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THE VARIED NONLINEAR INTERFACE WAVES IN ASCALE-LIMITED TWO-MEDIUM OSCILLATORY SYSTEMX. Q. Huang a;b*, X. H. Cui , J. Y. Huang a;baShool of Biomedial Engineering, Capital Medial University100069, Beijing, ChinabBeijing Key Laboratory of Fundamental Researh on Biomehanis in Clinial Appliation, Capital Medial University100069, Beijing, ChinaShool of Mathematis and Physis, North China Eletri Power University102206, Beijing, ChinaReeived January 5, 2014We investigate spontaneously generated waves around the interfaes between two di�erent media in a systemwhere the domain sales are limited. These two media are arefully seleted suh that there exists a theoretialinterfae wave with the frequeny and wave number that an be predited aording to the ontrol parameters.We present the rules of how the frequeny and wave number vary with reduing the sales of media domains. We�nd that the frequeny dereases with reduing the sale of antiwave (AW) media, but inreases with reduingthe sale of normal wave (NW) media in both one-dimensional and two-dimensional systems. The wave numberalways dereases with reduing sales of either NW or AW media. The least sale to generate the theoretialwave is the predited wavelength. These speial phenomena around the interfaes may be applied to detet thelimited sale of a system.DOI: 10.7868/S00444510140701901. INTRODUCTIONThe formation, propagation, and interation of non-linear osillation around the interfae between di�erentmedia have long been interesting topis. The resultshave attrated muh attention in reent deades in thearea of reation�di�usion systems, optis, ultrasoni,biologial systems, and so on. Numerous harateris-ti features and omplex phenomena have been inves-tigated [1�12℄. Together with the normal wave (NW)with positive phase veloity, the reently found anti-wave (AW) with negative phase veloity provides evenmore interesting dynamial behaviors and pattern for-mations [8�12℄.The method for generating an antiwave in a homo-geneous osillatory medium has no essential di�erenefrom that for normal waves. A proper initial ondi-tion or an external paing an both produe the desiredwave. Researhes have mentioned that the ontrol pa-rameters of media determine the kind or kinds of wave*E-mail: xiaoqingh�mu.edu.n

that an be produed in it. Paing an generate NWin NW media, AW in AW media, and di�erent paingsan generate either NW or AW in N�AW media dueto the dispersion relation determined by the ontrolparameters [13; 14℄. One interesting phenomenon thatinvolves both an NW and an AW is the generation of aninterfae-seleted wave (ISW), �rst noted in [15℄. Whena system is onstruted by two linked domains of oneNW medium and one AW medium, and the dispersionrelations of these two media have an intersetion point,the ISW an be generated spontaneously from the in-terfae of the two media. The ISW has the frequenyand the wave number that an be theoretially alu-lated by the dispersion relations of two media. Onean ISW is generated, it eventually oupies the wholetwo-medium system.Intuitively, the ISW is the result of an interplay oftwo di�erent media at the interfae. The geometrialshape and sale of eah medium should have no e�eton the dynamial behavior. Also, a system on whiha theoretial experiment arried out is normally largeenough to avoid the e�et of a boundary, if the systeman be onsidered a ontinuous medium, not a series of186



ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014 The varied nonlinear interfae waves : : :disrete grids. But by reduing the sale properly, itmight beome possible to observe the detailed behav-ior ourring exatly on the interfae and reveal thegeneration proess of interfae waves.We �rst study the interfae waves by reduing thesales of media in a one-dimensional (1D) two-mediumsystem. It is surprising that the frequeny and wavenumber of the generated ISW both vary ontinuouslywith the sale of the media. Analyzing the results, we�nd that there is a neessary ondition for the gener-ated wave to be the theoretially predited