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STABILIZING OPTICAL FEEDBACK-INDUCED CHAOSBY SINUSOIDAL MODULATION BEYOND THE RELAXATIONFREQUENCY IN SEMICONDUCTOR LASERSA. H. Bakry, M. Ahmed *Department of Physi
s, Fa
ulty of S
ien
e, King Abdulaziz University20803, Jeddah 21589, Saudi ArabiaRe
eived February 13, 2014We report on stabilizing the 
haoti
 dynami
s of semi
ondu
tor lasers under opti
al feedba
k (OFB) by meansof sinusoidal modulation at frequen
ies far beyond the relaxation frequen
y of the laser. The laser is assumedto be 
oupled to a short external 
avity, whi
h is 
hara
terized by a resonan
e frequen
y spa
ing higher thanthe relaxation frequen
y. The study is based on a time delay rate equation model of OFB, whi
h is suitable fortreating the regime of strong OFB and 
onsidering multiple re�e
tions in the external 
avity. We show that theintensity modulation response of the 
haoti
 laser under strong OFB is enhan
ed over a narrow frequen
y bandnear the doubled relaxation frequen
y due to a photon�photon resonan
e. Within this high-frequen
y band,the sinusoidal modulation may 
onvert the 
haoti
 attra
tor to a limit 
y
le, and the small-signal modulationsuppresses the relative intensity noise (RIN) to a level only 2 dB higher than the RIN level of the solitary laser.DOI: 10.7868/S00444510141000101. INTRODUCTIONIn most of its appli
ations, a semi
ondu
tor laseris subje
ted to an amount of external opti
al feedba
k(OFB), su
h as the ba
k re�e
tion by the re�e
tingsurfa
e in the opti
al dis
 system or by the �ber fa
etin the opti
al �ber links. OFB may stabilize the laseroperation, but on the other extreme, it may 
ause vi-olent instabilities in the form of 
haos, depending onthe feedba
k parameters [1℄. The 
haoti
 dynami
s un-der OFB is asso
iated with a state of 
oheren
e 
ol-lapse, whi
h is manifested as signi�
ant broadening ofthe laser line shape and enhan
ed noise levels [2�5℄.Experiments show that the noise level is in
reased by20 dB or more as a result of OFB [6℄. Intensive resear
ha
tivities have been fo
used on the 
ontrol of the 
haosdynami
s and suppression of the asso
iated noise oflasers [7�18℄. Superposition of a high-frequen
y (HF)
urrent is the most popularly used method to suppressthe OFB noise. The OFB noise is well suppressed bysuitable sele
tions of the frequen
y and amplitude of*E-mail: mostafa.hafez�s
ien
e.miniauniv.edu.eg. On leavefrom Department of Physi
s, Fa
ulty of S
ien
e, Minia Univer-sity, Egypt.

the superposed 
urrent. It has been established thatthe frequen
y window of the sinusoidal modulation forstabilizing the 
haoti
 dynami
s is around the relax-ation frequen
y of the laser. Beyond the relation fre-quen
y, the intensity modulation (IM) response dropsto lower orders and rea
hes the �3 dB level at themodulation bandwidth. It was shown in [17℄ that inthe vi
inity of the relaxation frequen
y, 
haos is 
on-verted into period-1 os
illations or period doubling, de-pending on the modulation depth. The noise level inthe low-frequen
y regime was predi
ted to be about8 dB/Hz higher than the quantum noise level of thesolitary laser [17℄. This noise di�eren
e o

