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Despite its apparent simplicity, the Landau Fermi
liquid (FL) theory is one of the most non-trivial theo-
ries of interacting fermions [:J:—-'ﬁ] In general terms, it
states that a generic system of interacting fermions in
dimension D > 1 displays behavior which differs from
that for free fermions only qualitatively, but not quan-
titatively.

A conventional wisdom is that fundamental proper-
ties of a FL are determined by fermions near the Fermi
surface (FS), while contributions from fermions away
from the F'S can be safely integrated out in, e. g., renor-
malization group formalism F_Z], and only provide some
finite renormalization of FL parameters like quasiparti-
cle residue Z and the vertex function I'Y(pg, ¢r) for the
interaction between fermions on the F'S. The potential
instabilities of a FL. — superconductivity or a sponta-
neous deformation of a FS (a Pomeranchuk order), are
also attributed to the effects of the interaction between
fermions at the FS. The condition for a Pomeranchuk
instability in a charge or spin channel with orbital mo-
mentum [ is set to be FF®) = —1, where Ff*) are
partial components of T (pg, gr).

In this communication, we review earlier and re-
cent work on microscopic theory of a FL, with special
attention to the interplay between contributions from
fermions at the F'S and away from it. Our central mes-
sage is that conservation laws set up delicate balances
between these contributions, with sometimes surprising
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effects, and some care should be taken when consider-
ing the contributions away from the FS.

We first discuss the expressions for quasiparticle
residue Z and mass renormalization m*/m in a generic
rotationally-invariant FL, known as Pitaevskii-Landau
and Kondratenko relations. These relations can be
rewritten as Ward identities [S] associated with conser-
vation of total charge (fermionic mumber), total spin,
and total momentum. This leads to five relations be-
tween Z, m*/m, and three-leg vertices associated with
conserved “charges” and their currents:

AZ =1,

m*

NZ =1, A"™"Z=1, (1)

(2)

—AZ =1+ Ff, %ASJZ:1+F15.
Here, A°, A®, and A™°™ are three-leg vertices for
conserved “charges” (fermionic number/charge, spin,
and momentum) and AG and A are three-leg vertices
for conserved fermionic number/charge and spin “cur-
rents”. Each three-leg vertex is expressed via charge
and spin components of the vertex function I'“(pg, q)
in which one fermion is at the FS, but the other is
generally away from it:
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AS=1-— 2i/FC(pF,q)(G2)w Prog .,
Py

deq dPTlq
deg™" (2m)P+17
S =1- 2i/FS(pF,q)(G(2I)w Pr 4.,

br

y ﬁ dD—H q
Deg"" (2m)P+17
The functions I'“(pp, ¢) and I'*(pp, q) are charge and
spin component of IS5 _s(pr,q) = dardpsT°(pr,q) +
+0a0,0351%(pr,q), p = (W, p), the object (Gg)w is the
product of two Green’s functions with the same mo-
menta and infinitesimally close frequencies, €4 is the
dispersion, which near the FS reduces to eq = p +
+ pr(q — pr)/m, and " = gq*/(2m) is a parabolic
dispersion with the same m as in ¢q. The current of
momentum (the energy-momentum tensor) is not ex-
pressed as a bilinear combination of fermions, and does
not give an additional relation for m*/m in terms of

I(pr, q).

Equations () and (4) are valid for both Galilean-in-
variant and non-Galilean-invariant systems, as long as
the total momentum is a conserved. We emphasize that
the integrals in (8) and (4) are not confined to the FS
and come from fermions with ¢ anywhere in the Bril-
louin zone.

Next we explore the fact that the set of equations
(1) and () is overcomplete in the sense that the re-
lations with A¢ and A9 alone already express Z and
m*/m in terms of the vertex function:

(4)

1 . . dD+1

Z7=1- 2z/F (pF,q)(Gg)wWTi’

m* c

— =(1+F)Q,

0= 5)

e o Pr-q dPTlg
1_22/1—‘ (vaq)(Gq)w? (27")71)“

. pr-q Oeq dPFlg
1-2i [ ¢ 5
Z‘/ (vaq)(Gq) p%‘ aegar (27T)D+1

(in a Galilean-invariant system, where €4 = 6217 Q=1
and m*/m = 1+ Ff, Refs. [ilr-d]). The other equa-
tions place constraints on the vertex function: the two
additional relations in (3) set conditions on the inte-
grals over dP*1q of I'“(pr,q) and I'*(pr,q), and the
additional relation in () can be expressed as

AG 14 FY
AS 1+ FF

(6)

Equation ('6) expresses two essential insights. First,
that the ratio of certain integrals, which come from
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fermions away from the FS, is exactly expressed in
terms of Landau parameters, which are determined by
the interactions between fermions at the FS. In other
words, conservation laws relate the low-energy sector
of a FL, where quasiparticles are well defined, and the
high-energy sector, where in a generic FL there are no
long-lived fermionic states. Second, we see from (&) and
() that, as long as m* /m remains finite, the current

) and vanish at Flc(s) =

vertices Ay, scale as 1 + Flc(S
=—1.