one, i. e.,have the same frequeny and wave number. That is,the length sale of eah partiipant medium should beat least equal to half the predited wavelength. Onethe ondition is ful�lled, the frequeny and wave num-ber of the survivor wave are equal to the predited ones.Otherwise, the two-medium system an still enter a ho-mogeneous dynamis, but with a di�erent osillatingfrequeny and wave number, whih are related to thegeometrial sale of the system. Numerial studies in atwo-dimensional (2D) pathed system yield similar re-sults. The variation is the same. However, irrespetiveof how large eah partiipant domain is, the generatedfrequeny an never reah the theoretial value.This paper is organized as follows. In Se. 2, we ex-plain the seleted model and our motivation. In Se. 3,we present series of results for 1D and 2D two-mediumosillatory systems. The alterations of frequeny andwave number are spei�ed in di�erent situations. Se-tion 4 ontains a disussion and analysis of the phe-nomena. Setion 5 is our onlusion.2. MOTIVATIONWe onstrut our system using the omplex Ginz-burg�Landau equation, whih is the ommonly usedmodel desribing extended systems in the viinity ofa Hopf bifuration from a homogeneous stationarystate [16�19℄:�A�t = A� (1 + i�)jAj2A+ (1 + i�)r2A: (1)For a general reation�di�usion system, the dynam-is of osillations with the amplitude and phase aresaled to one omplex order parameter A. When timeis saled by the harateristi reation time, spae bythe harateristi di�usion length, and the modulus ofthe amplitude by the radius of the limit yle, the re-maining two ontrol parameters � and � govern theuniversal dynamis around the bifuration [19℄.If the frequeny ! of the external paing is lose to

the natural frequeny !0 = � of the media, the disper-sion relation! = !0 + f1k2 = �+ (� � �)k2determines the harateristis of generated waves inthe following way under the onditions of a 1:1 paing-reation region and !!0 > 0 [14℄:AWs � for !0f1 = �(� � �) < 0; (2a)NWs � for !0f1 = �(� � �) > 0: (2b)We have j!j < j!0j for AWs and j!j > j!0j for NWs.For two media whose dispersion relation lines have anintersetion at one's AW region and one's NW region,ISW trains emerge at the interfae of these two me-dia. This means that the ISW trains are always nor-mal waves in the NW domain and antiwaves in the AWdomain. Beause the frequenies used in this paper arealways positive, the wave numbers for di�erent wavesthen have di�erent signs. For simpliity and onve-niene, we fous on the absolute value and the squareof the wave number in di�erent regions.Theoretially, the ontrol parameters of two mediadetermine the frequeny and wave number of the gen-erated ISW as!I = �2�1 � �1�2�2 � �1 + �1 � �2 ; (3a)k2I = �2 � �1�2 � �1 + �1 � �2 : (3b)In previous studies, the results are perfetly well onsis-tent with the theoretial values in 1D systems [15; 20℄.But there are some inonsistent situations in 2D sys-tems, for example, in the pathing system where onemedium is surrounded by another. In that ase, thefrequeny is always slightly di�erent from the theoret-ial value [20�23℄. This has not yet been given a learexplanation.If the struture of media an alter the dynamialbehavior, what happens when the geometrial sale ishanged? If the ISW is generated exatly on the inter-fae, the geometrial sale should have no e�et on theproperties of the waves. However, from another stand-point, if the generation of an ISW requires a range ofthe medium, a very small system may not be able toprodue ISWs. Studies in this paper aim to answerthese questions. By reduing the geometrial sale of atwo-medium system in several ways and by omparingthe results in 1D and 2D systems, we reveal the exatdynamis ourring around the interfae.In the next setion, we �rst present our experimen-tal results for a 1D two-medium system. The resultsfor a 2D pathed two-medium system are then shown.187



