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FEASIBILITY OF A FEEDBACK CONTROL OF ATOMICSELF-ORGANIZATION IN AN OPTICAL CAVITYD. A. Ivanov *, T. Yu. IvanovaSaint Petersburg State University198504, Saint Petersburg, RussiaReeived November 17, 2014Many interesting nonlinear e�ets are based on the strong interation of motional degrees of freedom of atomswith an optial avity �eld. Among them is the spatial self-organization of atoms in a pattern where the atomsgroup in either odd or even sites of the avity-indued optial potential. An experimental observation of thise�et an be simpli�ed by using, along with the original avity-indued feedbak, an additional eletroni feed-bak based on the detetion of light leaking the avity and the ontrol of the optial potential for the atoms.Following our previous study, we show that this approah is more e�ient from the laser power perspetive thanthe original sheme without the eletroni feedbak.DOI: 10.7868/S00444510150800151. INTRODUCTIONAlthough the laser ooling employing resonant tran-sition has been suessful espeially for alkali atoms,the absene of yli transitions in other speies makesthe appliations of this approah di�ult for a widerange of atoms and espeially moleules [1℄. There-fore, searhing for other more universal ooling meth-ods is still an important ativity in atomi and mole-ular physis.A universal method for ooling miropartiles thatinvolves optial �elds should be based on the o�-reso-nant dipole interation, whih is onservative. Thus,an additional deay hannel for leaking the energy andooling the partiles should be provided. These require-ments are ful�lled in two approahes that we all avityooling and feedbak ooling. Both these names referto a wide variety of methods that still have some es-sential similarities.In avity ooling [2, 3℄, the key ingredient is theoupled dynamis of the motional degrees of freedomof partiles and the optial avity mode. The motionalexitation of partiles is transferred to the avity pho-tons. The photons leak the avity, whih results inenergy dissipation and the net ooling of the partiles.A very interesting and promising variant of avity ool-*E-mail: ivanov-den�yandex.ru

ing employs pumping of partiles with light diretedtransversely to the avity mode [4℄. The sattering ofpump photons to the avity mode beomes ooperativein this ase and the ooling of the ensemble aquiresfeatures of a self-organization proess. An e�ient re-alization of this strategy an be obtained if the ouplingbetween the partiles and the avity is strong enough,whih is possible but tehnially hallenging to real-ize [5�9℄.The feedbak ooling [10�13℄ is another approah toool a wide range of speies. In this method, a lassialmeasurement devie and the lassial signal proessingare used to organize a feedbak loop designed to ex-trat energy from the ensemble of the partiles. Thevariety of feedbak ooling methods originates from themethod of stohasti ooling [14℄ suessfully appliedin high-energy physis and proposed for the ooling ofatoms [15, 16℄. There is a variety of partiular real-izations of this method di�erent in the quantity to beontrolled [17�19℄. The drawbak of this approah isthe fat that the quantity that an be aessed in afeedbak loop is generally a olletive observable of anensemble. The modes that orrespond to the relativemotion of partiles remain unhanged by the feedbakloop. Hene, a remixing mehanism that ouples dif-ferent motional modes of the partiles is required fore�ient ooling.Reently [20℄, we proposed to ombine the avityand feedbak ooling to enhane the avity self-organi-zation. The idea behind this is to measure the photon211



