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SUB-POISSONIAN PHONON STATISTICS IN AN ACOUSTICALRESONATOR COUPLED TO A PUMPED TWO-LEVEL EMITTERV. Ceban *, M. A. Maovei **Institute of Applied Physis, Aademy of Sienes of MoldovaMD-2028, Chi³in u, MoldovaReeived May 25, 2015The onept of an aoustial analog of the optial laser has been developed reently in both theoretial andexperimental works. We here disuss a model of a oherent phonon generator with a diret signature of thequantum properties of sound vibrations. The onsidered setup is made of a laser-driven quantum dot embeddedin an aoustial nanoavity. The system dynamis is solved for a single phonon mode in the steady-state andin the strong quantum dot � phonon oupling regime beyond the seular approximation. We demonstrate thatthe phonon statistis exhibits quantum features, i. e., is sub-Poissonian.DOI: 10.7868/S00444510151100731. INTRODUCTIONSub-Poissonian statistis of vibrational states is apure quantum propriety of an osillating system. Thedomain of this statistis starts at the limit of a lassi-al oherent state having a Poisson-distributed quantaand may end with a pure Fok state at the otherlimit. Studies on the quanta statistis have already re-vealed many pure quantum features for di�erent phys-ial systems and remarkable results were ahieved ina large spetrum of photoni quantum eletrodynam-is (QED) appliations [1, 2℄ and in the physis of theBose�Einstein ondensate (BEC) [3, 4℄. More reently,suessful experiments on ooling and detetion of me-hanial systems in the near-ground-state domain [5�7℄enhaned interest in the researh of similar features inthe aousti domain, due to bosoni quanti�ation ofsound vibrations.Earlier experiments on laser generation of oher-ent phonons in di�erent bulk materials [8�10℄ were su-eeded by new optomehanial and eletromehanialsetups in phonon QED, ahieving important experi-mental results in an aoustial analog of the optiallaser by using piezoeletrially exited eletromehan-ial resonators [11℄ and laser-driven ompound miro-avities [12℄ or trapped ions [13℄. In the meantime,*E-mail: vitor.eban�phys.asm.md**E-mail: maovei�phys.asm.md

theoretial models propose improvements in the bak-ground theory of the experiments like the PT-symmet-ry approah [14℄ and two-avity optomehanis [15℄,as well as new possible setups using vibrating mem-branes [15, 16℄, quantum dots embedded in semion-dutor latties [17�19℄, and BEC under the ation ofa magneti antilever [20℄. Moreover, quantum fea-tures like sub-Poissonian distributed phonon �elds havebeen already predited in optomehanial setups basedon vibrating mirrors [21, 22℄ and in single-eletrontransistors [23℄ as well as phonon antibunhing [19℄,squeezing [21, 24℄, and a negative Wigner funtion ofphonon states [25℄. In addition to inreasing perfor-mane of optomehanial devies [26℄, reports on thestate-of-the-art aoustial avities [27�29℄ show goodphonon trapping in bulk materials with high avityquality fators, thus leading to the onept of an aous-tial analog of photon avity QED (QED).In this artile, we study the model of a oherentphonon generator in a setup onsisting of a qubit em-bedded in an aoustial avity involving strong quan-tum dot (QD)�phonon-avity oupling regime. Thequbit, i. e., a two-level QD, is driven by an intenselaser �eld and ats as a phonon soure. Under theation of laser light, the eletron jumps from the QDvalene band to the ondutane band, leaving a hole inthe valene band. The reated exiton (eletron-hole)represents the QD's exited state and interats withthe aousti vibrations, thus reating or annihilatingphonons in the avity. We demonstrate that in analo-908



ÆÝÒÔ, òîì 148, âûï. 5 (11), 2015 Sub-Poissonian phonon statistis : : :gy with reent experiments in photon QED [30℄, thestrong qubit�resonator oupling may reveal additionalquantum phenomena in the phonon QED domain. Inpartiular, we show that the steady-state phonon �eldgenerated in this regime obeys a sub-Poissonian phononstatistis.This paper is organized as follows. In Se. 2, adetailed desription of the model is given; after �xingour onventions, we fous on simplifying the systemHamiltonian in order to arrive at an easily solvablemaster equation for the redued density operator ofthe QD�phonon system. In Se. 3, we present a gen-eral overview of the model results and we further dis-uss the important aspets of the study. A summary isgiven in Se. 4.2. THEORETICAL FRAMEWORKA two-level laser-pumped semiondutor QD is em-bedded in an aoustial nanoavity (see also Refs. [17,18℄). The QD transition frequeny between its groundstate jgi and the exited state jei is denoted by !qd.The exited QD may spontaneously emit a photon,with the orresponding deay rate  (Fig. 1). In amore realisti ase, we introdue the dephasing lossrate through . The single-mode avity phonons ofthe frequeny !ph are desribed by the anihilation (b)and reation (by) operators. The system Hamiltonianis H = ~!qdSz + ~!phbyb++ ~
 �(S+ exp(�i!Lt)+H..�+ ~gS+S�(by + b); (1)where the QD operators de�ned as S+ = jeihgj, S� == jgihej, and Sz = (jeihej � jgihgj) =2 obey the stan-
κ κωL γ

