparticle part of the susceptibility
of either charge-current or spin-current order parame-
ter actually vanishes when the corresponding Landau
parameter reaches −1, i. e., a Pomeranchuk instability
does not develop at F

c(s)

1 = −1, if one probes it by
analyzing χJc(s)

(Refs. [9, 10]). This is indeed the con-

sequence of Λc(s)
l=1 ∝ 1+F

c(s)
l=1 . Putting it differently, the

vanishing of χ
c(s)

J,qp shows that supposedly innocent con-
tributions from fermions away from the FS may qualita-
tively change the behavior attributed to the interaction
between FL quasiparticles in the immediate vicinity of
the FS.

We further argue that the cancellation between the
vertex Λ

c(s)
l and 1 + F

c(s)

l is entirely due to conserva-
tion laws and holds only for the order parameters which

correspond to spin and charge currents (λ
c(s)

l=1(k) =

= ∂εk/∂k). For other l = 1 order parameters with
different λ

c(s)

l=1(k) and for order parameters with other
l, we see no reasons why Λ

c(s)
l should be proportional

to 1+F
c(s)

l , or, alternatively speaking, why the integral
over Γc(s)(pF , q) over q away from the FS has to be ex-
pressed in terms of Γc(s)(pF , qF ) between fermions at
the FS. Hence, we may expect a Pomeranchuk insta-
bility to occur at F

c(s)
l = −1 (Ref. [11]).

In the last part of the paper, we verify the rela-
tions between contributions to the susceptibility of the
spin current from fermions away and near the FS in
explicit computations to second order in the Hubbard
interaction U . We identify a specific relation at order
U2 between the contributions from fermions away from
the FS and at the FS. For a Galilean-invariant system,
this relation is

U2

∫
dkl (GlGk−pF +l +GlGk+pF −l) ×

×G2
k

pF · k
p2F

= F c
l=1 − F s

l=1. (13)

The l.h.s. of this relation is the integral which comes
from fermions not confined to the FS, while the r.h.s.
comes from fermions right at the FS. Using this re-
lation one can explicitly re-express Λ

c(s)

J in terms of
1 + F

c(s)

l=1 and verify Eq. (6).

We thank J. Schmalian, P. Woelfle, and Y. Wu
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The full text of this paper is published in the English
version of JETP.

REFERENCES

1. L. D. Landau, Sov. Phys. JETP 5, 101 (1957).

2. A. A. Abrikosov, L. P. Gorkov, and I. E. Dzyaloshin-
ski, Methods of Quantum Field Theory in Statistical
Physics, Dover Books on Physics Series, Dover Publ.
(1975).

3. L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii,
Course of Theoretical Physics: Statistical Physics,
Part 2, ed. by E. M. Lifshitz and L. P. Pitaevskii,
Vol. 9 (1980).

4. P. Nozières and D. Pines, Theory of Quantum Liq-
uids, Hachette UK (1999).

962



ЖЭТФ, том 154, вып. 5 (11), 2018 Fermi-liquid theory and Pomeranchuk instabilities. . .

5. P. W. Anderson, Basic Notions of Condensed Matter
Physics, Benjamin/Cummings (1984).

6. G. Baym and C. Pethick, Landau Fermi Liquid Theo-
ry: Concepts and Applications, Wiley (1991).

7. R. Shankar, Rev. Mod. Phys. 66, 129 (1994).

8. S. Engelsberg and J. R. Schrieffer, Phys. Rev. 131,
993 (1963).

9. A. J. Leggett, Phys. Rev. 140, A1869 (1965).

10. E. I. Kiselev, M. S. Scheurer, P. Wölfle, and J. Schma-
lian, Phys. Rev. B 95, 125122 (2017).

11. Yi-Ming Wu, A. Klein, and A. V. Chubukov, Phys.
Rev. B 97, 165101 (2018).

963
2*



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