D. A. Ivanov, T. Yu. Ivanova ÆÝÒÔ, òîì 148, âûï. 2 (8), 2015�ux leaking from the avity to modify the external op-tial potential so as to stimulate further sattering fromthe pump into the avity.This proedure makes the bunhing of partiles inthe potential minimums favorable and simultaneouslyools the partiles. It is not lear, however, whetherthe use of the eletroni feedbak loop as proposed ismore e�ient than the original on�guration [4℄, wherethe internal avity-indued feedbak works. The easi-est way to analyze this is to restrit the onsiderationto the ase where only a few degrees of freedom an betaken into aount. This holds for the quantum degen-erate regime where all the partiles an be desribedby a single wavefuntion. In this ase, not the oolingof partiles but self-organization of the degenerate gasshould be analyzed to prove the feasibility of the ele-troni feedbak. Below, we show that the feedbak en-hanement of the original self-organization sheme [4℄redues the laser power needed to observe the partileself-organization.To demonstrate the feasibility of the feedbak on-trol in the avity-indued self-organization setup, wenumerially solve a oupled system of evolution equa-tions for the atoms and the �eld. These equations arederived on the basis of the positive P-representation[21℄. This is done in Se. 2. The linear stability analy-sis of the lassial approximation is disussed in Se. 3,and numerial simulation results and the disussionsare given in Se. 4. 2. MODELThe model that we analyze is similar to the modelonsidered in Ref. [22℄. We assume that the 1D Bo-se�Einstein ondensate (BEC) of atoms is plaed in anoptial avity along the avity axis. The transverse�eld at the frequeny resonant to the avity pumps theatoms. Aording to the standard approah [4℄, theatoms satter the pump photons into the avity modeand the avity �eld forms an optial-lattie potentialfor the atoms. The e�etive sattering and hene astrong potential appear when the atoms are loalizedin groups separated by the �eld wavelength (in eahseond well of the optial potential) beause suh on-�guration satis�es the Bragg ondition.In our onsideration, we supply the setup with afeedbak loop additional to the avity, whih is orga-nized as follows (see Fig. 1). First, the avity photonnumber is measured and then this eletri signal is usedto ontrol the intensity of the laser reating an addi-tional optial potential for the atoms. The feedbak
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Fig. 1. Setup of the self-organization experiment withan additional eletroni feedbak. Measurement of theavity photon number is used to ontrol the strengthof the optial potential for the atomsloop is designed to inrease the optial potential as thenumber of deteted photons inreases. Furthermore, weassume that the main part of the optial potential at-ing on the atoms is due to the feedbak-ontrolled laser,while the avity merely serves as a olletor of the sat-tered photons. This allows relaxing the requirementsfor the interation between the avity and the atomsand therefore simplifying the experiment.To desribe the operation of the setup, we startwith the quantum onsideration. The Hamiltonian des-ribing the evolution of the BEC and the avity �ledwithout the feedbak is given byH0 = ~!0aya+Z dx	y(x)h� ~22m�2x+~g20� U20 (x)aya++ ~g20� U0(x)(��a+ �ay)i	(x); (1)where !0 is the frequeny of the avity mode, a is thephoton annihilation operator of the avity; 	(x) is theannihilation operator of the BEC that obeys the om-mutation relation �	(x0);	y(x)� = Æ(x � x0), m is theatomi mass, g0 is the atom��eld oupling onstant, �is the atom�avity detuning, and U0(x) = os(!0x=)is the avity mode funtion. We here assume that � ismuh larger than the spontaneous deay rate . To bespei�, we onsider the D2 transition in Rubidium-85.The deay rate  is then about 2� � 6 MHz [23℄. Thusdetuning of about several hundred MHz su�es for therequired ondition to be satis�ed. We also ignore possi-ble optial pumping e�ets on Zeeman sublevels. Thetransverse pumping �eld is onsidered lassially anddesribed by the �eld amplitude �.The quantum desription of the feedbak based onphotodetetion has been developed in Refs. [24; 25℄.Aording to this theory, the unonditioned evolution212



ÆÝÒÔ, òîì 148, âûï. 2 (8), 2015 Feasibility of a feedbak ontrol : : :of the quantum state of the system is desribed by themaster equation_% = � i~ [H0; %℄� �2 �aya%+ %aya�+ �eL�a%ay; (2)where � is the measurement strength, L is a feedbaksuper-operator ating on the system, and � is the feed-bak interation time. To provide the feedbak thathanges the atomi potential proportionally to the av-ity photon number, we assume that the super-operatorL is impliitly given byeL�% = i g20��� [V; %℄� %: (3)The operator V in this equation desribes the feedbakation on the system, whih is the optial potential forthe atoms formed by the ontrolled laser. We assumethat it is given byV = ~ Z dx	y(x)U20 (x)	(x): (4)The parameter � in (3) is the gain oe�ient of thefeedbak loop. It desribes the depth of the feedbak-indued potential for the atoms. Experimentally, thefeedbak-indued potential is realized with an addi-tional laser �eld that annot have an arbitrarily largeintensity. Due to this restrition, the gain � annot bemade very large at all stages of the system evolution.As the atoms beome self-organized, the feedbak sig-nal, whih linearly depends on the avity photon num-ber, an beome too large to be pratial. To take thisnatural limitation into aount, we assume that � is nota onstant parameter but an hange as the ontrolledsystem evolves. More on the hoie of � is explained inSe. 4.Instead of dealing with the master equation, wean use the positive P-representation [21℄, whih al-lows transforming the master equation into the Fok-ker�Plank equation. The use of the positive P-repre-sentation implies a doubled phase spae of the system,suh that the atoms are desribed by the pair of �elds�(x; t),  (x; t) and the avity mode is desribed bythe pair of amplitudes �, �. This ensures the semi-positivity of the di�usion matrix in the Fokker�Plankequation and as a onsequene the possibility to trans-form the Fokker�Plank equation into a set of stohas-ti di�erential equations. The �nal Ito-type stohastidi�erential equations for atomi �(x; t),  (x; t) and op-tial �, � �elds are