X. Q. Huang, X. H. Cui, J. Y. Huang ÆÝÒÔ, òîì 146, âûï. 1 (7), 20143. RESULTS OF MANIPULATING THESCALES OF MEDIA IN A TWO-MEDIUMSYSTEM3.1. Reduing one medium in a 1Dtwo-medium systemWe onstrut a one-dimensional two-medium sys-tem as follows:�A1�t = A1�(1+i�1)jA1j2A1+(1+i�1)r2A1;0 � x � L1; (4a)�A2�t = A2�(1+i�2)jA2j2A2+(1+i�2)r2A2;L1 � x � L1 + L2 + 1; (4b)A1(I) = A2(I); �A1(I)�n = �A2(I)�n : (4)The system is divided into two domains. We let theleft domain M1 be an AW media of length L1, and theright domain M2 be an NW media of length L2. Equa-tion (4) is the ontinuity ondition, where I means thevalue on the interfae and �Ai(I)=�n is the gradient tothe normal diretion. No-�ux boundary onditions areused on all outer boundaries, suh that the inner dy-namis is not a�eted. We then set A(0) = A(1) andA(L1 + L2 + 1) = A(L1 + L2), and [1; L1 + L2℄ is thearea that we alulated. The system is integrated us-ing seond order Runge�Kutta (RK2) method and thestandard three-point approximation for the Laplae op-erator.We arefully hoose the ontrol parameters suhthat the interfae selet waves an be generated. Forthe AW media M1, �1 = 0:4 and �1 = �1:0(�1(�1 � �1) < 0). For the NW media M2, �2 = 0:2and �2 = 2:0 (�2(�2��2) > 0). Aording to Eqs. (3a)and (3b), the frequeny and wave number of the ISWan be theoretially predited as !I = 0:3125 and k2I == 0:0625, whene jkI j = 0:25. As shown in Fig. 1a,the dispersion relation urves of these two media havean intersetion point with the oordinates !I = 0:3125and k2I = 0:0625. That implies that if these two me-dia are onneted together, the ISWs emerge from theinterfae spontaneously, with the frequeny and wavenumber equal to the oordinates of the intersetionpoint. In Fig. 1b, we show a spatiotemporal patternof the two-medium system in whih the AW media M1and the NW media M2 oupy half the system eah.The system is integrated with the RK2 method andthe standard three-point approximation for the Laplaeoperator. The spae and time steps are �x = 0:5 and
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Fig. 1. a) Dispersion relation urves of an AW medium(dashed urve) with the ontrol parameters �1 = 0:4and �1 = �1:0, and an NW medium (solid urve) withthe ontrol parameters �2 = 0:2 and �2 = 2:0. b ) Spa-tiotemporal pattern of a 1D two-medium system. Theleft domain of the length L1 = 100 and the right do-main of the length L2 = 100 are respetively �lled withAW and NW media, whose dispersion urves are bothpresented in Fig. a�t = 0:005. The outer boundaries are set with the no-�ux boundary ondition, while the interfae betweendi�erent media is set with the ontinuity ondition.All the following patterns utilize the same parameters,integration method, boundary ondition, and disretesteps. It is obvious that from the very beginning of evo-lution, ISWs are generated from the interfae and prop-agate gradually into both domains with di�erent speedsand di�erent diretions of the phase veloity. As pre-dited, eventually, the ISWs oupy the whole system.The interfae beomes transparent in the �nal pattern.The frequeny and wave number are !I = 0:3125, andjkI j = 0:25, whih are equal to the theoretial predi-tions in Fig. 1a.If the dynamis of ISWs is determined by grids righton the interfae, the harateristis do not hange irre-spetive of how large the media domains are. However,by reduing the geometrial sales of the domains, wedo alter the harateristis of ISWs. The systems inFig. 2 are of the same size as in Fig. 1b. The AW do-main in Fig. 2a is redued to L1 = 2, while the NWdomain is enlarged to L2 = 198. The AW domain inFig. 2b is enlarged to L1 = 198, while the NW domainis redued to L2 = 2. The systems are �nally entirelyoupied by ISWs. But the ultimate patterns are di�er-ent from eah other in both the horizontal spatial axisand the vertial time axis. In Fig. 2a, the frequenyand wave number values are hanged to ! = 0:2860and jkj = 0:2185. In Fig. 2b, they are ! = 0:3758and jkj = 0:1318. The respetive relative errors in fre-queny ompared to !I in Fig. 2a and 2b are 8.5%188
