
ЖЭТФ, 2016, том 149, вып. 5, стр. 944–948 c© 2016

EFFECT OF THE CORRECTED IONIZATION POTENTIAL
AND SPATIAL DISTRIBUTION ON THE ANGULAR AND

ENERGY DISTRIBUTION IN TUNNEL IONIZATION
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Within the framework of the Ammosov–Delone–Krainov theory, we consider the angular and energy distribu-
tion of outgoing electrons due to ionization by a circularly polarized electromagnetic field. A correction of the
ground ionization potential by the ponderomotive and Stark shift is incorporated in both distributions. Spatial
dependence is analyzed.
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1. INTRODUCTION

Tunnel ionization of atoms is an important mecha-
nism of laser ionization. There are several theoretical
approaches to the calculation of the tunnel ionization
rate. The oldest is Keldysh’s approach [1] based on the
assumption known as the strong-field approximation
[2]. In [1], Keldysh introduced the well-known param-
eter γ =

√
Ei/2Up (Ei is the unperturbed ionization

energy and Up is the ponderomotive potential) that de-
termines whether the photoionization process lies in the
tunneling or multiphoton region. For γ � 1, the tun-
nel ionization is a dominant ionization process. Soon
after this work, Perelomov, Popov, and Terent’ev de-
veloped the PPT model [3]. Finally, Ammosov, Delone,
and Krainov extended the PPT theory and derived the
ADK theory, which we use here [4]. Within the frame-
work of the ADK theory, the ionization rate for a cir-
cularly polarized laser field is [5]

WADK
cir =

FcirD
2
cir

8πZ
exp

(
− Z

3n∗3FcirEi

)
,

where

Dcir ≡
(

4Z3e

Fcirn∗4

)n∗

, Fcir =
19

√
I

5.1 · 109 ,

I is the laser field intensity, and n∗ = Z/
√
2Ei is the ef-

fective principal quantum number (Z is the ion charge).
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The purpose of this paper is to improve the angular
and energy distributions of ejected photoelectrons with
the corrections of the unperturbed ionization potential
caused by laser irradiation taken into account.

2. THEORETICAL FRAMEWORK

In particular cases of circular polarizations of the
ionizing field, the angular distribution of photoelec-
trons emerging from tunnel ionization is described
by [5]

W (θ) = W (0) exp

(
−Fcir

√
2Ei

ω2
θ2
)
, (1)

where θ is the azimuthal angle and W (0) = WADK
cir

is the tunneling rate. The nonzero initial electron in-
fluences the tunneling rate, and we therefore use the
modified expression [6]

WADK
cir,p =

FcirD
2
cir

8πZ
exp

(
− Z

3n∗3FcirEi
− p2γ3

3ω

)
.

Just after leaving the barrier, the momentum of the
ejected photoelectron is p. Because the ionization prob-
abilities in static and alternating electric fields are dif-
ferent only by a preexponential factor [3], it is conve-
nient to use the parabolic coordinate to express the
initial momentum outside the barrier as

p =
1

2

(√
Fcirη − 1− 1

η
√
Fcirη − 1

)
,
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where η is the parabolic coordinate, η > 1/Fcir [7]. If
the system total energy is independent of the coordi-
nate η, the momentum is conserved along the classical
path, i. e., pη = p [8].

The corresponding spectrum width is defined as

Δθ =
ω

4
√
2EiF 2

cir

. (2)

Another variable of interest is the energy distribution
of the ejected photoelectrons [9],

W (E) = Wmax exp

[
− γ3

2Eiω

(
E − F 2

cir

2ω2

)2
]
, (3)

where Wmax is the maximal value of the ionization rate
determined by the relation [5]

Wmax =
ω2D2

cir

8
√
π3n∗ZFcir

×

× exp

[
−2(2Ei)

3/2

3Fcir

(
1− γ2

15

)]
. (4)

Substituting E = p2/2 in Eq. (3), we obtain

W (E) = Wmax exp

[
− γ3

2Eiω

(
p2

2
− F 2

cir

2ω2

)2
]
. (5)

Both the angular and the energy spectra of the ejected
photoelectrons depend on the ionization potential. As
it is changed by the laser field, these changes should be
incorporated into Eqs. (1) and (5). We consider two
effects, the ponderomotive shift and the linear Stark
shift.