i~�t�(x; t) = � ~22m�2x�(x; t) ++ ~g20� (���+ ��) os(k0x)�(x; t) ++ ~g20� (1 + �) sin(k0x)2�(x; t) +r~2g20� �� �� sin(k0x)2 + � os(k0x)� �1(t)�(x; t);� i~�t (x; t) = � ~22m�2x (x; t) ++ ~g20� (���+ ��) os(k0x) (x; t) ++ ~g20� (1 + �) sin(k0x)2 (x; t) +r~2g20� �� �� sin(k0x)2 + �� os(k0x)� �2(t) (x; t);_�(t) = ��2�(t)� ig20� Z  (x; t) ��(t) sin(k0x)2 ++ � os(k0x)℄ �(x; t) dx +r g204���1(t);_�(t) = ��2�(t) + ig20� Z �(x; t) ��(t) sin(k0x)2 ++ �� os(k0x)℄ (x; t) dx +r g204���2(t):
(5)

Here, �i(t) is the white noise with the orrelation fun-tion h�i(t)�j(t0)i = Æi;jÆ(t � t0). In priniple, Eqs. (5)take all quantum e�ets into aount via the stohas-ti terms. However, these equations an be solved nu-merially for a rather small time interval due to thewell-known problem of vanishing boundary terms [26℄.Averaging these equations yields the system of semi-lassial equations. The equation for the atomi �eldis analogous to the Gross�Pitaevskii equation with thepotential dependent on the avity �eld. In the semi-lassial approximation, there is no need in a doubledphase spae, and therefore only one equation for theatoms and one for the �eld remain. These equationsare given byi~�t�(x; t) = � ~22m�2x�(x; t) + ~g20� (���+ ��)�� os(k0x)�(x; t) + ~g20� (1 + �) j�j2 �� sin(k0x)2�(x; t);_�(t) = ��2�(t)� ig20� Z  (x; t) ��(t) sin(k0x)2 ++ � os(k0x)℄ �(x; t) dx:
(6)
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D. A. Ivanov, T. Yu. Ivanova ÆÝÒÔ, òîì 148, âûï. 2 (8), 2015As an be seen from these equations, the appliationof feedbak is not ompletely equivalent to a saling ofthe atom��eld oupling onstant g0. Hene, the evolu-tion of the system is not ompletely analogous to thedynamis of avity self-organization without the feed-bak. It is therefore important to spei�ally addressthe feasibility of the feedbak to understand what ad-vantages it may have.3. STABILITY ANALYSIS IN THETHREE-SITE APPROXIMATIONAlthough the system of equations (6) an be di-retly simulated, we an have an additional insight intothe dynamis of feedbak-enhaned self-organization byapproximating the spatial dependene of the onden-sate wavefuntion. First of all, as desribed in [20℄,we neglet the long-wavelenghth modes of the onden-sate exitations, onsidering only those that have thesame periodiity as the avity mode funtion. Then wedivide the distane orresponding to the avity modespatial period into four equal parts and represent eahpart with the amplitude�i = 1p�=4 �i=4Z�(i�1)=4 dx�(x); (7)where i = 1; : : : ; 4 is the mode number and � is thewavelength of the avity �eld. Two of these modes or-respond to odd and even wells of the avity potential(proportional to the square of the mode funtion), andtwo others orrespond to the potential maxima betweenthem. It an be shown that the equations of motion forthese last modes oinide, and we therefore keep onlyone of them. Finally, we arrive at a system of four dy-namial equations, of whih the �rst three desribe theevolution of the atomi modes:_'1 = i('2 � '1)� i "�p� + 1(�+ ��)'1;_'2 = i('1 + '3 � 2'2)� ij�j2'2;_'3 = i('2 � '3) + i "�p� + 1(�+ ��)'3;_� = ��2��i"j'2j2��i"�p�+1(j'1j2�j'3j2): (8)