The second part of our paper is devoted to a study
of Pomeranchuk instabilities of the F'S to deformations
in a given angular momentum channel /, either in the
spin or the charge sector. We analyze how conserva-
tion laws constrain these instabilities. To this end we
introduce a generic order parameter with angular mo-

mentum [

pAlc(Q) = Z )‘lc(p)chfq/z}acp+q/2,av (7)
P,

pi(a) = Z )‘ls(p)ci)fq/2,aaaﬂcp+q/2,ﬁ7 (8)
p,af

where )\;(S) (p) is a form-factor. A generic )\lc(s) (p) has
momentum dependence dictated by its angular momen-
tum channel (1 for [ = 0, p for [ = 1, etc.) times a
function of |p|. For example in 2D

A () = cos(i )" £E) ([K]), 9)

or equivalently with sin instead of cos.

The starting point for our analysis is the expres-
sion for the static susceptibility X;(S) in a generic FL,
originally derived by Leggett [d]:

2
Xl( )= (Al( )Z) Xl,(q;z +Xl,(1'73c7
XC(S) N m*/m (10)
= XL o)
l,gp 1+ Fl( )

Here, A;M is the same triple vertex as before but now
for arbitrary order parameter with angular momentum
[ (still normalized such that Alc(s) = 1 for free fermions),
and x;,0 is the susceptibility of free fermions (a partic-
le-hole bubble with A’ in the vertices. ch7(:'r)7,c is the
contribution to the susceptibility from fermions strictly
away from the F'S. We present the diagrammatic deriva-
tion of (10).

The ch’(; term is often called the quasiparticle con-
tribution because it is finite in the static limit Q = 0,
q — 0, but vanishes at q = 0, Q — 0, i.e., it comes
from the immediate vicinity of the FS, like the suscep-
tibility of free fermions. However, A;(S),Z , and X;’(::w
(and m*/m in a non-Galilean system) are inputs com-
ing from fermions away from the FS. The last term,
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X;(;ic, is in general not described at all within FL the-
ory, and its value does not depend on the order of limits
) goes to zero first or q goes to zero first.

We analyze the implication of the conservation laws
for (10). We first consider the susceptibilities for three
conserved order parameters — total charge (particle
number), total spin, and total momentum. For the first

two [ =0 and )\l(:,g(p) =1, for the third one [ =1 and

)\lc(:i (p) = p- In all three cases, AZ = 1 and x;n. = 0.
Consequently, the full susceptibilities coincide with the

corresponding Xp:

c.mt o1 s mt 1
A a7 I
1o (11)
m,om,_mkF 1
2 1+ Ff

(by x™°™ we mean the longitudinal component of the

susceptibility tensor). We see that in each channel the
susceptibility diverges when the proper Flc(s) = —1.
This divergence is indeed the signature of a Pomer-
anchuk instability. The | = 0 instability in the charge
channel corresponds to phase separation, the one in
the spin channel corresponds to ferromagnetism, and
the one at [ = 1 signals the emergence of a charge ne-
matic (dipolar) order. In a Galilean-invariant system,
m*/m = 14 F{, and | = 1 Pomeranchuk instability
does not occur by elementary reasons.

We next consider the susceptibilities for charge cur-
rent and spin current orders, i.e., for order parame-
ters with [ = 1 and form factor )\l(:i (p) = Oep/0p =
= (p/m)dep/de). We label the corresponding suscep-
tibilities as XT;S). Using (&), we can re-express Eq. ({0)

c(s)

for x; as

mp% m

2
We see that the quasiparticle part of the susceptibility
of either charge-current or spin-current order parame-
ter actually vanishes when the corresponding Landau
parameter reaches —1, i.e., a Pomeranchuk instability
does not develop at F1 « 1, if one probes it by
analyzing x ;.. (Refs. [4,110]). This is indeed the con-

51). Putting it differently, the
vanishing of X}is;p shows that supposedly innocent con-
tributions from fermions away from the F'S may qualita-
tively change the behavior attributed to the interaction
between FL quasiparticles in the immediate vicinity of
the F'S.

We further argue that the cancellation between the
vertex Alc(s) and 1 + Flc(s) is entirely due to conserva-
tion laws and holds only for the order parameters which

e(s)
X7

c(s)
XJ,inc'

- (1+5")+ (12)

m*

c(s)
sequence of Alcisl) ox 1+ FlC:(
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correspond to spin and charge currents (Ajg (k)

= Oe/0k). For other | = 1 order parameters with

different /\lcg(k:) and for order parameters with other
l, we see no reasons why Alc(s) should be proportional
to l—l—Flc(S)7 or, alternatively speaking, why the integral
over I'°(®) (pp, q) over q away from the FS has to be ex-
pressed in terms of I'°(*) (pp, gr) between fermions at
the FS. Hence, we may expect a Pomeranchuk insta-
bility to occur at Flc(s) = —1 (Ref. [11]).

In the last part of the paper, we verify the rela-
tions between contributions to the susceptibility of the
spin current from fermions away and near the FS in
explicit computations to second order in the Hubbard
interaction U. We identify a specific relation at order
U? between the contributions from fermions away from
the F'S and at the FS. For a Galilean-invariant system,
this relation is

U2/dkl (GiGr—pp+1 + GiGrgpp—1) X

pr-k
3
fa

x G2

=F_, - FL,. (13)
The Lh.s. of this relation is the integral which comes
from fermions not confined to the FS, while the r.h.s.
comes from fermions right at the FS. Using this re-
lation one can explicitly re-express Af](s) in terms of
1+ FlC:<1) and verify Eq. (B).

We thank J. Schmalian, P. Woelfle, and Y. Wu
for valuable discussions. The work was supported by
NSF DMR-1523036 (A. V. C. and A. K.) and NSF
DMR-1720816 (D. L. M.).

The full text of this paper is published in the English
version of JETP.
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