
ÆÝÒÔ, 2015, òîì 147, âûï. 3, ñòð. 499�507 

 2015
HOLOGRAPHIC THERMALIZATIONIN A QUARK CONFINING BACKGROUNDD. S. Ageev *, I. Ya. Aref'eva **Steklov Mathemati
al Institute, Russian A
ademy of S
ien
es119991, Mos
ow, RussiaRe
eived O
tober 1, 2014We study holographi
 thermalization of a strongly 
oupled theory inspired by two 
olliding sho
k waves in ava
uum 
on�ning ba
kground. Holographi
 thermalization means a bla
k hole formation, in fa
t, a trappedsurfa
e formation. As the va
uum 
on�ning ba
kground, we 
onsidered the well-know bottom-up AdS/QCDmodel that provides the Cornell potential and reprodu
es the QCD �-fun
tion. We perturb the va
uum ba
k-ground by 
olliding domain sho
k waves that are assumed to be holographi
ally dual to heavy ions 
ollisions.Our main physi
al assumption is that we 
an make a restri
tion on the time of trapped surfa
e formation, whi
hresults in a natural limitation on the size of the domain where the trapped surfa
e is produ
ed. This limits theintermediate domain where the main part of the entropy is produ
ed. In this domain, we 
an use an intermediateva
uum ba
kground as an approximation to the full 
on�ning ba
kground. We �nd that the dependen
e of themultipli
ity on energy for the intermediate ba
kground has an asymptoti
 expansion whose �rst term dependson energy as E1=3, whi
h is very similar to the experimental dependen
e of parti
le multipli
ities on the 
ollidingion energy obtained from the RHIC and LHC. However, this �rst term, at the energies where the approximationof the 
on�ning metri
 by the intermediate ba
kground works, does not saturate the exa
t answer, and we haveto take the nonleading terms into a

ount.Contribution for the JETP spe
ial issue in honor of V. A. Rubakov's 60th birthdayDOI: 10.7868/S00444510150301181. INTRODUCTIONQCD, whi
h is the 
urrently a

epted theory ofstrong intera
tions, still has the well-known prob-lems with des
ribing a strong-
oupling phenomena.The physi
s of heavy-ion 
ollisions, in parti
ular, aquark-gluon plasma (QGP) formation, involves real-ti-me strongly 
oupled phenomena, whi
h makes thesephenomena di�
ult to study within the standard QCDmethods. In the re
ent years, a powerful approa
h toQGP is explored, based on a holographi
 duality be-tween the strong-
oupling quantum �eld in d-dimensio-nal Minkowski spa
e and 
lassi
al gravity in (d+ 1)-di-mensional anti de Sitter (AdS) spa
e [1�3℄. In parti
u-lar, there is 
onsiderable progress in the holographi
 de-s
ription of equilibrium QGP [4℄. The holographi
 ap-proa
h is also applied to nonequilibrium QGP. Withinthis holographi
 approa
h, thermalization is des
ribed*E-mail: ageev�mi.ras.ru**E-mail: arefeva�mi.ras.ru

