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FULL SKY HARMONIC ANALYSIS HINTS AT LARGEULTRA-HIGH ENERGY COSMIC RAY DEFLECTIONSP. G. Tinyakov *, F. R. Urban **Université Libre de Bruxelles, Servi
e de Physique Théorique, CP2251050, Brussels, BelgiumRe
eived O
tober 24, 2014The full-sky multipole 
oe�
ients of the ultra-high energy 
osmi
 ray (UHECR) �ux have been measured for the�rst time by the Pierre Auger and Teles
ope Array 
ollaborations using a joint data set with E > 10 EeV. We
al
ulate these harmoni
 
oe�
ients in the model where UHECR are protons and sour
es tra
e the lo
al matterdistribution, and 
ompare our results with observations. We �nd that the expe
ted power for low multipoles(dipole and quadrupole, in parti
ular) is sytemati
ally higher than in the data: the observed �ux is too isotropi
.We then investigate to whi
h degree our predi
tions are in�uen
ed by UHECR de�e
tions in the regular Gala
ti
magneti
 �eld. It turns out that the UHECR power spe
trum 
oe�
ients C` are quite insensitive to the e�e
tsof the Gala
ti
 magneti
 �eld, so it is unlikely that the dis
ordan
e 
an be re
on
iled by tuning the Gala
ti
magneti
 �eld model. On the 
ontrary, a sizeable fra
tion of uniformly distributed �ux (representing for instan
ean admixture of heavy nu
lei with 
onsiderably larger de�e
tions) 
an bring simulations and observations to ana

ord. Contribution for the JETP spe
ial issue in honor of V. A. Rubakov's 60th birthdayDOI: 10.7868/S00444510150302101. INTRODUCTIONDespite the fa
t that the a
tual sour
es of ultra-highenergy 
osmi
 rays (UHECRs) have still not been iden-ti�ed, it is rather natural to expe
t them to follow, tosome extent, the large s
ale stru
ture (LSS) observed inthe sky. Indeed, the propagation distan
e of UHECRsof above 1019 eV is limited to several hundred mega-parse
s due to their intera
tion with the intergala
ti
medium [1, 2℄. The matter distribution is not homo-geneous over su
h distan
es, hen
e if UHECRs are ex-tragala
ti
, one expe
ts an anisotropy in their arrivaldire
tion distribution, re�e
ting the inhomogeneity ofthe sour
e distribution. Su
h anisotropies, on a sphere,
an be revealed via a harmoni
 analysis, where the 
oef-�
ients of the 
omplete set of spheri
al harmoni
s 
arrythe information, multipole by multipole, about the pos-sibly nonuniform UHECR �ux. The harmoni
 analysisis thus a way to 
ompress the data in a form most suit-able for statisti
al tests.*E-mail: petr.tiniakov�ulb.a
.be**E-mail: furban�ulb.a
.be

Re
ently the Teles
ope Array (TA) and PierreAuger Observatory (PAO) 
ollaborations have joinedfor
es to provide the �rst full-sky UHECR map [3℄.With single earth-based experiments being for
edlyblind to a big 
hunk of the sky, only the 
ombineddata sets from two � or more � ma
hines 
an pro-vide the 
omplete pi
ture. This is parti
ularly im-portant for the harmoni
 analysis whi
h, as detailedin the joint TA/PAO paper, strongly bene�ts froma whole sky 
overage, both theoreti
ally/qualitatively(no need to assume anything about the �ux) and pra
ti-
ally/quantitatively (some errors are signi�
antly sup-pressed) [4℄. Joining the data of the two experimentsthus made possible, for the �rst time, to measure theharmoni
 multipoles of the UHECR �ux distributionin an assumption-free way.One natural question is then: is the harmoni
 powerspe
trum expe
ted from the LSS the same as that a
-tually observed? The 
aveat here is that UHECRs donot travel on a straight line from sour
e to the Earth,be
ause of the magneti
 �elds they en
ounter on theirway; these de�e
t their traje
tories and mask the orig-inal arrival dire
tions, and with that the sour
es orUHECRs. The most relevant magneti
 �eld in this re-605
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t is housed by our own Galaxy (Gala
ti
 magneti
�eld, GMF), with strength in the mi
rogauss range,see for instan
e [5℄ and referen
es therein. The GMF isseparated into large- (regular or 
oherent) and small-(turbulent or random) s
ale 
omponents, the regularpart dominating the 
osmi
 ray de�e
tions. When 
om-bined, these �elds are expe
ted to steer 10 EeV protonsby a few degrees, far away from the gala
ti
 plane, upto several tens of degrees at very low gala
ti
 latitudes.Now, what does this mean for the harmoni
 analysis?Are the anisotropies erased, or is the power spe
trumdistorted?What we �nd in this analysis is that there is astriking mismat
h between the power spe
trum we sim-ulate from the LSS, assuming a purely protoni
 pri-mary 
omposition, and the one re
onstru
ted fromthe data: the amplitudes of low multipoles (parti
u-larly, the quadrupole C2, the se
ond momentum in theharmoni
 de
omposition) in the data are signi�
antlylower than the 
al
ulated LSS ones. The s
ope of thiswork is to delve deeper into this issue; in parti
ular, wewant to understand the role of the GMF in this result.Before embarking on the analysis, we brie�y sum-marise our �ndings.� There is a la
k of power in the low multipoles (no-tably, dipole and quadrupole) as observed by TA/PAO
ompared to the expe
tations from protons tra
ingLSS.� The regular GMF shu�es dire
tion-dependentsingle harmoni
 
