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SIMULATIONS OF ULTRA-HIGH-ENERGY COSMIC RAYSPROPAGATIONO. E. Kalashev a*, E. Kido b**aInstitute for Nu
lear Resear
h, Russian A
ademy of S
ien
es117312, Mos
ow, RussiabInstitute for Cosmi
 Ray Resear
h, University of TokyoKashiwa, Chiba, JapanRe
eived November 8, 2014We 
ompare two te
hniques for simulation of the propagation of ultra-high-energy 
osmi
 rays (UHECR) inintergala
ti
 spa
e: the Monte Carlo approa
h and a method based on solving transport equations in one di-mension. For the former, we adopt the publi
ly available tool CRPropa and for the latter we use the 
odeTransportCR, whi
h has been developed by the �rst author and used in a number of appli
ations, and is madeavailable online with publishing this paper. While the CRPropa 
ode is more universal, the transport equationsolver has the advantage of a roughly 100 times higher 
al
ulation speed. We 
on
lude that the methods givepra
ti
ally identi
al results for proton or neutron primaries if some a

ura
y improvements are introdu
ed to theCRPropa 
ode.DOI: 10.7868/S00444510150500551. INTRODUCTIONIdenti�
ation of the origin of ultra-high-energy 
os-mi
 rays is one of the main problems of modern astro-physi
s. Although the existen
e of parti
les with theenergy E & 1019 eV has been 
on�rmed by several ex-periments, their possible sour
es, propagation me
ha-nism, and even their nature are still subje
ts of intenseresear
h. Noti
eable progress has been a
hieved duringthe last de
ade by the new-generation experiments. Asuppression of the 
osmi
-ray �ux above E � 4�1019 eVhas been observed by HiRes, Teles
ope Array [1℄, andPierre Auger Observatories [2; 3℄. Depending on theassumed ultra-high-energy 
osmi
 rays (UHECR) 
om-position, this may indi
ate either the observation ofthe GZK e�e
t [4, 5℄ or a natural 
ut-o� in the energyof 
osmi
-ray sour
es. The measurements of the po-sition of the shower maximum and its �u
tuations bythe Pierre Auger experiment suggest a signi�
ant fra
-tion of heavy nu
lei above 1019 eV [6℄. However, both
omposition and energy spe
trum studies by HiRes [7℄and Teles
ope Array [8℄ show 
onsisten
y with the pure*E-mail: kalashev�inr.a
.ru**E-mail: ekido�i
rr.u-tokyo.a
.jp

proton or light-element 
omposition in the same energyrange.Ultra-high-energy protons and nu
lei 
annot bekept by the gala
ti
 magneti
 �eld and therefore freelyes
ape the galaxy. Currently, there are no knownsour
es within the Milky Way that 
ould possibly a
-
elerate protons or nu
lei to ultra-high energies, andit is therefore assumed that the parti
les should haveextragala
ti
 origin. During their propagation throughintergala
ti
 spa
e, UHECRs rapidly lose energy in in-tera
tions with the intergala
ti
 photon ba
kground.Understanding the UHECR attenuation pro
ess is 
ru-
ial for making model predi
tions and interpreting ex-perimental results.Many studies on propagation of ultra-high-energynu
leons and nu
lei exist in the literature, in
ludinganalyti
 solutions of the transport equations, whi
h
an be found for some spe
i�
 situations, su
h as thepropagation of nu
leons near the GZK 
uto� (see, e. g.,[9�12℄) or using the 
ontinuous energy loss (CEL) ap-proximation (see, e. g., [13�15℄). Due to the small in-elasti
ity, the CEL approximation works well for e+e�pair produ
tion by protons and nu
lei. But for pionprodu
tion on a photon ba
kground, due to its largeinelasti
ity and sto
hasti
 nature, the CEL approx-imation predi
ts a sharper pile-up right below the917
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uto� 
ompared to exa
t solutions [16℄. Numer-i
al solutions for nu
leons solve the transport equa-tions either dire
tly [16�20℄ or through Monte Carlosimulation [21�25℄. In Ref. [26℄ (see also referen
estherein), a universal approa
h to the simulation of
osmi
 ray propagation is dis
ussed based on the ad-joint 
as
ade theory. The photodisintegration of ultra-high-energy nu
lei was �rst dis
ussed in [27℄ and laterin [19; 20; 22; 24; 25; 28; 29℄.Unfortunately most of the numeri
al 
odes men-tioned above are not publi
. The mutual 
he
ks be-tween di�erent propagation 
odes show a 
onsisten
ylevel of about 10%. Due to the growing experimen-tal statisti
s, improving the simulation a