as a pro
ess of formation of a bla
k hole in the AdSspa
e.The AdS/CFT (
onformal-�eld theory) 
orrespon-den
e is based on string theory and perfe
tly worksfor the N = 4 SUSY Yang�Mills theory, while thedual des
ription of real QCD is unknown. Mu
h ef-fort has been invested into the sear
h for holographi
QCD from string theory (see, in parti
ular, [5�7℄). Thisapproa
h is known as the �top-down� approa
h. Another approa
h, known as the �bottom-up� approa
h,is supposed to propose a suitable holographi
 QCD mo-dels from experimental data and latti
e results [8�15℄.The main idea of this approa
h is to use natural pre-s
riptions of the general AdS/CFT 
orresponden
e totry to re
over nonperturbative QCD phenomena, inparti
ular, nonperturbative va
uum phenomena, �nite-temperature, high-density, and nonzero 
hemi
al po-tential phenomena.The 5-dimensional metri
s that reprodu
e the Cor-nell potential [16℄, as well as �-meson spe
trum, et
.,have been proposed [10, 13, 14℄. A so-
alled improvedholographi
 QCD (IHQCD) that is able to reprodu
e499 8*
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tion has been 
onstru
ted [15℄. Ther-mal deformations of these ba
kgrounds are intensivelystudied in the last years (see [4℄ for a review).The problem of QGP formation is the subje
t of in-tensive study within holographi
 approa
h in last years(see [17, 18℄ and the referen
es therein). There is 
on-siderable progress in the understanding of the therma-lization pro
ess from the gravity side as BH formation.Initially, this pro
ess has been 
onsidered starting fromthe AdS ba
kground [19�25℄. However, the pure AdSba
kground is unable to des
ribe the va
uum QCDwithquark 
on�nement, nor is it able to reprodu
e the QCD�-fun
tion. There are ba
kgrounds that solve one, oreven two of these problems. The �rst was solved in [10℄(see also [13, 14℄), where a spe
ial version of a soft wallwas proposed, and the �-fun
tion was reprodu
ed fromIHQCD [12, 15℄.To des
ribe thermalization, it is natural to studydeformations of these ba
kgrounds. Suitable deforma-tions of IHQCD by sho
k waves have been studied in[26, 27℄, and it has been shown that without additionalassumptions, the IHQCD metri
 does not reprodu
ethe experimental multipli
ity dependen
e on energy. Itwas noted in [28℄ that holographi
 realization of theexperimental multipli
ity requires an unstable ba
k-ground.The goal of this paper is to 
lose this gap and toshow that the model that reprodu
es the Cornell po-tential 
an at the same time be used as a gravity ba
k-ground to give the 
orre
t energy dependen
e of mul-tipli
ities produ
ed in a �nite time. As a bonus ofour approa
h, we obtain a reasonable estimation of thethermalization time.This paper is organized as follows. In Se
. 2.1, were
all the 
on�ning metri
s that reprodu
e the Cornellpotential. In Se
. 2.2, we re
all the previous results
on
erning the dependen
e of multipli
ities on energy.In Se
. 2.3, we present the main formula for the size oftrapped surfa
es formed in 
ollision of domain walls. InSe
. 3, we 
onsider a spe
ial metri
 that is far away fromthe 
on�ning metri
s, but gives a suitable entropy. Wealso note that a restri
tion of the size of the trappedsurfa
e permits determining the thermalization time.In Se
. 4, we show that the 
on�ning metri
 in [14℄ 
anbe approximated at intermediate values of the holo-graphi
 
oordinate z by the metri
 
onsidered in Se
. 3.As a result, for the entropy produ
ed during a shorttime �term � 0:25 fm1), this gives an asymptoti
 ex-pansion with the leading term that depends on energyas E1=3. The same is true for the metri
 in [10℄.1) Here and below the light velo
ity 
 = 1.

2. SETUP2.1. Con�ning ba
kgroundsIt is well known that the AdS spa
e does not repro-du
e the quark 
on�nement. To reprodu
e quark 
on-�nement, in parti
ular, the appropriate glueball spe
-trum, Pol
hinski and Strassler [8℄ imposed a 
ut-o� inthe AdS spa
e, a �hard wall model�. Another modi�
a-tion of the AdS spa
e, a �soft wall models� [9℄, is relatedto the dilaton. In the bottom-up approa
h, the metri
is usually taken to beds2 = b2(z)(�dt2 + dz2 + dx2i ); (2.1)where b2(z) is some fun
tion usually taken to be theAdS metri
 in the UV zone (this leads to the Coulombpotential in the UV) and is a deformed AdS metri
 inthe IR. The deformation in the IR should be taken insu
h a way that the quark�antiquark potential exhibit
on�nement.The experimental model of the potential that isused to �t latti
e and experimental data [16℄ is usu-ally taken to be the Cornell potential. In prin
iple,this potential should reprodu
e the quarkonium spe
-trum, interpolating between one-gluon ex
hange in theUV and linear 
on�nement in the IR.The model proposed in [10℄ uses the warp fa
torb2(z) = L2h(z)z2 ; hAZ = exp�az22 � ;a = 0:42 GeV2: (2.2)In [11℄, it was shown that this fa
tor reprodu
es thestati
 interquark potential obtained from SU(3) latti
e
al
ulations [16℄.In [14℄, the modi�
ationh(z) = exp ���z2=2�[(zIR � z)=zIR℄
0 ; � = 0:34 GeV2;
0 = 1; zIR = 2:54 GeV�1 (2.3)was 
onsidered. This modi�
ation is in fa
t very 
loseto the model in [13℄ for 0 < z < 2 fm and reprodu
esthe Cornell potential and the �-fun
tion.In this paper, we 
onsider modi�
ation (4.1) (seebelow) of fa
tor (2.2), whi
h also �ts the Cornell po-tential well. 2.2. Multipli
itiesThe experimental data for multipli
ities in heavy-ion 
ollisions at the RHIC and LHC indi
ate that [29℄Mexp / E0:3 + : : : (2.4)500
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 thermalization : : :The multipli
ities obtained for the simplest holographi