The ponderomotive potential is related with the
wiggle motion of the ejected photoelectrons in re-
sponse to an applied laser field of strength F and fre-
quency ω. Assuming velocities of the ejected photo-
electrons νe � c (where c is speed of light), we have
the ponderomotive potential for circular polarization
Up = F 2

cir/2ω
2, which is the cycle-average kinetic en-

ergy of an electron oscillating in the applied laser field.
An oscillating electric field of the laser also induces an
intensity-dependent shift of the atomic levels, called
the Stark shift. For our purpose, we take these correc-
tions into account and obtain the effective ionization
potential

Eeff
i = Ei + Up + Est = Ei +

F 2
cir

2ω2
+

αF 2
cir

4
,

where α is the static polarizability of the atom [10].
The Gaussian spatial intensity distribution can be

expressed as a function of the axial coordinate ρ [11]:

F (ρ) = F exp

[
−2

( ρ

R

)2
]
, (6)

where
ρ = R

√
1 +

(
λη

πR2

)2

is the axial coordinate that is normal to the light ray
[12] and R is the radius of the laser beam.

After inserting Eq. (6) into Eqs. (1) and (5), we
obtain the angular distribution

WG(θ) = W (0)×

× exp

⎡
⎢⎢⎣−

Fcir exp

[
−2

( ρ

R

)2
]√

2Ei

ω2
θ2

⎤
⎥⎥⎦ (7)

and the energy distribution

WG(E) = Wmax ×

× exp

⎡
⎢⎢⎢⎣− γ3

2Eiω

⎛
⎜⎜⎜⎝p2

2
−
Fcir exp

[
−2

( ρ

R

)2
]2

2ω2

⎞
⎟⎟⎟⎠

2⎤
⎥⎥⎥⎦ . (8)

3. ANALYSIS

We investigated the angular and energy spectra of
the ejected photoelectrons for the tunneling regime,
γ = 0.3 � 1, induced by a circularly polarized laser
field whose intensity varied between 1014 W·cm−2 and
1016 W·cm−2. We observed the argon atom, Ar, with
Z = 1. We assumed that the electron velocity is small
compared to the speed of light and applied a nonrel-
ativistic calculation. In this case, besides the general
case, we use the Gaussian laser pulse with the wave-
length λ = 800 nm. It can be easily seen that the pho-
ton energy ω = 0.05696 is small compared to the ioniza-
tion potential of the observed atom, which is the con-
dition for the strong-field approximation. The atomic
system of units is used, with e = me = � = 1.

We start from the angular spectra (see Eqs. (1)
and (7)). The obtained theoretical curves are shown
in Fig. 1. The following notation is used: a variable
without a subscript is a value without any correction,
the subscript “p” denotes the momentum, “Up” means
the ponderomotive potential, and “St” denots the Stark
shift included.

As can be seen from Eq. (1), the probability angular
distribution is dependent on the scattering angle, and
the dependence is described by an exponential decreas-
ing as the scattering angle increases. In the intensity
range under consideration, the scattering angle ranges
within −0.5 < θ < 0.5 for the fixed parabolic coordi-
nate η = 100. Also, we see that the angular distribu-
tion clearly depends on the ionization potential. This
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Fig. 1. The angular spectra W (θ) for a fixed value of the field intensity a) I = 1014 W·cm−2 and b ) I = 1015 W·cm−2

is due to the fact that under the condition of the same
scattering angle and the same laser intensity, the maxi-
mal value of the distribution is significantly reduced. It
follows that the ground-state shift caused by the pon-
deromotive and the Stark shift cannot be neglected in
the analysis. It is obvious from Fig. 1 that increasing
the laser field intensity results in a much lower max-
imal value of the angular distribution as well as in a
sharper range of the angular distribution of photoelec-
trons. With an increase in the laser intensity, the pon-
deromotive potential becomes larger, as does the Stark
shift. For = 1015 W·cm−2, up to the scattering angle
θ ≈ 0.3, W (θ) approaches zero. It is clear that in both
cases, the angular distribution is concentrated in the
region of small scattering angles.

Figure 2 demonstrates the laser intensity depen-
dence of W (θ) for different scattering angles θ.

In accordance with Fig. 1, with increasing the scat-
tering angle, the angular distribution decreases.

The 3D plot in Fig. 3 demonstrates the angular dis-
tribution as a function of the laser field intensity and
the scattering angle.