oe�
ients, demonstrating how theseare not fully reliable indi
ators of sour
e anisotropy.� However, the power spe
trum is barely a�e
tedby the regular GMF, whi
h means that the latter 
annot bring observations and simulations to an a

ord.� The random GMF has also very little e�e
t onthe low multipoles.� A moderate fra
tion of uniformly-distributedevents (whi
h 
ould, for instan
e, represent an admix-ture of heavy nu
lei) instead does temper the tensionbetween data and expe
tations, for it 
ontributes tothe isotropisation of the signal even on largest angulars
ales.For the rest of the paper, we will begin summarisingthe results of the joint TA/PAO analysis in Se
. 2; thenwe will introdu
e the simulated power spe
tra from theLSS, and dis
uss the missing quadrupole problem inSe
. 3. The impa
t of the GMF on this result is detailedin Se
. 4, whereas the turbulent GMF is dis
ussed inSe
. 5, alongside the e�e
t on the power spe
trum of adi�erent 
omposition of 
osmi
 ray primaries. We will
on
lude in Se
. 6.

2. THE JOINT TA/PAO ANALYSISAs any angular distribution on the unit sphere, the�ux �(n) of 
osmi
 rays in a given dire
tion n 
an bede
omposed in terms of a multipolar expansion ontothe spheri
al harmoni
s Y`m(n):�(n) = X̀�0 X̀m=�`a`mY`m(n): (1)Anisotropy �ngerprints are en
oded in the a`m multi-poles. Nonzero amplitudes in the ` modes 
ontributein variations of the �ux on an angular s
ales of about�=` radians.Cosmi
 ray events, in this language, are then sim-ply sample points for the underlying sour
es distribu-tion on the sphere. However, be
ause the sky 
overageis nonuniform, what these events are sampling is the�ux times exposure distribution. Now, with full-skybut nonuniform 
overage, the 
ustomary re
ipe [3℄ forde
oupling dire
tional exposure e�e
ts from anisotropyones 
onsists in weighting the observed angular distri-bution by the inverse of the relative dire
tional expo-sure fun
tion !r(n), so that, inverting Eq. (1), the a
-tual data points are unbiassed estimators of the under-lying �ux: â`m = NXi=1 Y`m(ni)!r(ni) ; (2)where one 
an prove [3℄ that upon averaging over alarge number of realisations one has hâ`mi = a`m.Here N is the number of events, whi
h are des
ribedas Dira
 delta fun
tions 
entred at the a
tual arrivaldire
tions ni.While the individual a`m 
oe�
ients are dire
tion-dependent, the angular power spe
trum 
oe�
ients C`,de�ned as averages of ja`mj2 over m,C` = 12`+ 1 X̀m=�` ja`mj2 ; (3)are rotation-independent quantities. Given that theregular GMF results in a (dire
tion-dependent) rota-tion of the events, one might expe
t that the powerspe
trum 
oe�
ients C` are mu
h less sensitive to thepresen
e of GMF than individual amplitudes a`m.Now, in order to a
hieve full-sky 
overage, the dataof two di�erent experiments must be 
ombined; hen
e,the total exposure has to be 
ross-
alibrated in orderto not introdu
e spurious e�e
ts in Eq. (2). The de-tails of the 
ross-
alibration pro
edure, and its perfor-man
es, do not matter for us here, but 
an be found606
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 analysis hints : : :in Ref. [3℄ (see also [6, � 2℄). Note, however, that inthe 
ross-
alibration pro
edure only a small subset ofall events � those in the region of overlapping expo-sures � are used, and that the 
ross-
alibration errorspropagate mainly into the m = 0 
omponents of the
oe�
ients a`m (in equatorial 
oordinates).The data sets used in the analysis 
onsist ofUHECRs with energies above 10 EeV, whi
h amountsto 8259 for PAO, and 2130 for TA. The Table reportsthe results for the a`m 
oe�
ients as presented in theTA/PAO joint paper.As one may see, there are no statisti
ally signi�
antdeviations from isotropi
 expe
tation in any of the har-moni
 