urs mainlybe
ause the regime of the relaxation frequen
y is 
har-a
terized by a strong 
oupling between the emittedphotons and the inje
ted 
arriers and by harmoni
 dis-tortions of the laser signal [19℄, whi
h 
ontribute tothe in
rease in relative intensity noise (RIN). It is alsoworth noting that previous studies on 
ontrolling 
haosby sinusoidal modulation were 
on
erned with interme-diate OFB strengths. However, 
haos is also indu
edby strong OFB [5℄, and hen
e extending the previousstudies to the regime of strong OFB is ne
essary.With the external OFB strength varied, the semi-
ondu
tor laser exhibits a number of 
haos regions.The length of the external 
avity 
ontrols not only the675
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haoti
 regionsbut also the route to 
haos [20; 21℄. In semi
ondu
torlasers 
oupled to a short external 
avity, the route to
haos is of the period-doubling type [20; 21℄. The os-
illation frequen
y along these 
haos regions in
reaseswith the in
rease in the OFB strength; it starts withthe relaxation frequen
y and ends with the resonan
efrequen
y separation of the external 
avity in the re-gion of strong OFB [20℄. Therefore, OFB has beenused to in
rease the modulation bandwidth of semi-
ondu
tor laser subje
ted to strong OFB by a short-distant re�e
tor [5; 22; 23℄. Re
ent investigations bythe authors have shown that strong OFB suppressesthe IM response below the �3 dB level at the modu-lation frequen
ies lower than the 
arrier-photon reso-nan
e (relaxation) frequen
y [24℄. This suppression ofthe IM response is then followed by enhan
ement ofthe modulation response over a narrow band of mod-ulation frequen
ies mu
h higher than the relaxationos
illation. The enhan
ed modulation response overthe millimeter-wave band 54.5�56.5 GHz was reportedfor a laser diode with an external 
avity 0.15 
m inlength [24℄. This modulation response enhan
ementwas explained as the photon�photon resonan
e betweentwo spe
trally neighbored longitudinal modes at fre-quen
ies ex
eeding the relaxation os
illation [24; 25℄. Ithas been shown that within the frequen
y band of theenhan
ed IM response, the sinusoidal modulation re-leases period-1 os
illations with low signal distortionand suppressed noise levels [26℄. These �ndings moti-vate the authors to examine the possibility of stabiliz-ing the OFB-indu
ed 
haoti
 dynami
s and suppressingthe asso
iated noise of the laser by modulation the laserfar beyond the relaxation frequen
y.In this paper, we investigate the stability of the
haoti
 dynami
s under modulation frequen
ies withinthe frequen
y band of the enhan
ed IM response andexamine the noise suppression e�e
t. The study isbased on an improved time-delay rate equation modelof semi
ondu
tor lasers augmented by a sinusoidal 
ur-rent signal as well as intrinsi
 noise sour
es. The mul-tiple re�e
tions of laser radiation in the external 
avityare taken into a

ount. The present model is appli-
able to laser 
avities supporting single-mode os
illa-tions. Examples in
lude distributed feedba
k (DFB)lasers, verti
al-
avity surfa
e-emitting lasers (VCSELs)with sele
tive oxidation for 
urrent and photon 
on-�nement [27℄, and Fabry�Perot (FP) lasers with well-
ontrolled transverse stru
tures, in whi
h mode 
om-petition indu
es the side-mode suppression ratio higherthan 20 dB [28℄. The model 
an also be generalized totreat OFB in semi
ondu
tor lasers with multimode os-


illations [29℄. The noise properties of the modulatedsignal are determined in terms of RIN and its aver-age value, LF-RIN, in the low-frequen
y regime. Thelaser dynami
s are analyzed and 
lassi�ed based on thewaveform of the laser and its fast Fourier transform(FFT) as well as on the phase portrait of the photonnumber versus the inje
ted 
arrier number. We applythe present study to a 1.55 �m InGaAsP laser 
oupledto a short external 
avity with a relaxation frequen
yof 4.5 GHz. We show that the modulation response ofthe 
haoti
 laser due to strong OFB is enhan
ed over anarrow frequen
y band beyond 9 GHz, whi
h is twi
ethe relaxation frequen
y. Within this high-frequen
yband, the sinusoidal modulation turns out to attra
tthe 
haoti
 attra
tor to a stable state with periodi
-1os
illations, and the small-signal modulation 
ould sup-press RIN to that of a solitary laser.In the next se
tion, the time-delay rate equationmodel of laser dynami
s and noise under OFB is in-trodu
ed. Se
tion 3 introdu
es the pro
edures of nu-meri
al 
al
ulations. Se
tion 4 presents the results ofmodulation dynami
s and noise under OFB. The 
on-
lusions of the present work appear in the last se
tion.2. THEORETICAL MODELThe proposed laser stru
ture is 
omposed of a laserdiode os
illating in a single mode and 
oupled to an ex-ternal 
avity formed by pla
ing an external re�e
tor ofpower re�e
tivity Rex at a distan
e Lex from the frontfa
et of the laser. The laser has a length LD, a refra
-tive index nD and power re�e
tivities Rf and Rb at thefront and ba
k fa
ets. OFB is treated as the time delayof laser light of the ele
tri
 �eld due to round trips inthe external 
avity. The round-trip time, or time delay,is � = 2nexLex=
, where nex is the refra
tive index ofthe external 
avity. The present time-delay model ofOFB is illustrated by the s
heme in Fig. 1. At a time t,
E(t)E(�)laserE(+)laser