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Fig. 2. Ultimate spatiotemporal patterns of a 1D two-medium system of the same total length L = 200 asin Fig. 1. The ontrol parameters are also the sameas Fig. 1. a) The left AW medium domain has thelength L1 = 2, while the right NW medium domainhas the length L2 = 198. The frequeny dereasesto ! = 0:2860, and the wave number dereases tojkj = 0:2185. b ) The left AW medium has the lengthL1 = 198, and the right NW medium has the lengthL2 = 2. The frequeny inreases to ! = 0:3758, butthe wave number dereases to jkj = 0:1318and 20%. The relative errors in wave number om-pared to jkI j are 13% and 47%. These hanges arepurely aused by the geometrial sale redution of onemedium in the system, beause the ontrol parametersand boundary onditions are the same. This indiatesthat the emergene of ISWs may not rely only on theinterfae grids. A range of both media around the in-terfae produes the wave. Changing the AW and NWmedia leads to di�erent results. With ! = 0:2860 inthe dispersion relation for M2 (the larger domain inFig. 2a), we obtainjkj =r ! � �2�2 � �2 = 0:2185;whih is exatly the pratial value of the wave number.With ! = 0:3758 in the dispersion relation for M1 (thelarger domain in Fig. 2b ), the wave number beomesjkj =r ! � �1�1 � �1 = 0:1315;whih is quite lose to the real value. This is logialbeause the main part of the system an determine theharateristis of the generated ISWs.

To reveal the range of media required for generalevolution of ISWs, we gradually inrease the geomet-rial sale of eah domain of the di�erent media fromthe minimum limit. When the domain of one mediumis inreased, the domain of the other is dereased, suhthat total geometrial size of the system is kept on-stant. By measuring the frequeny and wave numberof the ultimate patterns, we �nd di�erent phenomena inhanging the domains of di�erent media. The resultsare shown in Fig. 3. The open irles represent theresults in the system with a relatively smaller lengthsale of the NW medium and a larger length sale ofthe AW medium. The solid irles represent the resultsin the system with a relatively small AW media and alarger NW media. We let Ls denote the length of thesmaller domain in the system. While inreasing the AWmedium length from L1 = Ls = 1 to L1 = Ls = 30, thedomain of the NW medium is dereased from L2 = 199to L2 = 170. The irles in Fig. 3 illustrate that alongwith inreasing the length sale of the AW medium,both the frequeny and the wave number inrease on-tinuously. However, when we inrease the domain saleof the NW media instead, the frequeny turns out toderease as shown by the solid points in Fig. 3a, whilethe wave number value keeps inreasing as shown inFig. 3b. Similarly, around the length Ls = 12:5, boththe frequeny and the wave number approah onstantvalues, whih are equal to the theoretial ISW values.Interestingly, the length is equal to half the wavelengthof the theoretial ISW for �I = 2�=kI � 25. Thismeans that in a two-medium system with one mediumsmaller than half the wavelength of the theoretial ISW,the generated ISW is not the theoretial predited one.The exat frequeny value is then lose to the naturalfrequeny of the medium that oupies the larger do-main. The frequeny determines the wave number. Forsimpliity and onveniene, the wave numbers we showin Fig. 3b are the absolute values, not the exat ones,beause the signs for the antiwave and the normal waveare di�erent.3.2. Reduing both parts in a 1D two-mediumsystemIn the above study, the total length sale of the sys-tem is kept onstant, whih is muh larger than thewavelength of theoretial ISWs. Aording to the pre-vious results, we are sure that by hanging the systemsale, the generated ISWs an be altered. We then keepthe domain sales of two media to be equal, and grad-ually inrease them from the minimum limit L = 1 to189
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Fig. 3. The frequenies and wave numbers alulated from the ultimate pattern of the two-medium system. Ls is thelength of the smaller domain in the system. For open irles, the smaller domain is an NW medium; and for solid irles,the smaller domain is an AW medium. a) In systems with the smaller AW medium, the frequeny inreases with inreasingthe AW domain length. However, in systems with the smaller NW medium, the frequeny dereases. When the length isinreased to �I=2, the frequenies reah the value !I . b ) In systems with the smaller AW medium and NW medium, thewave number always inreases with inreasing the length, and reahes the value jkI j after the length inreases to �I=2