Here, we introdue a dimensionless oupling strength" = g20=(!r�), where !r = ~k20=2m is the reoil fre-queny. The avity deay rate � in Eqs. (8) is alsomeasured in units of !r, and the time is saled by thereoil period 1=!r. For onveniene, the avity �eldamplitude has been renormalized as � ! �=p� + 1.This transformation simpli�es the analysis of the in-teresting limit of a small oupling ". The aim of thefeedbak is to ompensate for " ! 0, assuming simul-taneously that p1 + �!1 so as to partially preserveEqs. (8). However, the last terms in the �rst and thirdequations of system (8) vanish in the limit "! 0 even ifthe feedbak strength � is large. These terms representthe olletive reoil of the atoms during the satteringof pump photons to the avity mode. They drive the�rst and the third atomi modes in a di�erent way,leading to a spatial redistribution of atoms.To understand the role of olletive reoil in theproess of self-organization, we perform the stabilityanalysis of the uniform atomi distribution and deter-mine the onditions required for the self-organization toemerge. For the 3-mode approximation, a quite om-plete analyti investigation of this issue an be per-formed. To deal with real numbers, we transform theequations for the omplex �eld amplitudes to the equa-tions for the quadratures de�ned asx = �+ ��2 ; y = �� ��2i ;Xi = 'i + '�i2 ; Yi = 'i � '�i2i :It is easy to verify that the uniform initial distribu-tion of the atoms is a stationary solution of Eqs. (8)with �(0) = 0. To be spei�, we assume that thequadrature omponents of this uniform distribution areX(0)1 = X(0)2 = X(0)3 = X0 = pN , where N is the num-ber of atoms per site, while Y (0)1 = Y (0)2 = Y (0)3 = 0.The linearized equations for the small deviations ÆXi == Xi � X(0)i , ÆYi = Yi, Æx = x, and Æy = y from thestationary solution areddt (ÆZ) = AÆZ; (9)where the vetor ÆZ omprises all the quadratures ofthe atomi and avity modes. The evolution matrix isgiven by
214



ÆÝÒÔ, òîì 148, âûï. 2 (8), 2015 Feasibility of a feedbak ontrol : : :
A =

0BBBBBBBBBBBBBBBBBBB�
��=2 "X20 0 0 0 0 0 0�"X20 ��=2 �2"�p� + 1X0 0 0 0 2"�p� + 1X0 00 0 0 1 0 �1 0 0�2 "�p� + 1X0 0 �1 0 1 0 0 00 0 0 �1 0 2 0 �10 0 1 0 �2 0 1 00 0 0 0 0 �1 0 12 "�p� + 1X0 0 0 0 1 0 �1 0

1CCCCCCCCCCCCCCCCCCCA : (10)
For the linear stability analysis, we should solve theharateristi equation for eigenvalues of the evolutionmatrix�2 �9 + �2� h4�4 + 4��3 + ��2 + 4X40"2 + 4��2 ++ 4��+ 4X40"2 �1� 8"�2�+ �2i = 0: (11)Charateristi equation (11) does not ontain the feed-bak gain onstant �. Thus, the presene of the feed-bak does not a�et the stability of the system in thelinear approximation. This, in partiular, means thatthe physial proess responsible for the instability andself-organization in the linear approximation is the ol-letive atomi reoil. It is possible to �nd an approxi-mate ondition for the ultimate instability of the sys-tem. The system beomes unstable when a ombina-tion of parameters X0, ", �, and � makes the real partof at least one of other four eigenvalues positive.All the roots of Eq. (11) an be given in radials.However, some of the results are quite lengthy and dif-�ult to analyze. We therefore use an approximatetreatment of the part of Eq. (11) in square brakets.After some rearrangement in this part, we obtain thefollowing equation for the remaining four eigenvalues:4X40"2 ��2 + 1� 8"��+ �1 + �2� (2�+ �)2 = 0: (12)We are interested in the ritial values of the param-eters, that is, the values orresponding to bifuration,where nonzero real parts of some eigenvalues appear.To proeed with the approximate treatment of thispart of the harateristi equation, we assume that theeigenvalues are small ompared to the avity deay rate� at least near the self-organization threshold. Then