LD LexnexGD � � E(t� � )� = 2�nexLex=
Laser 
avity External 
avity
Externalrefle
t
orpRbexp(i'b) pRfexp(i'f ) pRexexp(i'ex)

Fig. 1. S
heme of the proposed model of semi
ondu
torlasers under OFB676
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al feedba
k-indu
ed 
haos : : :the boundary 
onditions of the laser at the ba
k fa
et(z = 0) and the front fa
et (z = LD) are then modi�edto [30℄E(+)laser(0; t) =pRb exp f�i'bgE(�)laser(0; t); (1)E(+)laser(LD; t) ==pRf exp f�i'fgU(t� �)E(�)laser(LD; t): (2)Here, E(+)laser and E(�)laser are the forward and ba
kwardpropagating 
omponents of the ele
tri
 �eld inside thelaser 
avity, and U(t � �) is the time-delay fun
tion,whi
h a

ounts for the OFB due to multiple round trips(re�e
tions) in the external 
avity and is given by [30℄U(t� �) = jU j expf�j'g == 1�Xp=1(Kex)p� Rf1�Rf �p�1 �� expf�ip!�gS(t� p�)S(t) expfi�(t� p�)gexpfi�(t)g ; (3)where S(t) and �(t) are respe
tively the photon num-ber and opti
al phase of the �eld, S(t� �) and �(t� �)are the 
orresponding time-delay values, and p is anindex for the round trips. The exponent !� , where !is the angular frequen
y of the laser emission, repre-sents the OFB phase due to delay of the opti
al �eld inone round trip. The OFB strength is measured by the
oe�
ient Kex = (1�Rf )s�RexRf ; (4)with � being the 
oupling e�
ien
y of light inje
tedinto the laser 
avity. In equations (1) and (2), �f and�b are the opti
al phases at the front and ba
k fa
ets.Therefore, the exponentional gain per pass is modi�edto1 =pRfRb jU(t� �)j expf(g � �)LDg �� expf�i(2�LD + 'f + 'b + ')g; (5)where g, �, and � are the gain per unit length, internalloss, and the propagation 
onstant in the laser 
avity.The threshold gain and phase 
onditions of the laserare then modi�ed toGth = GthD � 
nDLD ln jU(t� �)j; (6)2�LD + 'f + 'b + ' = 2s�; (7)where s is an integer andGthD = 
nD ��+ 12LD ln 1RfRb � (8)

is the threshold gain (per se
) in the solitary laser.The modulation 
hara
teristi
s and noise of thesemi
ondu
tor laser under both external OFB and IMare then des
ribed by the following time-delay rateequations for the 
arrier numberN(t), the photon num-ber S(t), and the opti
al phase �(t) [30℄:dNdt = 1e I(t)� N�s � a�V (N �Ng)S + FN (t); (9)dSdt = �a�V (N �Ng)�B
(N �Ns)S �� GthD + 1nDLD ln jU(t� �)j�S ++ CN�s + FS(t); (10)d�dt = 12��� = 12 ��a�V (N �N)� 
nDLD'�++ F�(t); (11)where ��(t) is the shift of the lasing frequen
y (fre-quen
y 
hirp) asso
iated with the intensity modulation.The laser parameters in Eqs. (9)�(11) are de�ned asfollows: a is the di�erential gain 
oe�
ient, GthD isthe threshold gain of the solitary laser, � is the �eld
on�nement fa
tor, V is the volume of the laser 
avitywhose length is LD and refra
tive index is nD, Ng isthe ele
tron density at transparen
y, Ns is an ele
tronnumber 
hara
terizing the nonlinear gain suppressionwhose 
oe�
ient is B
, and �s is the ele
tron lifetimedue to the spontaneous emission whose fra
tion into thestimulated emission is C. In Eq. (11), N is the timeaverage value of N(t) in the solitary laser. The inje
-tion 
urrent is 
omposed of a bias 
omponent Ib and amodulation 
omponent. The latter is 
hara
terized bythe modulation 
urrent Im and the frequen
y fm:I(t) = Ib + Im sin(2�fmt): (12)Both Ib and Im de�ne the modulation depth m == Im=Ib.The last terms FN (t), FS(t), and F�(t) in rate equa-tions (9)�(11) are Langevin noise sour
es with zeromeans, and are added to the equations to a