|e〉

|g〉Fig. 1. The shemati of the investigated model: atwo-level QD is �xed in a multilayered struture form-ing the aoustial nanoavity. The QD is pumped nearresonane with a oherent laser soure of the frequeny!L. The emitter may spontaneously emit a photon ata deay rate ; the avity phonon damping rate is de-noted by � (see also Ref. [29℄)

dard ommutation relations for the SU(2) algebra. The�rst two terms respetively orrespond to the unper-turbed QD and to the free single-mode phonon Hamil-tonians. The third term orresponds to the QD�laserinteration within the rotating wave and dipole appro-ximations, whereas !L is the laser frequeny. The lastterm desribes the QD�phonon-avity interation withg being the oupling onstant.In what follows, we desribe the Hamiltonian in aframe rotating with the laser frequeny !L and applythe dressed-state transformation:j+i = sin �jgi+ os �jei;j�i = os �jgi � sin �jei; (2)where 2� = artan (2
=�) and � = !qd�!L is the de-tuning of the laser from the QD transition frequeny.The dressed-state system Hamiltonian then beomesH = ~�
Rz + ~!phbyb+ ~g(by + b)���sin2 �R��+os2 �R++� sin (2�)2 (R++R�)� ; (3)where �
 =p
2 + (�=2)2. The new QD operatorsR+ = j+ih�j; R� = j�ih+j;R++ = j+ih+j; R�� = j�ih�j; Rz = R++�R��satisfy the ommutation relations [R�; R�℄ = �Rz and[R�; Rz℄ = �2R�. Again, we perform a unitary trans-formation of the system Hamiltonian,U(t) = exp �i(�
Rz + !phbyb)t� ;and represent it as follows:H = Hslow +Hfast;Hslow = �~g sin (2�)2 �� fbyR� exp �i(!ph � 2�
)t�+H..g;Hfast = ~g(sin2 �R�� + os2 �R++)�� fby exp [i!pht℄ +H..g � ~g sin (2�)2 �� fbyR+ exp �i(!ph + 2�
)t�+H..g: (4)
Instead of adopting the standard seular approximation[31, 32℄, we keep the fast rotating terms in the QD�pho-non-avity interation Hamiltonian. Their main ontri-bution is evaluated as [33; 34℄Hefffast = � i~Hfast(t) Z dt0Hfast(t0) == H0 � ~ ��Rz + ~�bybRz (5)909



V. Ceban, M. A. Maovei ÆÝÒÔ, òîì 148, âûï. 5 (11), 2015with �� = g22 �os (2�)!ph � sin2 (2�)4(!ph + 2�
)�and � = g2 sin2 (2�)4(!ph + 2�
) :Here, H0 is a onstant that an be dropped beauseit does not ontribute to the system dynamis. Wenote that the oupling regimes are related not only tothe QD�phonon-avity oupling onstant g but also tothe ontribution oming from fast rotating terms, i. e.,�� and �, proportional to g2. Consequently, for lowQD�phonon oupling strengths g, the ontribution offast rotating terms an be negleted, i. e., f ��; �g = 0.For strong QD-phonon oupling regimes, the seularapproximation is no longer justi�ed and the ontribu-tion ofHefffast plays a role that we onsider below. Thus,the �nal Hamiltonian H = Hslow +Hefffast isH = ~(!ph � 2�
)byb� ~ ��Rz + ~�bybRz �� ~g sin (2�)2 �byR� +R+b� : (6)To solve the QD�phonon system dynamis, we usethe density matrix formalism for the redued densityoperator �: _� = � i~ [H; �℄ + Lqd�+ Lph�; (7)where the Liouville superoperators Lqd and Lph respe-tively desribe the QD and phonon dissipative e�ets.In the bare-state representation, the QD dissipationproesses are expressed by the spontaneous emissionterm [31; 32; 35℄Lqd� = �[S+; S��℄� [Sz ; Sz�℄ +H..In the dressed-state basis and within the seular ap-proximation (i. e., for 2�
� ), the same proesses aredesribed by three terms [36℄ determined by the QDdressed-state deay rates:+ =  os4 � + 14 sin2 (2�);� =  sin4 � + 14 sin2 (2�);0 = 14[ sin2 (2�) +  os2 (2�)℄:Therefore,Lqd� = �+[R+; R��℄� �[R�; R+�℄�� 0[Rz ; Rz�℄ +H.. (8)