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Fig. 5. Spatiotemporal pattern of a two-medium sys-tem with eah domain of equal size. L1 = L2 = 50 (a),5 (b ). In both systems, the interfae-generated wavespropagate gradually into two domains, and eventuallyoupy the whole system. But in the smaller system,the frequeny is larger than in the other onewith inreasing the system length, the frequeny de-reases.In Fig. 5, we present two spatiotemporal patternexamples: one with L = 50 and the other with L = 5.The respetive output frequenies are ! = 0:3125 and! = 0:3232. It is lear that in a small system, the inter-fae an still generate a wave with the same frequenyin two di�erent media. Although it is di�erent fromthe theoretial predition, the generated wave an stilloupy the whole system. In extreme ases, the systemis smaller than the wave length. It is then impossi-ble to measure the wavelength and the wave number190



ÆÝÒÔ, òîì 146, âûï. 1 (7), 2014 The varied nonlinear interfae waves : : :preisely. In fat, the wave number has no signi�antphysial meaning beause the system with few gridsannot be onsidered a ontinuous medium.3.3. Reduing the enter domain of a 2Dtwo-medium systemThe study of a 2D two-medium system with twoparallel domains yields the same results as in 1D sys-tem. This on�rms the e�et of hanging the geomet-rial sale of the system.However, in 2D two-medium systems, there do ex-ist di�erent strutures, for example, one medium anbe surrounded by the other. This is what we alled apathed system. The path is typially used to on-trol the pathed medium, so as to obtain the desiredpattern. For the pathed system ontaining both NWand AW media, a perfet target wave an be generated,whih propagates in the whole system as previous re-searhes have mentioned. But the generated frequen-ies and wave numbers are not exatly equal to thetheoretial predition [20℄.We then hange the size of the path. Similarhanges of the frequeny related to the size of the pathare observed. In previous studies, we have found thatthe generated wave eventually evolves into a perfettarget wave, irrespetive of whether the path is roundor square. We therefore take the round path as a gen-eral example.The pathed 2D two-medium system is onstrutedas follows:�A1�t = A1�(1+i�1)jA1j2A1+(1+i�1)r2A1;0 � r � R; (5a)�A2�t = A2�(1+i�2)jA2j2A2+(1+i�2)r2A2;r � R; (5b)A1(I) = A2(I); �A1(I)�n = �A2(I)�n ; (5)where r is the distane from grids to the enter point ofthe system. The main system is square with the lengthL � L, the round inner path medium with a radiusR is denoted by M1, and the outer medium is denotedby M2. Continuity ondition (5) is the same as in 1Dsystems. We apply the same time and spae step andthe same numerial method and boundary onditionsas in 1D systems.Firstly, the AW medium is plaed outside, and theNW medium is plaed inside as a path. For the solidpoints shown in Fig. 6, the radius of NW path is in-reased from R = 5 to R = 95, while the system re-mains 200�200. As the radius inreases, the frequeny
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X. Q. Huang, X. H. Cui, J. Y. Huang ÆÝÒÔ, òîì 146, âûï. 1 (7), 20144. DISCUSSIONIn both 1D and 2D two-medium systems with rel-atively altered length sales, we �nd the frequeny andwave number being not onsistent with the theoretialpreditions.If and only if every part of the system is equal to orlarger than half the wavelength of the theoretial ISWan the generated wave train have the same frequenyand wave number as the predited values. This impliesthat the least sale to generate the predited ISW isthe theoretial wavelength, and every medium shouldoupy a half of the system. If the total size is �xed,either one being smaller than half the wavelength, theabsolute value of the produed wave