ount forintrinsi
 �u
tuations of the laser [31℄. These noisesour
es are assumed to have Gaussian probability dis-tributions and to be Æ-
orrelated pro
esses [31℄. Thenoise 
ontent of the �u
tuations in the photon numberS(t) around its time average value S is determined interms of RIN over a �nite time T as [31℄677



A. H. Bakry, M. Ahmed ÆÝÒÔ, òîì 146, âûï. 4 (10), 2014RIN = 1S2 ��8><>: 1T ������ TZ0 �S(t)� S� exp f�i2�f�g d� ������29>=>; ; (13)where f is the Fourier frequen
y. A

ording to theabove equation, the RIN spe
trum in
ludes not onlythe noise but also the signal power spe
tral density.3. NUMERICAL CALCULATIONSRate equations (9)�(11) are solved by the 4th-order Runge�Kutta method using the time integra-tion step �t = 5 ps. We adapt the length of theexternal 
avity to be nexLex = 1:5 
m, whi
h 
orre-sponds to the external-
avity resonan
e frequen
y spa
-ing fex = 10GHz. We 
ount �ve roundtrips (p = 1! 5in Eq. (3)), ea
h of the duration � = 1=fex = 0:1 ns,in the 
al
ulations. The integration is taken over along period of time T = 6 �s, with all terms S(t� p�)and �(t � p�) regarded as time delayed values. Boththe modulation response and the spe
trum of RIN are
al
ulated over the time period between 4 and 6 �s,during whi
h the state of the laser operation does not
hange. At ea
h integration step, the noise sour
esFN (t), FS(t), and F�(t) are generated by applying thete
hnique in [31℄ using a set of uniformly distributedrandom numbers generated by the 
omputer. In Ta-ble, we list the values of the laser parameters used inthe 
al
ulations, whi
h 
orrespond to 1.55 �m semi-
ondu
tor lasers. In these narrow bandgap lasers, thespontaneous emission lifetime is given in terms of thenonradiative re
ombination rates due to 
rystal defe
tsAnr and Auger pro
esses CAUG, and the radiative re-
ombination rate Br as�s = �Anr +Br(N=V ) + CAUG(N=V )2��1 : (14)We 
omputed RIN from the 
al
ulated values ofS(ti) by using the FFT to 
al
ulate the dis
rete ver-sion of Eq. (13) asRIN � 1S2 �t2T �FFT �S(ti)� S��2 : (15)4. RESULTS AND DISCUSSIONThe laser is assumed to be biased far above thethreshold, Ib = 3Ith, with IthD being the threshold