The phonons from the multilayered aoustial avityare allowed to interat with the environmental thermalreservoir. In the rotating wave approximation, this pro-ess is desribed by two terms respetively orrespond-ing to the avity damping and pumping e�ets at a rateproportional to � = !ph=Q determined by the avityquality fator Q [31℄:Lph� = ��(1 + �n)[by; b�℄� ��n[b; by�℄ +H.. (9)Here, �n is the mean thermal phonon number orre-sponding to the frequeny !ph and the environmentaltemperature T .One the master equation is determined byEqs. (6)�(9), it is solved by projeting the densityoperator �rst in the QD basis and then in the phonon�eld basis [37℄. The projetion in the QD dressed-statebasis leads after some rearrangements to a systemof six oupled di�erential equations involving thevariables�(1) = �++ + ���; �(2) = �++ � ���;�(3) = by�+����+b; �(4) = by�+�+��+b;�(5) = �+�by � b��+; �(6) = �+�by + b��+; (10)where �i;j = hij�jji; fi; j 2 j+i; j�ig are the QD den-sity matrix elements. Finally, the projetion in thephonon Fok state basis fjnig gives a set of in�nitedi�erential equations, namely,_P (1)n = ig sin(2�)2 �P (3)n � P (5)n �� 2�(1 + �n)�� �nP (1)n � (n+ 1)P (1)n+1��� 2��n�(n+ 1)P (1)n � nP (1)n�1� ; (11)_P (2)n = �ig sin(2�)2 �P (3)n + P (5)n ��� 2(+ � �)P (1)n � 2(+ + �)P (2)n �� 2�(1 + �n)�nP (2)n � (n+ 1)P (2)n+1��� 2��n�(n+ 1)P (2)n � nP (2)n�1� ; (12)_P (3)n = ign sin(2�)2 �P (1)n �P (2)n �P (1)n�1�P (2)n�1��� i (�(2n� 1)� Æ)P (4)n �� (+ + � + 40)P (3)n ���(1+�n)�(2n�1)P (3)n �2(n+1)P (3)n+1+2P (5)n ��� ��n�(2n+ 1)P (3)n � 2nP (3)n�1� ; (13)910
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Fig. 2. (a) The seond-order phonon�phonon orrelation funtion g(2)(0) (urves 1 and 2 ) and the mean phonon number inthe avity hni (urves 3 and 4 ) as funtions of the QD�laser detuning � normalized by the Rabi frequeny 2
 beyond theseular approximation (solid lines) and within the seular approximation (dashed lines). Here, �n = 0:04, 2
= = 25, and�= = 5 � 10�3. (b ) g(2)(0) as a funtion of the normalized damping rate �= for thermal baths at di�erent temperaturesand for 2
= = 25 and �=2
 = �0:7. Here, from top to bottom, �n = 0:64, 0:16, 0:08, 0:04, 0:01. () g(2)(0) (3D surfae)and hni (density plot) as funtions of �= and 2
=. Here, �n = 0:04 and �=2
 = �0:7. The plot regions orrespondingto g(2)(0) > 1 and g(2)(0) < 1 are represented in di�erent mesh styles. Other parameters are: = = 0:1, g= = 15, and!ph= = 35_P (4)n = �i (�(2n� 1)� Æ)P (3)n �� (+ + � + 40)P (4)n ���(1+�n)�(2n�1)P (4)n �2(n+1)P (4)n+1+2P (6)n ��� ��n�(2n+ 1)P (4)n � 2nP (4)n�1� ; (14)
_P (5)n = �ig(n+ 1)sin(2�)2 �� �P (1)n + P (2)n � P (1)n+1 + P (2)n+1��� i (�(2n+ 1)� Æ)P (6)n �� (+ + � + 40)P (5)n � �(1 + �n)�� �(2n+ 1)P (5)n � 2(n+ 1)P (5)n+1��� ��n�(2n+ 3)P (5)n � 2nP (5)n�1 � 2P (3)n � ; (15)