oe�
ients, the largest dis
repan
y being in thevalue of a1;�1. One also observes that the errors aresystemati
ally larger for m = 0, parti
ularly for thedipole ` = 1: a 
onsequen
e of the 
ross-
alibrationpro
edure.3. LARGE SCALE STRUCTURES ANDANISOTROPIESIn order to 
ompare the power spe
trum re
on-stru
ted from the data with the expe
tations from theLSS model, we need to build the �ux map whi
h weare going to sample with random Monte-Carlo eventsand derive expe
tations for the multipole 
oe�
ients.The pro
edure we used to build the expe
ted �ux is de-s
ribed in detail in [7, 8℄. We �rst 
hoose a galaxy 
at-alogue, in this 
ase the 2MASS Galaxy Redshift Cata-log (XSCz) that is derived from the 2MASS ExtendedSour
e Catalog (XSC). The �ux is 
al
ulated from the�ux-limited subsample of galaxies with the apparentmagnitude m < 12:5 at distan
es D < 250 Mp
 by themethod des
ribed in [7, 9, 10℄. The 
ontribution frombeyond 250 Mp
 is 
onsidered uniform. All galaxiesare assumed to have the same intrinsi
 luminosity inUHECR. To determine their individual 
ontributionsto the total �ux, we propagate protons to the Earthtaking full a

ount of the redshift, distan
e and atten-uation e�e
ts. Individual �uxes are then smeared witha Gaussian distribution of an angular width �, whi
his a free parameter. This is done to a

ount for limiteddete
tor resolution, and, most importantly, the e�e
tsof the regular and turbulent GMF. In this Se
tion, wewill not attempt to re
onstru
t the original dire
tionof the events through the 
oherent GMF, whi
h is in-stead investigated in detail in Se
. 4. Finally, wherethis is relevant, the �ux map is weighted a

ountingfor the non-uniform exposure of the a
tual experiment(or experiments).
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Fig. 1. The UHECRs angular power spe
trum from thedata and from simulated �ux maps at di�erent smear-ing angles, see the main text for details (
olor onlinesee arXiv:1411.2486)With the map of the expe
ted �ux on Earth athand, we simulate random sets of 
osmi
 ray eventsthat this �ux distribution would produ
e. Ea
h mo
kset has the same number of events as the a
tual data.We then 
al
ulate the harmoni
 
oe�
ients and thepower spe
trum for ea
h of these mo
k sets. For ea
hharmoni
 
oe�
ient, we determine the mean value andthe varian
e; we generate as many mo
k sets as is ne
-essary to make the varian
es negligible. In Fig. 1, weshow the result of this pro
edure: orange diamonds arethe a
tual data points with their errors; blue triangles,green boxes, and red 
ir
les are the expe
tations fromthe simulations with smearing angles of � = 15Æ, 25Æ,35Æ, respe
tively1).The most striking feature of this plot is the 
on-siderable tension between the power in the low multi-poles (notably, the dipole and quadrupole) expe
tedfrom the galaxy distribution, and what is observedin the data, the predi
ted power being systemati
allyhigher. With a smearing angle of 15Æ, both the dipoleand quadrupole 
omponents of the �ux are expe
tedto vary at the level of � 10%, while no �ux variationsare dete
ted in the data. However, be
ause the dipolemeasurement has larger error, the dis
repan
y is mostprominent in the 
ase of the quadrupole. As the smear-ing angle grows, the expe
ted �ux variation is watereddown, the larger the multipole number, the faster theisotropy sets in.1) Smearing the �ux with a given # by de�nition wipes awayany power for multipoles ` & �=#, so we do not in
lude multi-poles for whi
h by 
onstru
tion there is no power.607