number dereaseswith reduing the geometrial sale, for both the NWand AW media. But the frequeny dereases with re-duing the AW medium and inreases with reduingthe NW medium. As a result, the frequeny is alwayslarger than !I when AW medium oupies the largerdomain; and it is smaller than !I if the NW mediumoupies the larger domain. The alterations of the wavenumber and frequeny indiate that the generation ofan ISW involves not only the interfae but also the dy-namis of a ertain domain around the interfae. Theexat frequeny and wave number are then related tothe limited size of the media.In eah ase that we studied, the systems alwaysapproah the same vibration frequeny. This on�rmsthat linked media with di�erent ontrol parameterstend to �nd a wave with a partiular frequeny thatan propagate in both domains. The ompetition o-urs around the interfae. The dynamis of every gridis in�uened by the grids next to it. When grids ofthe NW medium and the AW medium are linked, theyapproah a frequeny between the larger natural fre-queny of the AW medium and the smaller one of theNW medium. The range of area that a�ets the inter-play result is the wavelength sale.We have on�rmed that all the disrete time andspae steps applied have a good �t in our numerialprograms. The number of grids inreases from smallto large to simulate the behaviors of a bi-domain os-illatory system. The free boundary ondition assuresthat the dynamis of osillations is not a�eted by thelimited area. And the ontinuity ondition is used be-tween the media. In the ases of an extremely smallsystem, the dynamis exhibited is an interplay of a fewgrids. Then the system an be onsidered not a ontin-uous medium, but a series of sattered grids. Althoughthe wave number has no essential physial meaning,the frequeny still re�ets the ooperation mehanism

of the di�erent media.We hoose the omplex Ginzburg�Landau equationto onstrut our numerial experimental system be-ause it may be the most generally applied nonlinearequation to demonstrate the osillatory dynamis inphysis. Reation�di�usion systems, superondutiv-ity, �uid dynamis, and many other physial phenom-ena at di�erent sales an be mapped to the omplexGinzburg�Landau equation [1; 16�19℄. The results thatwe obtain may be tested and applied to realisti sys-tems. There might be more ompliated phenomena inunsaled systems. That requires further numerial andexperimental researh.The geometrial magnitude of a medium is of greatimportane espeially in biologial systems. Beausethe biologial tissue may not be as large as we expeted,the limited size may have a great e�et on the behav-ior of signal transportation. The varied frequenies andwave numbers are related to the struture of the sys-tem. Our results may be helpful in understanding wavepropagation in systems with a limited sale, suh as thesuper�ial soft tissue interfaes.5. CONCLUSIONWe �nd up�down mirror images of varied frequen-ies in hanging the sales of NW and AW media inboth 1D and 2D two-medium systems, and an inreas-ing rule of wave numbers in all ases. The least sale ofthe domain to produe the theoretial ISW is the pre-dited wavelength. If the length sale of every part ofa 1D system is equal to or larger than the wavelength,the generated wave has the theoretial frequeny andthe wave number. Reduing the NW medium ausesan inrease in frequeny, but reduing the AW mediumauses a derease in frequeny. For a system ontain-ing NW and AW media with the same sale, if the totalsale is smaller than the wavelength, the frequeny islarger than the theoretial one. And the frequeny in-reases basially as the sale dereases.All the above results show that the generation ofan interfae wave involves a ertain range of mediaaround the interfae rather than the grids right on it.The interplay of di�erent media with di�erent salesyields various patterns. A ruial ondition to preditthem is the relation between the wavelength and thesystem sale.This work was supported by the National NaturalSiene Foundation of China (Grants�� 11247272 and192
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