urrent of the solitary laser. The 
orresponding relax-ation frequen
y fr is determined approximately fromthe small-signal approa
h as [32℄fr � 12� ��sa�V �a��eeV (Ib�Ig)+BIb�IthDeGthD � Ib�IthDeGthD ; (16)where Ig is the transparen
y 
urrent and B == B
(Nth�Ns). The 
al
ulated value is fr � 4:5 GHz,whi
h means that the frequen
y ratio fex=fr = 2:22.Therefore, the present laser dynami
s under OFB are
hara
terized by a period-doubling route-to-
haos, asillustrated in Refs. [20; 21℄. The frequen
y of possi-ble os
illations under strong OFB in
reases with anin
rease in the OFB strength; it starts with the re-laxation os
illation fr in the route to 
haos in the weakOFB regime and approa
hes the external-
avity reso-nan
e frequen
y fex = 10 GHz in the regime of strongOFB [20℄.4.1. Chaoti
 dynami
s and noise in a solitarylaser4.1.1. Temporal 
hara
teristi
s of the 
haoti
 stateIn this se
tion, we 
hara
terize the 
haoti
 dynam-i
s of the laser indu
ed by OFB. These 
hara
teristi
sin
lude the temporal traje
tories of both the intensityand frequen
y 
hirp of the laser as well as the phaseportrait. These 
hara
teristi
s are plotted in Fig. 2for three 
haoti
 states indu
ed when Kex = 0:16 (in-termediate OFB), 0.27 (rather strong OFB), and 0.56(strong OFB). The inje
tion 
urrent is Ib = 3IthD. Fig-ures 2a�
 plot the temporal traje
tories of the emit-ted photon number S(t), Figs. 2d�f plot the tempo-ral variations of the asso
iated frequen
y 
hirp ��(t),and Figs. 2g�i plot the phase portraits of the photonnumber S(t) versus the 
arrier number N(t). In these�gures, both S(t) and N(t) are normalized by the 
or-responding time-averaged values S and N . In theserelevant three 
ases of 
haos, Figs. 2a�f show that bothS(t) and ��(t) are 
hara
terized by irregular varia-tions as time progress. The maximum indu
ed 
hirpsare 144, 149, and 182 GHz for the respe
tive valuesKex = 0:16, 0.27, and 0.56. These temporal irregu-larities of the 
haos states are manifested as 
haoti
attra
tors in the phase portraits in Figs. 2g�i.678
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al feedba
k-indu
ed 
haos : : :Table. List of the parameters of 1:55 �m InGaAsP lasers and their typi
al values used in the 
al
ulationsParameter ValueEmission wavelength � 1550 nmTangential gain 
oe�
ient a 7:96 � 10�12 m3 � s�1Field 
on�nement fa
tor in the a
tive layer � 0.2Volume of the a
tive region V 150 �m3Length of the a
tive region LD 300 �mRefra
tive index of the a
tive region nD 3.53Ele
tron number at transparen
y Ng 1:32 � 108Ele
tron number 
hara
terizing gain suppression Ns 1:012 � 108Coe�
ient 
hara
terizing gain suppression B
 3:18 � 10�4 s�1Linewidth enhan
ement fa
tor � 5Front fa
et re�e
tivity Rf 0.2Ba
k fa
et re�e
tivity Rb 0.9Threshold gain level GthD 2:44 � 1011 s�1Threshold 
urrent IthD 8 mANonradiative re
ombination 
oe�
ient Anr 108 s�1Radiative re
ombination 
oe�
ient Br 3:6 � 10�16 m3/sAuger re
ombination 
oe�
ient CAUG 0:3 � 10�41 
m6/s
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Fig. 3. Frequen
y spe
trum of RIN of the solitary laserand the 
haoti
 laser under OFB withKex = 0:16 whenIb = 3IthD4.1.2. Intensity noise of a nonmodulated laserThe spe
tral properties of RIN of the 
haoti
 non-modulated laser are des
ribed in Fig. 3. The �gureplots an example of the frequen
y spe
trum of RIN and
ompares it with the RIN spe
trum of the solitary laser.In this 
ase,Kex = 0:23 and Ib = 3IthD. The RIN spe
-trum of the solitary laser exhibits a peak around therelaxation frequen
y fr. The relaxation os
illations aremanifestation of the ele
tron�photon resonan
e. Belowthe regime of fr, RIN is �at (white noise), and the low-frequen
y RIN, whi
h determines the signal-to-noise ra-tio, is LF-RIN = �160 dB/Hz. As the �gure shows, the
haoti
 RIN spe
trum is higher than that of the solitarylaser; the high-frequen
y regime is almost three ordersof magnitude higher, while the low-frequen
y regimeis almost six orders of magnitude higher. The levelof the low-frequen
y noise is LF-RIN = �112 dB/Hz.Another indi
ation of the 
haoti
 dynami
s is that theresonan
e peak is hardly indi
ated in the RIN spe
-trum. These e�e
ts along with the large values of thefrequen
y 
hirp are manifestations of a state of 
oher-en
e 
ollapse in the lasing a
tion. These 
hara
teristi
sagree with those reported in [4℄ and [5℄.4.2. Dynami
s of the 
haoti
 laser undersinusoidal modulationExamination of the IM response spe
trum of the
haoti
 laser due to OFB helps explore the modula-tion frequen
ies at whi
h the 
haoti
 state 
ould be