P. G. Tinyakov, F. R. Urban ÆÝÒÔ, òîì 147, âûï. 3, 2015Table. Dipole, quadrupole, and o
tupole moments, with their un
ertainties, in equatorial 
oordinates. These are norma-lized so that the a`m measure the relative deviation with respe
t to the monopole a00, that is, the a`m are rede�ned su
hthat a`m ! p4�a`m=a00` m a`m ` m a`m ` m a`m�3 �0:022� 0:034�2 0:038� 0:035 �2 0:030� 0:039�1 �0:102� 0:036 �1 0:067� 0:040 �1 0:067� 0:0371 0 0:006� 0:074 2 0 0:017� 0:042 3 0 �0:027� 0:0401 �0:001� 0:036 1 0:004� 0:040 1 0:009� 0:0372 0:040� 0:035 2 �0:004� 0:0393 �0:011� 0:034C1 = 0:0035� 0:0024 C2 = 0:0016� 0:0014 C3 = 0:00097� 0:00088All the higher multipoles are more or less withintheir expe
ted values in the LSS 
ase, although at thelevel of pre
ision 
urrently attainable with TA andPAO, these are di�
ult to distinguish from simpleisotropy. We will devote the rest of the paper to dis
ussthis observation, and to understand and 
larify the roleof the GMF in drawing 
on
lusions from it.A 
omment is in order at this point. As we haveseen, the measurement of the power spe
trum 
oe�-
ients C`, in parti
ular C1, is obs
ured by the 
ross-
alibration pro
edure whi
h introdu
es a large error.One may de�ne observables that are free from thisproblem (note that, as we will argue in the next se
tion,su
h observables would also lose an important advan-tage of C`: their insensitivity to the regular magneti
�eld). These are the 
oe�
ients 
n of the Fourier de-
omposition of the �ux in right as
ension � de�ned asfollows, 
n � 12 Z dn�(n)Yn(�);with Yn(�) � (p2 
osn�; 1;p2 sin jnj�)=p2� forn > 0, n = 0, and n < 0, respe
tively. The 
oe�
ients
n 
an be measured in a single experiment withoutmaking any assumption about the �ux. They areobviously free from the errors introdu
ed by the
ross-
alibration pro
edure2).In order to make 
onta
t with previously de�nedquantities, we note that 
n 
an be expressed in termsof spheri
al harmoni
 
oe�
ients a`m with ` � jnj (seeAppendix for a derivation). So, we may use the har-moni
 
oe�
ients a`m 
al
ulated above for the LSS2) Although it is indeed possible to determine these 
oe�
ientsunivo
ally from a single experiments, it is not guaranteed that inthe north and south hemisphere they will agree with ea
h other.

model to infer the LSS predi
tion for 
n. The twolowest 
oe�
ients 
�1 re
eive 
ontributions from theproje
tion of the dipole and of odd ` higher multipolesonto the right as
ension plane. For the LSS model,the 
ontribution of the dipole is dominant, and we mayapproximately write
+1 � p3�8 a1;�1;
�1 � p3�8 a1;1: (4)
In order to 
ompare to the measurements, the
oe�
ients (4) 
an be 
ombined into an amplituded2 � (
2�1 + 
2+1)=2 and a phase � � ar
tan(
�1=
+1).For a smearing angle of 15Æ, the LSS model predi
tsd = 0:0226 and � = 73Æ, whi
h has to be 
ompared tod = 0:0138� 0:0049 and � = 89Æ � 20Æ, obtained fromthe joint data set of [3℄. Noti
e that the in
ompatibil-ity with the LSS models worsens when we in
lude the z
omponent to form C1, despite the fa
t that the largesterror 
omes with a1;0; this is be
ause the data value fora1;0 is very small 
ompared to that of the LSS model �the latter is within a fa
tor of 3 from the other dipole
oe�
ients.The relations (4) be
ome exa
t if the �ux 
ontainsonly a dipole and any other even multipole, but haszero power for all odd ` > 1; in this approximation,these 
oe�
ients have also been measured by the PierreAuger 
ollaboration alone [11, 12℄ � in this 
ase, theerrors on these quantities are indeed smaller: the pri
eto pay is a a priori de
ision on what the �ux should be.608
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 analysis hints : : :4. THE GMF AND THE HARMONICMULTIPOLESThe results of the previous se
tion did not takethe e�e
ts of the propagation of UHECRs through theGMF into a