_P (6)n = �i (�(2n+1)�Æ)P (5)n �(++�+40)P (6)n �� �(1 + �n)�(2n+ 1)P (6)n � 2(n+ 1)P (6)n+1��� ��n�(2n+ 3)P (6)n � 2nP (6)n�1 � 2P (4)n � : (16)Here, P (i)n = hnj�(i)jni and Æ = !ph � 2�
 + 2 ��.In the next setion, we desribe the avity phonondynamis in a steady state via a seond-order phonon�phonon orrelation funtion and the mean phononnumber. 3. RESULTS AND DISCUSSIONThe mean phonon number in the avity mode isexpressed as hni = hbybi = 1Xn=0nP (1)n : (17)911



V. Ceban, M. A. Maovei ÆÝÒÔ, òîì 148, âûï. 5 (11), 2015The nanoavity seond-order phonon�phonon orrela-tion funtion is de�ned as usual [38℄,g(2)(0) = hbybybbihbybi2 = 1hni2 1Xn=0n(n� 1)P (1)n : (18)System of equations (11)�(16) and the in�nite series inexpressions (17)�(18) must be trunated at a partiu-lar value n = Nmax suh that the variables of interestremain unhanged if Nmax is further inreased [39℄.In what follows, we study the system in the stea-dy-state regime, _P (i)n = 0 for i = 1; : : : ; 6. The se-ond-order orrelation funtion given by Eq. (18) andthe mean phonon number in Eq. (17) are used to de-sribe the phonon �eld behavior in the aoustial avi-ty mode [38℄. One trunated, the system of oupledequations (11)�(16) is solved by setting the model pa-rameters f; ; g; !ph; �; �n;
g and �.A general overview of the steady-state system be-havior in the strong-oupling regime or within the seu-lar approximation, i. e., when f ��; �� = 0g, is presentedin Fig. 2. The phonon �eld statistis is desribed bya seond-order orrelation funtion g(2)(0) suh thatg(2)(0) = 1 desribes the Poissonian phonon distribu-tion and g(2)(0) < 1 a sub-Poissonian phonon statistis.We observe that moderate laser�QD oupling strengths
 as well as lower temperatures give rise to a moreprominent sub-Poissonian phonon statistis. Further-more, beyond the seular approximation, the phononstatistis exhibits quantum features, i. e., g(2)(0) < 1(f. the orresponding urves in Fig. 2a) and the ef-fet is more pronouned for stronger QD�phonon ou-pling strengths. Figure 2b shows the seond-order pho-non�phonon orrelation funtion beyond the seularapproximation as a funtion of �=. Here, again, wehave a quantum phonon e�et, i. e., a sub-Poissonianphonon statistis around � > . Thus, the ontributionto the system dynamis of the fast rotating termsHefffastevaluated by Eq. (5) are essential for a sub-Poissonianquantum feature (see Fig. 2). In Fig. 3, we ompareour result within and beyond the seular approxima-tion. The seond-order orrelation funtion estimatedin both ases onverges for higher and smaller avitydamping rates. However, for lower values of �=, quan-tum features are proper only beyond the seular ap-proximation (see the inset in Fig. 3). Furthermore, themean phonon number dereases in this partiular asealthough it is quite high omparing to the � >  situ-ation.
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Fig. 3. The seond-order phonon�phonon orrelationfuntion g(2)(0) (urves 1 and 2 ) and the mean phononnumber in the avity mode hni (urves 3 and 4 )as funtions of the avity damping rate � normal-ized by the spontaneous emission rate . The solidurves are beyond the seular approximation whereasthe dashed ones are within the seular approxima-tion. Here, 2
= = 25, �=(2
) = �0:7, �n = 0:04,= = 0:1, g= = 15, and !ph= = 35. The solidurve 2 is idential to the urves 5 in Fig. 2b,. Theinset represents a loser look at the behavior of theseond-order orrelation funtions in the regions around10�3 � �= � 10�24. SUMMARYIn summary, we have investigated the phononquantum statistis in an aoustial nanoavity. Alaser-pumped two-level quantum dot is embeddedin the avity ontributing to the phonon quantumdynamis. We have demonstrated that strongerQD�phonon-avity oupling regimes lead to quantumfeatures of the avity phonon �eld in the steady state.This QD�avity interation regime requires goingbeyond the seular approximation. Ignoring this fatwould lead to an erroneous estimation of the phononstatistis for some parameter domains.We are grateful to �nanial support via the researhGrant No. 13.820.05.07/GF.REFERENCES1. G. Rempe, F. Shmidt-Kaler, and H. Walther, Phys.Rev. Lett. 64, 2783 (1990).2. A. V. Poshakinskiy and A. N. Poddubny, Zh. Eksp.Teor. Fiz. 145, 237 (2014).912
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