ura
y be-
omes 
ru
ial. In this paper, we fo
us on predi
tionsof the spe
tra from proton sour
es. We des
ribe indetail our transport-equation-solving 
ode, whi
h hasalready been used in a number of works [19℄, althoughhas not been publi
ly available until now. We 
ompareour tool with the a
tively developed Monte Carlo 
odeCRPropa [25℄, whi
h is publi
ly available and used inthe Pierre Auger Collaboration analysis [30℄. Whilethe former 
ode bene�ts ex
eedingly high 
al
ulationspeed, the latter is more universal and easy 
ustomiz-able. In Se
. 2, we dis
uss the simulation te
hniqueson whi
h the 
odes are based. In Se
. 3, we 
omparethe results of proton propagation simulations and sug-gest improvements to CRPropa. Finally, we make a
on
lusion.2. CALCULATION OF OBSERVABLESPECTRACal
ulations of the observable UHECR spe
tra forgiven produ
tion s
enarios involve simulation of sour
esand attenuation e�e
ts su
h as intera
tions of 
osmi
rays with intergala
ti
 media and their de�e
tion bygala
ti
 and intergala
ti
 magneti
 �elds. The intera
-tion rate 
al
ulation a

ura
y depends on our knowl-edge of the infrared intergala
ti
 photon ba
kgroundand its evolution, while parti
le traje
tory 
al
ulationsrely on the models of intergala
ti
 and gala
ti
 mag-neti
 �elds. Neither of the above fa
tors is 
urrentlyknown su�
iently well to make de�nitive predi
tions.On the other hand, identifying UHECR sour
es wouldhelp 
onstrain the properties of intragala
ti
 media,whi
h espe
ially applies to magneti
 �eld estimates.Our present knowledge of the intergala
ti
 magneti
�eld (IGMF) is very poor. The theoreti
al and ob-servational 
onstraints on the mean IGMF strength B

and the 
orrelation length L
or are summarized in re-view [31℄: 10�17 G . B . 10�9 G; (1)L
or & 1 p
: (2)The simulation assuming the magneti
 �eld growth ina magnetohydrodynami
al ampli
ation pro
ess drivenby stru
ture formation out of a magneti
 seed �eldpresent at high redshift [32℄, suggests the present IGMFstrength B . 10�12 G (see also Ref. [33℄). It 
anbe shown (see, e. g., Ref. [34℄) that the e�e
t of mag-neti
 �elds on the average energy spe
trum of protonswith energies E & 1018 eV is negligible for the IGMFstrengths B . 10�10 G (assuming L
or . 1 Mp
) ifthe average distan
e between the UHECR sour
es doesnot ex
eed the GZK radius. If these 
onditions arerealized, the 
omputation of the averaged �uxes 
anbe done by solving the 
oupled Boltzmann equationsfor UHECR transport in one spatial dimension or us-ing one-dimensional Monte Carlo simulation (the �rstmethod is usually mu
h faster). In the limit of strongmagneti
 �elds, when it is important to follow parti
letraje
tories, e. g., for 
al
ulating the images of dis
retesour
es of UHECR, only the full 3D Monte Carlo sim-ulation 
an give reliable results. Our 
ode [19℄ uses theformalism of transport equations, while the CRPropa[25℄ implements either 1D or 3D Monte Carlo simu-lations. Below, we des
ribe the CRPropa 
ode onlybrie�y and pay more attention to the transport equa-tion solution. 2.1. CRPropaCRPropa [25℄ is a Monte Carlo simulation toolaimed at studying the propagation of neutrons, pro-tons, and nu
lei in the intergala
ti
 medium. It pro-vides a one-dimensional (1D) and a three-dimensional(3D) modes. In the 3D mode, the magneti
 �eld andsour
e distributions 
an be de�ned on a 3D grid. Thisallows performing simulations in the sour
e s
enarioswith a highly stru
tured magneti
 �eld 
on�guration.In the 1D mode, magneti
 �elds 
an be spe
i�ed asfun
tions of the distan
e to the observer, but their ef-fe
ts are restri
ted to energy losses of ele
trons andpositrons due to syn
hrotron radiation within ele
tro-magneti
 