ount dire
tly, but only indire
tly througha variable, and relatively large, smearing angle. A bet-ter approximation is to treat the regular part of GMFexpli
itly and leave the smearing to represent the ran-dom de�e
tions only, de�e
tions whi
h 
an amount toabout 10Æ to 20Æ for our 10 EeV protons, see [13, 14℄. Soone may wonder whether the regular GMF 
ould wipeaway, or distort, any anisotropi
 harmoni
 imprint, forexample by transferring power from a multipole to an-other. A 
aveat here is that the regular GMF is notknown well enough for a

urate predi
tions of a`m.We will show, however, that while the dire
tion-de-pendent a`m are indeed quite sensitive to the strength(and shape) of the magneti
 �eld in the Milky Way,the dire
tion-blind power spe
trum C` is quite stableagainst these perturbations.In order to demonstrate this empiri
ally, weadopted the model of [15℄ for the regular GMF, and wesimulated again the expe
ted �uxes from the LSS, nowpropagating the �ux through the GMF. This GMFmodel has two 
omponents, a disk �eld and a halo�eld, with independent strengths. We 
hose to workwith the best-�t parameters as reported in [15℄ for theversion dubbed bisymmetri
 spiral stru
ture, or BSS:this means that the overall disk and halo strengthsare Bdisk = 2 �G and Bhalo = 4 �G, respe
tively.We should stress, however, that neither the 
hoi
e ofthe model parameters, nor the model itself has toostrong impa
t on our results, as what we found is thatthe e�e
t of GMF on the 
oe�
ients of the powerspe
trum is small.
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To assess the variability, or sensitivity, of the har-moni
 
oe�
ients and power spe
trum on the strengthof the GMF � a similar virtual experiment 
an beperformed by 
hanging its shape, or both � we gener-ated 1000 �uxes3) with randomly 
hosen �eld strengthsranging from zero to twi
e the best �t values, that is0 � Bdisk � 4�G and 0 � Bhalo � 8�G. Sin
e ea
htime the re
onstru
ted �ux will be slightly di�erent,we show the relative per
ent variation (standard devi-ations over the mean: �x=meanx, where x stands forthe a`m and C`) in Fig. 2. We immediately noti
e thatthe average spread for some harmoni
 
oe�
ients a`mis mu
h larger than that of the power spe
trum 
oef-�
ients C`, proving our point above. We show in thepi
ture only multipoles up to ` = 5, but we performedthe same exer
ise for multipoles up to ` = 20, and ob-tained the same result.A legitimate doubt is that sin
e we do not expe
tthese distributions to be Gaussian, as we are not sam-pling the same sky many times with di�erent randomlygenerated events, a very skewed distribution may biasthis result and the standard deviations would not rep-resent the a
tual ex
ursion of the quantities under ob-servation. For example, the spread of the C` might be abad indi
ator of how mu
h the power spe
trum a
tuallyvaries, but be a

urate in des
ribing the �u
tuations ofa`m. We have 
he
ked that the ratio between the totalex
ursion for a given parameter, that is, its maximumminus its minimum, versus the 
orresponding devia-tion, jmax x�min xj=�x, is more or less the same (towithin 15%) for all the quantities we analyse, whi
hmeans that for both the a`m and the C` 
oe�
ients,the spread is an equally good des
riptor of the rangewhi
h these parameters 
an attain.The 
on
lusion we draw from these tests is that:� the power spe
trum is a mu
h more suitablequantity in assessing the anisotropi
 properties of theUHECR �ux when dealing with the GMF, as it ismu
h more robust against the details (still poorlyknown) of the GMF itself, 
ompared to the dire
tion-dependent a`m;� the absolute power spe
trum itself is not mu
ha�e
ted quantitatively by the regular GMF: we thusbelieve it is unlikely that the reason behind the lowquadrupole observed in the data is to be found in thee�e
t of GMF UHECRs de�e
tions.3) When propagating UHECRs through the magneti
 �eld, weuse mono
hromati
 primaries, sin
e the deviations are maximisedat the lowest energy, for simpli
ity.15 ÆÝÒÔ, âûï. 3 609