al
ulation in a 
onformal ba
kground with the AdS5metri
 [19�25℄, MAdS5(E) / E2=3; (2.5)are in fa
t worse than the Landau boundMLandau(E) / E1=2: (2.6)To improve the energy dependen
e of multipli
ities,Kiritsis and Taliotis [26℄ proposed to use modi�
ationsof the b-fa
tor. They 
onsidered b-fa
tors 
orrespond-ing to 
onformal and non
onformal ba
kgrounds. Morepre
isely, they 
onsidered 
ollision of holographi
 point-like sour
es in dilaton models and obtained estimationsfor a variety of models (depending on the dilaton po-tential) Ma>1=3 / E(3a+3)=(3a+2); (2.7)Ma��1=3 / E(3a+1)=3a: (2.8)We note that a perturbative QCD-inspired UV
ut-o� was also used in [20℄. This modi�
ation pro-vides logarithmi
 
orre
tions. Following [24℄, where anenergy-dependent 
ut-o� in the high-energy limit wasproposed, Kiritsis and Taliotis [26℄ have shown that this
ut-o� redu
es the powers in (2.7) and (2.8) asMa>1=3 / E2=(3a+1); (2.9)Ma��1=3 / E2=[3(1�a)℄: (2.10)Later, in [28℄, we 
on�rmed the results in (2.7)and (2.8) by 
onsidering the domain-wall 
ollision mo-dels that generalized the Lin�Shuryak model [30, 31℄to non
onformal 
ases. In [28℄, we also noted that themodel with the b-fa
tor b(z) = Leff=z gives a morerealisti
 boundMph�dilaton(E) / E1=3; (2.11)whi
h is 
loser to (2.4). But the pri
e for this modi�-
ation is the phantom kineti
 term for the dilaton. Wenote that we have not performed any UV 
ut-o� in thismodel to obtain estimation (2.11).2.3. Trapped surfa
e for domain-wall sho
kwavesThe equation for the domain-wall wave pro�le �w(z)in the spa
e with a b-fa
tor is��2z + 3b0b �z��w(z) = �C Æ(z � z�)b3(z) ; (2.12)