as
ades. Furthermore, in the 1D mode, itis possible to spe
ify the 
osmologi
al sour
e evolutionas well as the redshift s
aling of the ba
kground lightintensity. All important intera
tions with the 
osmi
infrared (IRB) and mi
rowave (CMB) ba
kground light918
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osmi
 rays propagationare in
luded, namely, produ
tion of ele
tron�positronpairs, photopion produ
tion, and neutron de
ay. Ad-ditionally, CRPropa allows tra
king and propagatingse
ondary 
-rays, e+e� pairs, and neutrinos. The 
odealso 
ontains a module solving one-dimensional trans-port equations for ele
tromagneti
 
as
ades initiated byele
trons, positrons, or photons, taking pair produ
tionand inverse Compton s
attering and syn
hrotron radi-ation of ele
trons into a

ount. For more details on the
ode, we refer the reader to the Ref. [25℄.2.2. Transport 
odeThe 
ode developed in [19℄ simulates attenuationof protons, neutrons, nu
lei, photons, and stable lep-tons by solving the transport equation in one dimensiontaking all standard dominant pro
esses into a

ount.Ultra-high-energy parti
les lose their energy in intera
-tions with the ele
tromagneti
 ba
kground, whi
h 
on-sists of CMB, IRB, and radio 
omponents (the laste�e
ts the ele
tromagneti
 
as
ade development onlyat ultra-high energies). For IRB ba
kgrounds, severalmodels are implemented [35�40℄. For highest-energyprotons, neutrons, and nu
lei, the main attenuationpro
ess is photopion produ
tion. Below the photopionprodu
tion threshold, photodisintegration (for nu
leionly) and e+e� pair produ
tion provide the attenua-tion me
hanism. Although the attenuation of nu
leiis implemented in the 
ode (we use photodisintegra-tion rates derived in [41℄), a reliable des
ription of thepropagation of heavy nu
lei 
an be a
hieved only forenergies E > 1019 eV (assuming B . 10�10 G) be-
ause de�e
tions in magneti
 �elds 
annot be pre
iselydes
ribed within the 1D transport equation formalism.Below, we fo
us on proton and neutron propagationsimulations. With the photopion produ
tion by pro-tons and neutrons, e+e� pair produ
tion by protons onba
kground photons, and the neutron de
ay in
luded,the transport equations for protons and nu
leons 
an bewritten in the form (here and below, we set ~ = 
 = 1):�tNp(Ep) = �Np(Ep) Z d� n(�)�� Z d�1� �p�2 (�p;� + �p;e) ++ Z dE0pNp(E0p) Z d� n(�) Z d�1� �0p�2 ���d�p;�dEp +d�p;edEp �+Z dE0nNn(E0n) Z d� n(�) Z d��� 1� �0n�2 d�n;�dEp +Nn(Ep)mnEp ��1n +Qp(Ep); (3)

�tNn(En) = �Nn(En) Z d� n(�)�� Z d�1� �n�2 �n;� + Z dE0pNp(E0p)�� Z d� n(�) Z d�1� �0p�2 d�p;�dEn ++ Z dE0nNn(E0n) Z d� n(�) Z d�1� �0n�2 �� d�n;�dEn �Nn(En)mnEn ��1n +Qn(En); (4)where Np(E) and Nn(E) are densities of protons andneutrons per unit energy. Here, an isotropi
 distribu-tion of ba
kground photons is assumed with the num-ber density n(�) depending on the photon energy � only,�p and �n are parti
le velo
ities, � is the 
ollision angle
osine, andQ denotes external sour
e terms. The termsdes
ribing neutron de
ay are proportional to ��1n , theinverse neutron lifetime in the rest frame. In the neu-tron de
ay term in Eq. (3), we negle
t the di�eren
ein masses of the neutron and proton and assume thatthe re
oiling proton momentum is zero in the neutronrest frame. The terms proportional to �p;� and �n;�des
ribe the photopion produ
tion by protons and neu-trons. Here, we take into a