P. G. Tinyakov, F. R. Urban ÆÝÒÔ, òîì 147, âûï. 3, 20155. ISOTROPIC FRACTION AND THEHARMONIC MULTIPOLESSo far, we have always worked with proton pri-maries, but the UHECRs 
omposition at the highestenergies is not known. If instead of protons we wereto propagate iron nu
lei, the de�e
tions they endurewould be a fa
tor 26 larger, due to the 
orrespondinglarger rigidity. We then
e expe
t that a fra
tion of ironor other nu
lei in the total UHECR �ux, be
ause of itstenden
y to isotropise, would help loosening the tensionbetween the observed and simulated multipoles.To assess this, we again generated several �ux mapswhere we subtra
t a fra
tion of the total proton �uxand repla
e it with an isotropi
 one, to roughly simu-late the 
ontribution of iron. We vary this �iron fra
-tion� (essentially, the isotropi
 fra
tion) between zeroand one, and re
al
ulate the power spe
trum for ea
hmap; we then 
ompare with the data and their errors,and 
ompute the statisti
al signi�
an
e of the low ` 
o-e�
ients of the power spe
trum in ea
h map. Were theprimaries a mix of several di�erent elements, the LSSpredi
tions would fall in between the values we obtainbelow.In Fig. 3, we show 1�, 2�, 3�, et
, 
ontours for thedipole C1, quadrupole C2, and o
tupole C3, where inaddition to varying isotropi
 fra
tion, we also 
hangethe smearing angle of the map, to a

ount for a variableturbulent GMF strength.We 
an perform this test with or without the regularGMF, and the results, a

ording to our previous se
-tion, should not 
hange mu
h; this is indeed the 
ase, asFig. 4 shows: the 
urves move down by approximately1�, whi
h again does not su�
e to resolve the tensionbetween data and LSS expe
tations.As we see, both the dipole and the quadrupole inthe data prefer a more isotropi
 Universe, with thequadrupole being the most pronoun
edly in
ompatiblewith the expe
tations from LSS.Correlating the arrival dire
tions of UHECRs withLSS is a logi
al surmise, so this result is somewhat puz-zling; however, it is not 
ompletely unexpe
ted, as atthis energy it is known that, for example, the TA dataalone prefer isotropy to LSS [8℄. What is shown here isthen simply another parametrisation of the same result,but one whi
h 
an bring some insight into the physi
sbehind it. For instan
e, it may be that there is a bias,or systemati
 e�e
t whi
h 
auses the dipole and/or thequadrupole to have a surprisingly low power � su
han e�e
t 
ould arise due to an ex
ess on the gala
ti
plane, for example.
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It would be extremely interesting to be able to lookat the same �gures above, say, 60 EeV, where insteadan isotropi
 �ux is in
ompatible with TA data at morethan 3� at not too large smearing angles [8℄; the samedata are more in line with the predi
tions from LSS.Unfortunately, the very low statisti
s in the 
ommonband of the two experiments (and 
onsequently, largeerrors) makes this task quite futile at present.Finally, as expe
ted, the random GMF, mimi
kedthrough the smearing angle, does not a�e
t the low-` part of the power spe
trum signi�
antly � only atlarge smearing angles features tend to be blurred, sothe di�eren
es between the LSS �ux and an isotropi
one are diluted. 6. CONCLUSIONFor the �rst time, we have a full sky map ofUHECRs; this opens up the possibility to de
omposethe �ux on the sphere in a harmoni
 basis, and ob-tain its angular power spe
trum C`, whi
h is shown inFig. 1. We wanted to see whether, in this language, asour
e distribution whi
h tra
es that of matter (galax-ies), would produ
e the same C`.We �nd that, assuming lone proton primaries, anddis
arding for now the GMF, this is not the 
ase. Inparti
ular, LSS models tend to generate a mu
h largerpower that what is extra
ted from the data, espe
iallyat low multipoles su
h as the dipole and quadrupole;the experimental full sky map is mu
h more isotropi
.The dis
repan
y for the quadrupole C2 
an be as strongas about 6�, while in the 
ase of the dipole C1 at smallsmearing angles the data value is 4� away from the LSSpredi
tion for it.When we turn on the regular GMF, we observe astrong 
orrelation between the variability of the a`mvalues and the strength and shape of the GMF; at thesame time, the power spe
trum C` is mu
h more stableagainst the same perturbations. The latter is thereforea more reliable observable in investigations like the onewe present here. This also means that the in
ompatibil-ity between data and LSS is not an artefa
t of ignoringthe GMF.Sin
e the data prefers a more isotropi
 Universe, onepossibility is that the primaries are heavy, and di�use inthe GMF (both regular and random). We introdu
edheavy nu
lei in our study in the guise of a variable,isotropi
 fra
tion of the total 
osmi
 ray �ux to under-stand how mu
h more isotropi
 distribution of UHE-CRs sour
es needs to be: in some 
ases (quadrupole atsmall and intermediate smearing angles) to tame theLSS predi
tion, the one may need up to about 50% ormore of isotropi
 �ux fra
tion.611 15*