4
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Fig. 4. IM responses of the 
haoti
 laser with Kex == 0:16 (1 ), 0:27 (2 ), and 0:56 (3 ) and the non
haoti
solitary laser (4 ) when m = 0:5
onverted into stable operation. The FFT is used to
al
ulate the IM response asIM repsonse = a1(fm)=a1(fm ! 0); (17)where a1(fm) is the amplitude of the fundamental har-moni
 of the FFT spe
trum of the laser intensity at themodulation frequen
y fm. In Fig. 4, we plot the 
al
u-lated IM responses of the laser under the three relevantOFB strengths Kex = 0:16, 0.27, and 0.56, and 
om-pare them with the IM response of the solitary laser.The modulation depth is set to be m = 0:5. The �gureshows that the IM response of the solitary laser re-veals a peak due to the photon-
arrier resonan
e whenthe modulation frequen
y fm is 
lose to the relaxationfrequen
y fr = 4:5 GHz. The 
al
ulated value of the3 dB-modulation bandwidth is f3 dB = 7:2 GHz.In the 
ase of the 
haoti
 dynami
s under the in-termediate OFB with Kex = 0:16, the IM responsebe
omes almost �at, and the modulation bandwidthf3 dB in
reases to 9.1 GHz. This in
rease in f3 dB 
ouldbe due to the in
rease in the laser intensity [32℄; S in-
reases from 3:9 � 105 in the solitary laser to 4 � 105 inthe 
haoti
 laser. As the OFB strength in
reases toKex = 0:27, the IM response of the 
haoti
 laser ex-hibits the interesting feature that it drops under the�3 dB level at the modulation frequen
y of 3.7 GHz,whi
h is mu
h lower than f3 dB of the solitary laser.The further in
rease in fm results in enhan
ementof the IM response over the narrow frequen
y band6.6�9.3 GHz, whi
h then extends beyond f3 dB of thesolitary laser. This IM response enhan
ement 
an beinterpreted as a photon�photon resonan
e between the680
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al feedba
k-indu
ed 
haos : : :modulating �eld and an os
illating mode of the exter-nal 
avity [24; 25℄. The further in
rease in Kex to 0.56results in 1) more redu
tion in the photon�
arrier res-onan
e frequen
y, with the value of the normal f3 dBredu
ing to 1.6 GHz, and 2) a shift of the photon�photon resonan
e frequen
y band to higher frequen-
ies (8.2�9.8 GHz). This shift of the frequen
y bandof the enhan
ed modulation response with the in
reasein the OFB strength is 
onsistent with the predi
tionin [24℄ that the photon�photon resonan
e frequen
y in-
reases toward the external-
avity resonan
e frequen
yfex with the in
rease in Kex.Investigation of the dynami
s of the 
haoti
 laserwithin the frequen
y band of the enhan
ed IM responseindi
ated that the laser exhibits period-1 signals over
ertain frequen
ies. Examples of these large-signal reg-ular dynami
s are given in Figs. 5 and 6 for the 
aseswhere Kex = 0:27 and 0.56. The modulation frequen
yis then fm = 9 GHz, whi
h is twi
e the relaxation fre-quen
y fr. Figures 5a and 6a plot the temporal tra-je
tories of the emitted photon number S(t), and showthat the modulated signal is of the period-1 type witha high degree of uniformity. The 
orresponding peri-odi
 variation in the frequen
y 
hirp ��(t) is shown inFigs. 5b and 6b, whi
h indi
ate not only the periodi
and uniform variation with time but also a remarkableredu
tion in the maximum frequen
y 
hirp. The maxi-mum 
hirp redu
es from ��(t)jmax = 144 and 149 GHzof the 
haoti
 states with Kex = 0:27 and 0.56 to themu
h smaller respe
tive values 31 and 27 GHz underthe high-frequen
y modulation. The high degree of reg-ularity of the modulated laser signal is indi
ated by thephase portraits in Figs. 5
 and 6
, whi
h show that thesinusoidal modulation 
onverts the 
haoti
 attra
torsto a single attra
tor of stable operation. The attra
-tors are not 
ir
ular be
ause the emitted signals arenot sinusoidal in this 
ase of rather deep modulation,m = 0:5 [17℄. The periodi
ity and the distortion in thesimulated signals are examined by using the FFT powerspe
trum plotted in Figs. 5d and 6d. The signal period-i
ity is manifested in the �gures as a sharp and strongpeak at the modulation frequen
y fm as well as weakerpeaks at the higher harmoni
s. These higher harmon-i
s 
orrespond to 2nd-order harmoni
 distortion (2HD)and 3rd-order harmoni
 distortion (3HD) of the signal.These higher-order harmoni
 distortions are 
al
ulatedas 2HD = 10 log(a2=a1); 3HD = 10 log(a3=a1); (18)where a2 and a3 are the amplitudes at the 2nd and3rd harmoni
s. The 
al
ulated values of 2HD and