ount that the nature of theleading nu
leon 
an be 
hanged in the above intera
-tion. Finally, terms proportional to �p;e des
ribe e+e�pair produ
tion by protons.To solve the above equations numeri
ally, we binthe energies of the 
osmi
 rays. We divide ea
h de
adeof energy into nd equidistant logarithmi
 bins. We letEi denote the 
entral value of the ith bin, and Ei�1=2and Ei+1=2 denote boundary values. Then we rewriteEqs. (3), (4) in terms of the numbers of parti
les inea
h bin Np(n);i = Ei+1=2ZEi�1=2 Np(n)(E) dE: (5)After repla
ing the integrals by �nite sums, we haveddtNp;i = �Np;iAp;i +Xj�i Bp!p;jiNp;j ++Xj�i Bn!p;jiNn;j +Qp;i; (6)ddtNn;i = �Nn;iAn;i +Xj�i Bp!n;jiNp;j ++Xj�i Bn!n;jiNn;j +Qn;i; (7)919



O. E. Kalashev, E. Kido ÆÝÒÔ, òîì 147, âûï. 5, 2015where Qp(n);i = Ei+1=2ZEi�1=2 Qp(n)(E) dE; (8)the 
oe�
ients Ap(n);i have the physi
al meaning of in-tera
tion rates and are given byAp;i = Z d� n(�) Z d�1� �p;i�2 �� [�p;�(Ei; �; �) + �p;e(Ei; �; �)℄ ;An;i = Z d� n(�) Z d�1� �n;i�2 �n;�(Ei; �; �) ++ mnEn;i ��1n ; (9)and the 
oe�
ients Bx!y;ji are given byBp!p;ji = Z d� n(�) Z d�1� �p;j�2 Ei+1=2ZEi�1=2 dEp �� �d�p;�dEp (Ej ; �; �;Ep) + d�p;edEp (Ej ; �; �;Ep)� ; (10)Bp!n;ji = Z d� n(�) Z d�1� �p;j�2 Ei+1=2ZEi�1=2 dEn �� d�p;�dEn (Ej ; �; �;En);Bn!p;ji = Z d� n(�) Z d�1� �n;j�2 Ei+1=2ZEi�1=2 dEp �� d�n;�dEp (Ej ; �; �;Ep) + ÆijmnEi ��1n ;Bn!n;ji = Z d� n(�) Z d�1� �n;j�2 Ei+1=2ZEi�1=2 dEn �� d�n;�dEn (Ej ; �; �;En):The system of ordinary di�erential equations (ODE)(6) and (7) 
an be solved using standard methods.The TransportCR 
ode utilizes the GNU S
ienti�
 Li-brary (GSL), whi
h provides a 
hoi
e of 11 adaptivestep ODE integration s
hemes. In addition to stan-dard GSL s
hemes, a �rst-order impli
it s
heme is im-plemented in the 
ode, whi
h bene�ts the observation

that the matrixes Bx!y;ji in Eqs. (6) and (7) are tri-angular. This makes it possible to speed up the ODEsolving by redu
ing the number of independent vari-ables. The impli
it method has the advantage that thesolution 
onverges even for a relatively large time step.However, to ensure the desired a

ura
y, we need tooptimize the step size for a given problem by trial anderror. We note that the 
oe�
ients Ax;i and Bx!y;jidepend on time be
ause of the redshift dependen
e ofthe ba
kground 
on
entration. In general, the step sizeshould be proportional to the intera
tion length A�1p(n);iand the length itself is inversely proportional to the
on
entration of ba
kground photons, and we thereforemake the time step dependent on z:h(z) = h(0)(1 + z)�3; (11)whi
h 
orresponds to the evolution of the CMB photon
on
entration. There is no need to re
al
ulate the 
o-e�
ients Ax;i and Bx!y;ji before ea
h step unless theba
kground is highly variable. In pra
ti
e, we re
al
u-late the 
oe�
ients after time intervals 
orrespondingto the redshift 
hange of one log bin:zi + 1zi+1 + 1 = 101=nd : (12)The same 
al
ulation te
hnique is used to obtainthe �uxes of se
ondary parti
les produ
ed by nu
le-ons: ele
trons, positrons, photons, and neutrinos. Theele
tron�photon 
as
ade is driven by a 
hain of in-verse Compton s
attering and e+e� pair produ
tionby photons, while se
ondary neutrinos propagate pra
-ti
ally without attenuation. The dire
t appli
ation ofthe above s
heme may be di�
ult in the spe
ial 
ase ofthe fast pro
esses with small inelasti
ity sin
e it wouldrequire the high density of energy binning and smalltime steps. The e+e� pair produ
tion by protons is agood example of su
h a pro
ess having the inelasti
ityless than 10�3. A similar problem o