where C = 16�G5EL2 (2.13)is a dimensionless variable, G5 is the 5-dimensionalgravitational 
onstant, E is an energy, and L is a s
aleparameter. The solution of (2.12) is given by�w(z) = �a�(z� � z) + �b�(z � z�); (2.14)where�a = Ca zZza b�3dz; �b = Cb zZzb b�3dz: (2.15)The 
onstants Ca and Cb 
an be represented in theform (see [28; 30℄)Ca = C z�Zzb b�3dz. zaZzb b�3dz;Cb = C z�Zza b�3dz. zaZzb b�3dz: (2.16)As has been mentioned in the Introdu
tion, we 
onsiderthe 
ollision of two sho
k domain walls in 5-dimensionalspa
e�time as a holographi
al model of heavy-ion 
olli-sions in real 4-dimensional spa
e-time. The sho
k-wavepro�le �w satis�es Eq. (2.12). The trapped surfa
eformed in the wall-on-wall 
ollision obeys Eq. (2.12)and spe
ial boundary 
onditions. From these bound-ary 
onditions, we 
an �nd that the trapped surfa
e islo
ated in z-dire
tion from some point za to a point zbsu
h that za < z� < zb. The points za and zb 
an befound from the relationsC2 b�3(za) z�Zzb b�3dz. zaZzb b�3dz = 1;C2 b�3(zb) z�Zza b�3dz. zaZzb b�3dz = �1: (2.17)Relations (2.17) guaranty that the trapped surfa
eforms and is lo
ated between za and zb, and the 
olli-sion point z� is lo
ated between za and zb, za < z� < zb(see the details in [28; 30℄).From (2.17), we obtainC2 = b3(za) + b3(zb); (2.18)F (z�) = b�3(za)F (zb) + b�3(zb)F (za)b�3(za) + b�3(zb) ; (2.19)501
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Fig. 1. (a) The thi
k line represents s(0)1 (C) and the thin one represents s1(C; zb) at zb = 1:7 fm. Here, we takeLeff = 4:4 fm and G5 = 44:83 fm3. (b ) The dependen
e of the entropy s1(C; zb) on C for zb = 1:7 fm (solid thi
kline) and zb = 1:3 fm (solid thin line). Approximations s(1)1 (C; zb) (dot-and-dash lines) and s(2)1 (C; zb) (dashed lines) forzb = 1:7 fm (thi
k lines) and zb = 1:3 fm (thin lines). Here, Leff = 20:7 fm. For thi
k lines, za varies from 1:0 to 1:7 fm,for thin lines, za varies from 0:6 to 1:3 fmwhere zjZzi b�3dz = F (zj)� F (zi) (2.20)and za < z� < zb: (2.21)There is the following formula for the entropy den-sity [28℄ of the trapped surfa
e:s = StrapR d2x? = 12G5 zbZza b3 dz: (2.22)3. INTERMEDIATE BACKGROUND3.1. EntropyIn this se
tion, we 
onsider metri
 (2.1) with theb-fa
tor b = b1 � �Leffz �1=2 : (3.1)The entropy dependen
e on the energy 
an be read o�from the formula

s1 = LeffG5 "�Leffza �1=2 ��Leffzb �1=2# ; (3.2)where zazb = "C2 � zbLeff �3=2 � 1#�2=3 : (3.3)Substituting (3.3) in (3.2), we obtains1(C; zb) = LeffG5 �Leffzb �1=2 ��8<:"C2 � zbLeff �3=2 � 1#1=3 � 19=; : (3.4)We 
an perform the large-C expansion in for-mula (3.4) to obtains1(C; zb) = LeffG5 "�C2 �1=3 ��Leffzb �1=2 �� 13 � 2C�2=3�Leffzb �3=2 + : : :# ; (3.5)502



ÆÝÒÔ, òîì 147, âûï. 3, 2015 Holographi
 thermalization : : :
x, fm

0.5 1.0 1.5 2.0 2.5 3.0
zm, fm

0

0.5

1.0

1.5

Fig. 2. Dependen
e of the interquark distan
e x on thestring maximum holographi
 
oordinate zm for metri
with the fa
tor b1(z) (solid line) and for the metri
b2(z) (dashed line)when
e the zeroth, �rst, and se
ond approximationsare given bys(0)1 (C) = LeffG5 �C2 �1=3 ;s(1)1 (C; zb) = LeffG5 "�C2 �1=3 ��Leffzb �1=2# ; (3.6)
s(2)1 (C; zb) = LeffG5 "�C2 �1=3 ��Leffzb �1=2 �� 13 � 2C�2=3 �Leffzb �3=2# : (3.7)The dependen
e of the entropy s1(C; zb) on C ata �xed zb is represented with the thin line in Fig. 1a.The approximation s(0)1 (C) at large C behaves as C1=3and is shown with the thi
k line in Fig. 1a. We notethat due to relation (2.13), C / E. More pre
isely,taking G5 = 44:83 fm3 and Leff = 4:4 fm, we have C == 580E=GeV and the range of C in Fig. 1a 
orrespondsto the energy around 0.1 TeV. Therefore, we 
an saythat at large energies, s1(E; zb) / E1=3, whi
h in fa
tis rather 
lose to the experimental dependen
e / E0:3.However, relation (3.3) written in the form�Leffza �3=2 +�Leffzb �3=2 = C2 (3.8)may give a restri
tion on the possible variation rangeof energy. Indeed, by the 
onstru
tion, za < zb, andto obtain a large value of C at a �xed zb, we have to