3HD are less than �3 dB; they are 2HD = �4:4 and3HD = �8:4 dB for Kex = 0:27, and 2HD = �5:1 and3HD = �9:8 dB for Kex = 0:27.It is worth noting that the large varations of thephoton number in both the nonmodulated 
haoti
 laser(Fig. 2) and the modulated 
haoti
 laser (Figs. 5 and6) with respe
t to the average value may indu
e ratherlarge temporal variations in the laser temperature.This temperature variation may indu
e variations inthe laser 
hara
teristi
s and a�e
t the devi
e perfor-man
e. But in this paper, the frequen
y regime of in-terest ranges between 4 and 10 GHz, whereas the ther-mal frequen
y response of the laser is below 10 MHz[33; 34℄. Therefore, the thermal dynami
s is beyondthe s
ope of the present study. Nevertheless, studyingthe thermal dynami
s under the ri
h dynami
s of thesemi
ondu
tor laser under OFB is needed for furtherunderstanding of the laser physi
s and 
ould be thesubje
t of future resear
h.4.3. Suppression of the 
haoti
 RIN bysmall-signal modulation with fm � frIn the te
hniques of superposing a high-frequen
y
urrent, the modulating signal is small and the mod-ulation frequen
y is in the vi
inity of the relaxationfrequen
y fr of the laser, i. e., in the regime of thephoton-
arrier resonan
e. In this subse
tion, we newlyshow that small-signal modulation 
an also be appliedto suppress RIN at modulation frequen
ies mu
h higherthan fr; namely, within the frequen
y band of the en-han
ed IM response due to the photon�photon reso-nan
e. Figure 7 plots the frequen
y spe
trum of RIN ofthe 
haoti
 laser when the OFB strength is Kex = 0:16,0.27, and 0.56 under the appli
ation of small-signalmodulation (m = 0:1) with the modulation frequen-
ies fm mu
h higher than fr. Figure 7a 
orrespondsto the 
ase of the 
haoti
 laser with Kex = 0:16 un-der modulation with fm = 8:6 GHz. The �gure has anenhan
ed peak at the modulation frequen
y fm and amu
h weaker peak at the 2nd harmoni
. In 
ontrast tothe RIN spe
trum of the nonmodulated 
haoti
 laserin Fig. 3a, the RIN is �at (white noise) in the low-frequen
y regime. This feature is similar to the noisespe
trum of the nonmodulated solitary laser in Fig. 3a.Moreover, the level of the low-frequen
y RIN is 
lose tothat of the solitary laser, LF-RIN = �158 dB/Hz, i. e.,the noise is just 2 dB higher than that of the solitarylaser. This value is smaller than the RIN di�eren
e of 8dB obtained when the 
haoti
 laser is modulated 
lose681
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1 2 3fm; GHz02 � 1054 � 1056 � 105FFT[S(t)℄, dB/Hz
 Single attra
tor