urs in the MonteCarlo simulation method. In both te
hniques, the 
on-tinuous energy loss approximation is used to bypass theproblem with the mean energy loss rate given by theequation� dEdt = Z d� n(�) Z d�1� ��2 �� Z dE0(E �E0) d�dE0 (E; �; �;E0): (13)In Monte Carlo simulations, the CEL implementationis straightforward, but in the transport equation ap-proa
h, a simple �rst-order s
heme is used to express920
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osmi
 rays propagation
ontinuous energy loss in terms of the 
oe�
ients Ax;iand Bx!x;ji in Eqs. (6) and (7):Ax;i = 1Ei �Ei�1 dEdt ����E=Ei�1=2 ;Bx!x;ji = Æi+1j Ax;j : (14)Equations (6) and (7) do not take expansion of theuniverse into a

ount. One way to treat it would be tointrodu
e the CEL term with� dEdt = �dEdz dzdt == E1 + zH0(1 + z)p
m(1 + z)3 +
� (15)along with repla
ing Qx(E) with 
omoving sour
e den-sities ~Qx(E; z) = (1 + z)�3Qx(E) in (8) to take thevolume in
rease into a

ount. As an alternative to theintrodu
tion of an extra CEL term, one 
ould shift theenergy binning ea
h step (12), as is done in Ref. [18℄.Both methods agree in the limit of large nd, the formeris more a

urate in the presen
e of other more rapidattenuation 
hannels, while the latter is pre
ise in theabsen
e of any intera
tions.2.2.1. Photopion produ
tionPhotopion produ
tion is the main attenuationme
hanism for protons and neutrons with energies E && 10 EeV. The energy threshold for this pro
ess isEth = 2mNm� +m2�4� � 6:8� �10�3 eV��1 EeV; (16)where mN is the nu
leon mass. This pro
ess was ex-tensively studied in Ref. [42℄, where the SOPHIA eventgenerator was developed for simulation of photopionprodu
tion in
luding the 
al
ulation of various 
han-nel 
ross se
tions and sampling of se
ondaries. BothCRPropa and the transport-equation-based 
ode usethe SOPHIA event generator as bla
k box. The for-mer 
ode 
alls the event generator dire
tly, while thelatter provides an auxiliary routine to 
al
ulate thepropagation 
oe�
ients Ax;i and Bx!y;ji using 
allsof SOPHIA pro
edures, as is des
ribed below. We �rstrewrite the 
ontribution from photopion produ
tion inEqs. (9) and (10) in terms of the photon energy ~� inthe nu
leon rest frame (NRF),~� = �ENmN (1� ��) � �
(1� ��); (17)where EN is the nu
leon energy, and 
 = EN=mN . Thethreshold energy for photopion produ
tion is~�th = m2� + 2m�mN2mN � 0:15 GeV: (18)