take a small za. In the 
ase of an additional restri
tionon za, say, za > za;min, we obtain the restri
tion C << Cmax. It may happen that in this domain of C, we
annot restri
t ourself by the zeroth approximation tos1(C; zb). A few examples of su
h a behavior are pre-sented in Fig. 1b. In Fig. 1b, the energy dependen
es ofthe exa
t entropy s1(C; zb) and approximated entropiess(1)1 (C; zb) and s(2)1 (C; zb) for di�erent zb are shown forrelatively small values of C. Figure 1b shows that inthe 
onsidered domains of C, we have to take the �rstthree terms of approximation (3.5) into a

ount. The
hoi
e of Leff = 20:7 fm in Fig. 1b is 
lari�ed in Se
. 4.3.2. Thermalization timesWe estimate the thermalization time by a 
hara
-teristi
 size of the trapped surfa
e, i. e.,�therm � zb � za2:4 : (3.9)We put the fa
tor 2.4 taking the relation between theinterquark distan
e x and the string maximum holo-graphi
 
oordinate zm into a

ount. The dependen
eof the interquark distan
e x on the maximum of thestring z-
oordinate, zm, is given byx = zmZ0 2� b4(z)b4(zm) � 1��1=2 dz (3.10)(see, e. g., [13℄ for the details). For metri
 (2.1) with b1given by (3.1), this dependen
e is represented in Fig. 2by the solid line, and we see that x = zm=2:4.We note that formula (3.9) is written using gen-eral 
ausal arguments. We assume that the time offormation of an obje
t extended along the holographi
dire
tion from za to zb is the same as the formationtime of an extended obje
t along the x dire
tion witha 
hara
teristi
 s
ale �x = (zb � za)=2:4. This is ina

ordan
e with (3.10). Formation of su
h an obje
t
an be performed no faster than �x.The dependen
e of the thermalization time on Cfor a given value of zb 
an be estimated by substitutingza from (3.3) in the r. h. s. of (3.9). In Fig. 3, thedependen
e of the thermalization time on C for diffe-rent values of zb is presented. To vary C, we vary za.In the plot, different domains of za are shown by lineswith di�erent thi
kness. Small values of za 
orrespondto large energy values.503
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Fig. 3. The dependen
e of the thermalization time onC for di�erent values of zb (zb = 1:7 fm � lines 1 and2, zb = 1:3 fm� lines 3 and 4). Di�erent range of vari-ation of za are shown by lines with di�erent thi
kness:(1 ) 1:0 fm < za < 1:3 fm; (2 ) 0:8 fm < za < 1:0 fm;(3 ) 1:45 fm < za < 1:6 fm; (4 ) 1:0 fm < za < 1:45 fm4. INTERMEDIATE BACKGROUND AS APART OF THE CONFINING BACKGROUNDIn this se
tion, we 
onsider metri
 (2.1) with the
on�ning fa
torb(z) = b2(z) � Lz exp�az24 �p1 + gz;g = �0:02 GeV: (4.1)A s
hemati
 pi
ture of the bulk s
ales is presented inFig. 4.Figure 5 shows that for L = 4:4 fm, in the range ofintermediate holographi
 
oordinate z, 1:3 fm = zUV << z < zIR = 1:8 fm, the fa
tor b1 with Leff = 20:86 fm
oin
ides with b2 up to 3% and for 1:4 fm < z < 1:7 fm,these fa
tors are almost identi
al. Instead of (4.1), we
an use the b-fa
tor (2.2) from [10℄. This leads to aslight variation of the parameters Leff , zIR, and zUV(Fig. 6).We note that the metri
 with the b-fa
tor b1 leadsto a potential of interquark intera
tion of the formV (r) / A log (r=r0), where A and r0 are some 
on-stants. This form of the potential was suggested asa simple model to �t identi
al spin-averaged 
harmo-nium and bottomonium level splitting (see [16℄ and thereferen
es therein).