the analyti approximations for two eigenvalues an befound and are given by�� = �s 32"3�2X40�2 + 4"2X40 � 1: (13)This approximate result an be veri�ed by omparisonwith the exat solution of the 4th order equation found,for example, using some omputer algebra system. Forsmall absolute values of these eigenvalues, the agree-ment is very good.If the expression in the radiand in Eq. (13) is pos-itive, then at least one of the eigenvalues is real andpositive. This ensures the instability of the uniform dis-tribution. The ritial value of the transverse pumping� is then given by � = �2 + 4"2N232"3N2 : (14)We note that in the limit of a large number of atomsN ! 1, the ritial pumping reahes the �nite value� = 1=8". This result learly demonstrates the impor-tane of the atom��eld oupling onstant and explainspossible hallenges in the experimental observation ofself-organization. Taking the di�erene in the notationinto aount, the result in Eq. (14) agrees with the on-dition derived in Ref. [22℄, Eq. (10). This indiates thatin spite of its simpliity, the three-site approximationseems to apture essential features of the system.To onlude this part, the feedbak based on thephotodetetion annot stimulate the instability of theuniform distribution and initiate the growth of the sat-tered signal. However, we an show that in ase of si-multaneous ation of the olletive reoil and the feed-bak, a onsiderable redution in the total power re-quired to reah self-organization an be obtained.215
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ÆÝÒÔ, òîì 148, âûï. 2 (8), 2015 Feasibility of a feedbak ontrol : : :the intensity of the transverse pump j�j2 = 106. Hene,the total laser intensity required to observe the self-organization is approximately 3:5 times smaller thanthat without the feedbak, beause in the latter ase,the required total intensity is j�j2 � 3:5 � 106. Thus,the appliation of feedbak allows reduing the opti-al power requirements for the observation of atomiself-organization.The urves in Fig. 3 orresponding to Imax = 8 �104and Imax = 1 � 105 demonstrate osillations, whih aredue to the nonlinearity of the feedbak response. Theseosillations pratially disappear for larger maximumintensities of the feedbak laser Imax (see the urveorresponding to Imax = 2 � 105). Interestingly, theosillatory behavior is also typial for self-organizationwithout a feedbak, as is demonstrated in Fig. 2. But itdoes not appear if the feedbak is on and the feedbaklaser intensity is not limited (see Fig. 3 in Ref. [20℄).To give an estimate of the absolute values of the laserpower required to obtain self-organization, we assumethat the avity length is L � 10 m. Then the photon�ux � that provides the maximal optial potential anbe estimated as � = ImaxL= � 1015 photons/s. Thisis equivalent to about 0.1 mW of laser power, whih iseasliy obtained with modern tunable diode lasers.5. SUMMARYWe have analyzed the use of feedbak in the atom�avity self-organization setup. The feedbak is basedon the measurement of the �eld leaking from the a-vity and the appropriate hange in the avity-induedpotential. The stability of the uniform atomi distribu-tion has been studied in the three-site approximation,where long-wavelength exitations of atoms have beenignored. It has been shown that the feedbak adds es-sentially nonlinear terms to the evolution equations anddoes not a�et the linear stability of the uniform atomidistribution. The instability of the uniform atomi dis-tribution is therefore solely due to the olletive atomireoil e�et.Thus, in the limit of an extremely small atom��eldoupling, the feedbak alone an hardly produeself-organization. However, the appliation of feedbakallows onsiderably reduing the total optial powerneeded for self-organization. To demonstrate this, wehave analyzed the performane of the setup in thease of a limited intensity of the feedbak laser. Thisrestrition has been implemented in simulations via anonlinear feedbak response with saturation. It hasbeen shown that in spite of this intensity restrition,
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