After omitting the terms related to pair produ
tion andneutron de
ay in (9) and (10), in the ultrarelativisti
limit (� ! 1), we haveAp(n);i = 12
2i 2
i�maxZ~�th d~� Ib� ~�2
� ~� �p(n)(~�); (19)
Bx!y;ji = 12
2i 2
i�maxZ~�th d~� Ib � ~�2
� ~� Ei+1=2ZEi�1=2 dEy �� d�xdEy (~�; Ej ;Ey); (20)where �max is the maximal photon ba
kground energyin the laboratory frame andIb(�th) = �maxZ�th n(�) d��2 (21)is an integral depending solely on the photon ba
k-ground density and 
an be tabulated. The total photo-pion produ
tion 
ross se
tions as fun
tions of the NRFphoton energy �p(n)(~�) are expli
itly implemented inSOPHIA, whi
h su�
es for the Ap(n);i 
oe�
ients 
al-
ulation.To 
al
ulate Bx!y;ji, we 
reate a logarithmi
 bin-ning in ~� with nd steps per de
ade from ~�th given by (18)and ~�max = 2�max
max and for ea
h ~�i in the NRF,we perform sampling of se
ondary parti
les for 105�106times. We assume that the nu
leon momentum pN inthe laboratory frame is dire
ted along the z axis. Thenbe
ause pN � �, the NRF ba
kground photon momen-tum ~� should point to the opposite dire
tion. Let ~E0and ~p0z be the energy and the z-
omponent of the sam-pled se
ondary parti
le momentum in the NRF. Thenits energy in the laboratory frame isE0 = 
( ~E0 + �~p0z): (22)Therefore, in the ultrarelativisti
 limit (� ! 1) we haver � E0EN = ~E0 + ~p0zmN : (23)It follows from Eq. (23) that the distribution p(r) ofthe random variable r does not depend on the pri-mary nu
leon energy EN and may solely depend on ~�.Therefore, for the 
onstru
tion of Bx!y;ji, it is enoughto build the 2D tables of px!y(r; ~�) for ea
h pair ofprimary and se
ondary parti
les. If the distributionfun
tions px!y(r; ~�) are normalized to the average to-tal number of se
ondary parti
les of type y produ
ed4 ÆÝÒÔ, âûï. 5 921
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Fig. 1. Propagated spe
tra 
al
ulated by CRPropa ver.2 (bla
k dots) and kineti
 equation based 
ode with binning densitynd = 100 (solid red line) for the sour
e model parameters m = 0, p = 2:69 (a); m = 4, p = 2:4 (b ); improved, m = 4,p = 2:4 (
) and assuming extragala
ti
 ba
kground light (EBL) model of Ref. [35℄. Lower panels show relative di�eren
ein the spe
tra predi
tions. Figures a, b were obtained using original CRPropa ver.2 while for Fig. 
 the 
orre
ted version ofCRPropa was used. Also 1% error band is shown in Fig. 
 in pink. (Color on-line see arXiv:1406.0735)by primary parti
les of type x in 
ollision with a photon~�, thenBx!y;ji = 12
2i 2
i�maxZ~�th d~� Ib � ~�2
� ~� �x(~�)�� Ei+1=2=EjZEi�1=2=Ej dr px!y(r; ~�): (24)In pra
ti
e, the routine tabulates fra
tions of eventswith r falling to a given range:Pl;k = 10(�l+1=2)=ndZ10(�l�1=2)=nd dr px!y(r; ~�k) � Nl;kNtot;k : (25)2.2.2. e+e� pair produ
tion by protonsThe e+e� pair produ
tion is the main energy atten-uation me
hanism for protons with energies below theGZK 
uto�. The energy threshold for this pro
ess isEth = me(mp +me)� � 0:5� �10�3 eV��1 EeV: (26)As was mentioned above, the pro
ess is 
hara
terizedby low inelasti
ity, and therefore the CEL approxima-tion is used. The energy loss rate for the pro
ess onan arbitrary isotropi
 ba
kground was 
al
ulated inRef. [43℄ (see formulas (3.11)�(3.19)).

3. COMPARISON OF THE SIMULATIONRESULTSIn this se
tion, we use a simple phenomenologi
almodel for sour
e evolution and the inje
tion spe
trumto 
ompare the simulations des
ribed above:d�dt dE / E�p(1 + z)3+m;E < 1021 eV; z < 4: (27)In Fig. 1, we show 
al
ulation results for the prop-agated spe
tra in two numeri
al 
odes. We 
onsiderboth sour
es with 
onstant density (Fig. 1a) and thesour
es with strong evolution (Fig. 1b ). The highestdis
repan
y is observed in the latter 
ase. It rea
hes14% at the super-GZK energy. Nevertheless, the e�e
tof this dis
repan
y on the spe
trum �tting is weakerthan that of the un
ertainty in the sub-GZK energy re-gion, where more statisti
s is available. In this region,the di�eren
e in the �ux predi
tions is at most 4%. Inthe 
ase of a nonevolving sour
e, the dis
repan
y is lesspronoun
ed. The above observations naturally lead tothe assumption that the di�eren
es may be related topion produ
tion and in parti
ular to the implementa-tion of this pro
ess for z > 0.In Fig. 2, we 
ompare the energy loss rates fore+e� pair produ
tion and the intera
tion lengths forpion produ
tion (see Fig. 2) at the redshift z = 1.The dis
repan
y is 
learly seen for both pro
essesin Fig. 2, although in the 
ase of pair produ
tion, itshould not have e�e
t on the spe
trum sin
e the en-ergy loss lengths be
ome di�erent in the region whereredshift is the main attenuation me
hanism. In fa
t,the dis
repan
y is 
aused by the simplifying assump-922
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17 19 21Fig. 2. Comparison of rate 
al
ulations between two programs. The energy loss rate for e+e�pair produ
tion pro
ess (a)and intera
tion rate for pion produ
tion pro
ess (b ) 
al
ulated for z = 1. Rates obtained in CRPropa ver.2 are shown bydashed green lines, the rates 
al
ulated in transport equation 
ode shown by solid red lines and the rates re
al
ulated inCRPropa after 
orre
tions des
ribed in the text are shown by dotted blue lines (EBL model of Ref. [35℄ in assumed). (Coloron-line see arXiv:1406.0735)tion on the dependen
e of the energy loss rate on zused in CRPropa,1E dEdt (E; z) = (1 + z)3 1E dEdt (E(1 + z); z = 0); (28)whi
h is only valid for the CMB ba
kground.The di�eren
e in the pion produ
tion intera
tionlength is more important. In the CRPropa 
ode, pionprodu
tion on the CMB is implemented using prebuiltintera
tion rate tables for z = 0 and s
aling with red-shift a