Next, we considered the influence of the spatial
beam shape on the angular distribution. Lasers usu-
ally emit beams with a Gaussian profile. The influence
of the chosen laser profile is accomplished by calculat-
ing the angular spectra for the general assumed beam
shape as well as the Gaussian shape. The result is

0
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� = 0.01
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0.30

I, 10 W ·
15 –2
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Fig. 2. The angular distribution spectra W (θ) versus the laser
field intensity for different fixed values of the scattering angle

θ. The parabolic coordinate is fixed at η = 100

presented in Fig. 4, which shows that the spatial dis-
tribution of the laser intensity influences the angular
spectra. The maximal obtained value is reduced. The
behavior of the theoretical curves stays mostly the same
in both observed cases.

Next, in Fig. 5, we plot the angular distribution
width based on Eq. (2). Increasing the laser field in-
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Fig. 3. 3D plot of the angular distribution for the fixed value
of the parabolic coordinate at η = 100; the scattering an-
gle varied in range 0 < θ < 0.6 and the laser field intensity
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Fig. 4. The angular spectra as a function of the scattering
angle for the fixed field intensity I = 1015 W·cm−2

tensity decreases the angular distribution width, first
rapidly and then more slowly. This is in accordance
with the conclusion about the laser field influence (see
Fig. 1).

Similarly to the above, we examin the dependence
of the energy distribution of the ejected photoelectrons
on the laser field intensity. For this purpose, we plot
the corresponding theoretical curves (see Eq. (5)) in
Fig. 6.

According to Fig. 6a, including the corrected io-
nization energy in the formula for the energy distri-
bution reduces the maximal energy distribution value
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Fig. 5. The angular distribution width versus the laser field
intensity

and moves the maximum to a lower field intensity. The
energy distribution of an Ar atom has also been ana-
lyzed at different parabolic coordinates and laser field
intensities. As a result, a 3D plot is obtained (Fig. 6b ).
Increasing the field intensity enhances the energy dis-
tribution, plot first rapidly and then more slowly.

Finally, it is of interest to examine the spatial de-
pendence of the energy distribution. If we specify a
particular value of the parabolic coordinate η, the fol-
lowing curves are obtained based on Eq. (8).

Applying the Gaussian beam shape moves the ener-
gy distribution curve to higher field intensities. We
therefore separate the obtained curves into two graphs.
Also, we cut off the increasing part of curves to
show that the Gaussian gives monotonously increasing
curves. For higher values of the laser field intensity,
both curves acquire the characteristic flow shown in
Fig. 6a.

4. CONCLUSION

The used ADK theory does not take the pon-
deromotive shift and the Stark shift into account.
Replacing the field free ionization potential with the
corrected one, we analyzed how these effects affect the
angular and energy distributions. The analysis of the
obtained theoretical curves shows that these effects
must be taken into account no matter how small they
are. Also, the laser beam shape influences the behavior
of the considered distribution.

We are grateful to the Serbian Ministry of Educa-
tion and Science for financial support through Projects
171020 and 171021.
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Fig. 7. The energy spectra: a) general case, b ) Gaussian beam profile

REFERENCES

1. L. V. Keldysh, Sov. Phys. JETP 21, 1135 (1965).

2. J. H. Bauer, Acta Phys. Polon. A 114, 739 (2008).

3. A. M. Perelomov, V. S. Popov, and M. V. Terent’ev,
Sov. Phys. JETR 23, 924 (1966).

4. V. M. Ammosov, N. B. Delone, and V. P. Krainov,
Sov. Phys. JETP 64, 1191 (1986).

5. N. B. Delone and V. P. Krainov, Phys. Usp. 41, 469
(1998).

6. V. M. Ristić, T. B. Miladinović, and M. M. Radulo-
vić, Acta Phys. Polon. A 112, 909 (2007).

7. D. Bauer, Theory of Intense Laser-Matter Interac-
tion, Max Planck Institute, Heidelberg, Germany
(2006).

8. L. D. Landau and E. M. Lifshitz, Course of Theo-
retical Physics: Volume 3. Quantum Mechanics: Non
Relativistic Theory, Nauka, Moscow (1989); Perga-
mon, Oxford (1991).

9. N. B. Delone, I. Yu. Kiyan, and V. P. Krainov, Laser
Phys. 3, 312 (1993).

10. http://ctcp.massey.ac.nz/Tablepol-2.11.pdf.
11. V. M. Petrović and T. B. Miladinović, JETP 4, 741

(2014).

12. http://www.colorado.edu/physics/phys3340/phys3340
−sp12/CourseInformation/Optics/Gaussian%20Beams
%20Lab%20Guide.pdf.

948



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