z

E

ε

IR

UV

intermediate scales

Fig. 4. S
hemati
 pi
ture of the bulk s
ales (" is theUV regularization)The dependen
e of the interquark distan
e x on thestring maximum z 
oordinate zm for metri
 (2.1) withthe 
on�ning fa
tor b2 is presented above in Fig. 2 bya dashed line. We note that at z � 2:2 fm, there is astring breaking, whi
h is in a

ordan
e with [32℄. Thispoint is out side our intermediate zone.In formula (2.22) for the entropy, we take the usu-ally a

epted value G5 � 44:83 fm3 [19℄.In Fig. 7a, the entropy dependen
e on the energy ispresented for the 
on�ning metri
 and b21 = Leff=z. Wesee that the energy dependen
es of entropies are very
lose in this intermediate region 1:2 fm < z < 1:8 fm.This intermediate region, a

ording to (3.9), 
orre-sponds to the thermalization time �therm � 0:25 fm.We note that our assumption about the restri
tionof the area of trapped surfa
e formation and the 
hoi
eof the non
on�ning metri
 with b-fa
tor (3.1) insteadof the 
on�ning metri
 with b-fa
tor (4.1) (with thedesired energy dependen
e of entropy in the asymp-toti
 regime) is similar in some sense to the proposalto use an energy-dependent 
ut-o� in the high-energylimit [24℄. We 
an also say that our estimations givean analyti
 realization of this proposal.However, if we 
onsider a wider region for possi-ble values of za and, for example, 
onsider za ! 0,whi
h 
orresponds to large energies, we obtain di�er-ent entropy behaviors in these two models. The modelwith the fa
tor b2 has a typi
al behavior s(C) / C2=3[19, 31℄ and the model with b1 has s(C) / C1=3 atlarge C [27℄. This means that without 
hanging theasymptoti
 forms of the b-fa
tor in the UV region, we
annot 
hange the behavior of s(C) at large energies.From another point of view, the UV asymptoti
 form504
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Fig. 5. (a) Fa
tors b1(z) and b2(z). Here L = 4:4 fm and Leff = 20:86 fm. (b ) The same b-fa
tors as in (a) in theintermediate region 1:2 fm < z < 1:8 fm. Solid lines 
orrespond to b1 = b1(z), dashed lines 
orrespond to b2 = b2(z)
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Fig. 6. Fa
tors b1(z) with Leff = 20:7 fm (solid line)and b(z) given by (2.2) (dashed line) in the intermedi-ate region 1:2 fm < z < 1:8 fmof the b-fa
tor is �xed by the Coulomb potential [1℄.This leads us to a modi�
ation of the holographi
 s
e-nario and 
onsideration of an anisotropi
 ba
kgroundat small z, where we 
an expe
t that the most part ofthe entropy for large energy is produ
ed [33℄.5. CONCLUSIONOur 
al
ulations show that within the holographi
model of heavy-ion 
ollisions using the 
on�ning va
-uum ba
kground and 
olliding domain sho
k waves, theprodu
ed entropy has an asymptoti
 expansion whose�rst term provides a suitable dependen
e on the energys(0)2 / E1=3. However, the entropy produ
ed during atime about 0:25 fm after 
ollision of two sho
k domain

walls in the 
on�ning ba
kground 
annot be saturatedby the �rst term and 
ontributions of nonleading termshave to be taken into a

ount. This is related to thefa
t that to restri
t our asymptoti
 expansion by the�rst term, we have to 
onsider the asymptoti
 expan-sion at large energies. Large energies 
orrespond tosmall values of the holographi
 
oordinate z, where ourapproximation of the metri
 with b2 fa
tor (4.1) by themetri
 with b1 fa
tor (3.1) fails. On the other hand,as mentioned above, we 
annot 
hange the asymptoti
form of b2 be
ause it is related to the Coulomb poten-tial.It seems that a possible resolution of the prob-lem is a 
hange of the s
enario of isotropi
 holo-graphi
 thermalization to an anisotropi
 short-timeholographi
 thermalization s
enario. This s
enario as-sumes that the main part of multipli
ity is produ
ed inan anisotropi
 regime, and this part of multipli
ity 
anbe estimated by the trapped surfa
e produ
ed under a
ollision of the two sho
k waves in an anisotropi
 ba
k-ground. This s
enario is a

epted in re
ent paper [33℄,where 
ollisions of sho
k waves in a Lifshitz-like ba
k-ground have been 
onsidered.It would be interesting to 
ompare our estimationof the thermalization time with thermalization time es-timations given by the Vaidya 
on�ning bulk metri
,as well as with the thermalization time obtained in theholographi
 hard-wall model using the homogeneous in-je
tion of energy [34℄.We note that our dis
ussion may have appli
ationsnot only for heavy-ion 
ollisions but also to studies ofthermalization pro
ess in a broader 
lass of strongly
orrelated multiparti
le systems.505
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