ording to a formula similar to (28), while in-tera
tion rates on the infrared ba
kground are 
al
u-lated for ea
h z in the same way as the pion produ
-tion term in formula (9), namely, by integrating the
ollision-angle-averaged 
ross se
tion (whi
h is tabu-lated) with the photon ba
kground spe
trum. Afterinspe
ting the CRPropa 
ode and the tables, we 
ameto the 
on
lusion that the 
ross se
tion fun
tion shouldbe tabulated for a broader range of arguments, and theintegration pro
edure a

ura
y as well as the interpola-tion of 
ross se
tion tables 
an be enhan
ed. With theabove 
orre
tions implemented, we have also rebuiltthe intera
tion rate table for the CMB ba
kground. InFig. 2, the 
orre
ted rates are shown as well. We havealso implemented a more pre
ise 
al
ulation of the pairprodu
tion energy loss rates in CRPropa taking theevolution of the infrared ba
kground into a

ount in aproper way.Figure 1
 illustrates the level of agreement a
hievedafter applying 
orre
tions to the CRPropa 
ode in the
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Fig. 3. Comparison of TransportCR simulations with var-ious binning densities in the model (27) with m = 0 andp = 2:69. (Color on-line see arXiv:1406.0735)
ase of strong sour
e evolution. We note that in the
ase of a nonevolving sour
e, the same level of a

u-ra
y is a
hieved. The 
al
ulation of the spe
tra pre-sented in Fig. 1 took 60 hours of a 2.2 GHz CPU timeusing CRPropa and 0.6 hours of the CPU time usingthe Transport 
ode with 100 points per de
ade binning.Figure 3 illustrates the dependen
e of the TransportCR
ode 
al
ulation a

ura
y on the binning density. Thedi�eren
e between 100 and 200 points per de
ade runsis at level below 1%, whi
h is less than or 
omparableto the dis
repan
y between the predi
tions of the two
odes dis
ussed above. We therefore 
on
lude that forthe 
urrent level of 
onsisten
y, it is enough to use 100923 4*
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ade binning in the TransportCR 
ode.We have 
ompared the results of simulating ultra-high-energy nu
leon propagation using the CRPropaand TransportCR 
odes and suggested improvementsto the pro
edure of the intera
tion rate 
al
ulation inCRPropa. After applying the suggested improvements,we have a
hieved a 1% level of agreement in �ux pre-di
tions by the two 
odes for the whole relevant energyrange ex
ept a small interval in the super-GZK region1019:9 � E � 1020:1, where the relative error growsto 3%. The level of a

ura
y a
hieved is enough fora 
onsistent analysis of the latest UHECR data. Wehave applied the propagation 
odes des
ribed aboveto �t the Teles
ope Array experimental spe
trum [44℄assuming phenomenologi
al sour
e model (27). Theenhan
ements in CRPropa introdu
ed in this workallow a
hieving the systemati
 un
ertainty in the best�t parameters related to the 
hoi
e of the propagation
ode at the level of �p � 0:01 and �m � 0:1. Themodi�ed CRPropa and Transport 
ode des
ribed inthis work 
an be downloaded from [45℄. The modi�
a-tions suggested in the former 
ode have been dis
ussedwith the CRPropa development team and will bein
orporated into the CRPropa 3 release version [46℄.We thank M. Fukushima, K. Kawata, H. Sagawa,G. Sigl, and I. Tka
hev for the fruitful dis
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