00:98 0:99 1:00 1:01 1:02 1:03N(t)= �N01
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101 102 103 104 105tfm; ns100120140160012
3S(t)= �S

��;GHz ��max = 31 GHzàm = 0:5Kex = 0:27; fm = 9 GHz, 2HD = �5:13HD = �9:2(1=2)HD = �2:2
Fig. 5. Chara
teristi
s of modulated signal of the 
haoti
 laser with Kex = 0:27 and m = 0:5: a) temporal traje
tory ofS(t), b ) temporal traje
tory of ��(t), 
) (S(t) versus N(t)) phase portraits, and d) frequen
y FFT spe
trum of S(t)

104 105tfm; ns101 102 103b
S(t)= �S
0123
100�200�190�180�170�160�150 ��max = 25:7 GHz 0:990 0:995 1:000 1:005 1:010 1:015N(t)= �N01

23S(t)=S
 Single attra
tor d
0 1 2 3fm; GHz02 � 1054 � 1056 � 105FFT[S(t)℄, dB/Hzàm = 0:5

��;GHz
2HD = �5:13HD = �9:8Kex = 0:56; fm = 9 GHz,

Fig. 6. Chara
teristi
s of modulated signal of the 
haoti
 laser with Kex = 0:56 and m = 0:5: a) temporal traje
tory ofS(t), b ) temporal traje
tory of ��(t), 
) (S(t) versus N(t)) phase portraits, and d) frequen
y FFT spe
trum of S(t)to the fr [17℄. Similar results are shown in Fig. 7b forthe 
haoti
 laser with Kex = 0:27 when modulated atfm = 9:1 GHz and in Fig. 7
 for the 
haoti
 laser withKex = 0:56 when modulated at fm = 9:6 GHz.5. CONCLUSIONSWe investigated the stability and noise suppressionof semi
ondu
tor lasers 
oupled to a short external 
av-ity by means of sinusoidal modulation at frequen
iesex
eeding twi
e the relaxation frequen
y of the laser.These frequen
ies lie in a narrow band of the modu-lation frequen
ies within whi
h the IM response is en-han
ed due to a photon�photon resonan
e. The per-forman
e of this high-frequen
y modulation te
hniqueis assessed in terms of the waveform and distortion of

the modulated signal and the small-signal frequen
yspe
trum of RIN.The obtained results show that under intermedi-ate and strong OFB, the laser may exhibit 
haoti
dynami
s 
hara
terized by 
haoti
 attra
tors. Underintermediate OFB, the IM response of the 
haoti
 laseris �at, does not reveal the 
arrier-photon resonan
epeak of the solitary laser, and has a higher modulationbandwidth f3 dB = 9:1 GHz. Under stronger OFB,the IM response drops below the �3 dB level at themodulation frequen
ies lower than the 
onventionalbandwidth, and is enhan
ed over a narrow frequen
yband. This interesting frequen
y band extends beyond2fr and is 
lose to the resonan
e frequen
y of the ex-ternal 
avity. Within this 
hara
teristi
 high frequen
yband, the sinusoidal modulation happens to stabilize682
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Fig. 7. Frequen
y spe
tra of RIN of the 
haoti
 laser under sinusoidal modulation with m = 0:1, for Kex = 0:16 (a), 0:27(b ), and 0:56 (
)the 
haoti
 dynami
s; it 
onverts the 
haoti
 attra
torto a periodi
 single state. The stabilized dynami
s are
hara
terized by periodi
 and uniform output signalswith harmoni
 distortions as low as 2HD � �5 dBand 3HD � �9 dB. Under small-signal modulation(m = 0:1), the photon�photon resonan
e suppressesthe frequen
y spe
trum of 
haoti
 RIN to that of thesolitary laser. Examples are given for modulation atfm = 9:1 GHz with Kex = 0:27 and fm = 9:6 GHzwith Kex = 0:56. The reported noise suppression dueto the photon�photon resonan
e is 6 dB stronger thanthe noise suppression reported in the literature dueto the 
arrier-photon resonan
e around the relaxationfrequen
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