P. G. Tinyakov, F. R. Urban ÆÝÒÔ, òîì 147, âûï. 3, 2015In fa
t, sin
e our method simply dis
riminates be-tween an anisotropi
 proton �ux and an isotropi
 one,alternative explanations are possible, not related to the
omposition of the primaries. An additional isotropi

omponent may be the result of a

eleration me
ha-nisms operative away from galaxies; alternatively, themore isotropi
 distant sour
es may be 
ontributingmore than expe
ted (for instan
e, due to exoti
 parti
leintera
tions); one more possibility is that our Galaxy isplunged into a strong magneti
 wind, whi
h isotropisesthe arrival dire
tions of UHECRs even before theyrea
h the Milky Way.At 10 EeV, the energy threshold of the datasets weused in this work, the out
ome of our analysis are nota surprise, as the data are known to be in
ompatiblewith LSS models; the multipolar des
ription of thesame result (but now with data from the full sky) 
anhelp in identifying the physi
al reason behind it: forinstan
e, the C1 and C2 results may be signalling thepresen
e of some systemati
 e�e
t. On the other hand,the 60 EeV data does prefer LSS: it would be extremelyuseful to be able to repeat our exer
ise at those ener-gies, but with 
urrent data this would be in
on
lusive.In the future, the sour
e of these dis
repan
ies 
ouldbe identi�ed, and it will bring some 
ru
ial insight intothe hunt for UHECRs sour
es.This paper has been prepared for a spe
ial volumededi
ated to V. Rubakov's 60th anniversary. We seizethis opportunity to wish him � a tea
her and an oldfriend for P. T. and a 
olleague for F. U. � many morefruitful and happy years.The authors are supported by IISN proje
tNo. 4.4502.13 and Belgian S
ien
e Poli
y under IAPVII/37. One of the authors (P. T.) is supported inpart by the RFBR grant 13-02-12175-o�-m.APPENDIXThe �ux �(n) distribution on the sphere 
an be pro-je
ted on the right as
ension plane and expanded in aFourier series on the 
ir
le:12 Z d 
os ��(�; �) �Xn 
nYn(�);when
e 
n = 12 Z dn�(n)Yn(�):In order to derive the relation between the proje
ted 
nand the spheri
al harmoni
s 
oe�
ients a`m, we makeuse of Eq. (1) and obtain


n = 2jnjjnj8 X̀h(�1)jnj + (�1)`i�� a`ns2`+ 12 (`� jnj)!(`+ jnj)! �� �[`=2℄ �[(`+ jnj+ 1)=2℄�[(`+ 3)=2℄ �[(`� jnj+ 2)=2℄ :This implies that, if and only if �(n) is a pure dipoleplus any other ` 2 even, but does not 
ontain any` 2 odd: 
�1 = p3�8 a1;�1;from whi
h follows� = ar
tan�
�1
+1� = ar
tan�a1;�1a1;1 � :Sin
e in reality there will be more multipoles, this isonly a �rst approximation to the a
tual result. Wehave 
he
ked, again up to ` = 20, that in the 
ase ofour LSS models, at the level of pre
ision we 
an at-tain with the 
ommon analysis the higher multipoles
ontribute below the errors, and they be
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