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OPTICAL AND MECHANICAL PROPERTIESOF ELECTRON BUBBLES IN SUPERFLUID HELIUM-4Z. Xie, W. Wei, Y. Yang, H. J. Maris *Department of Physi
s, Brown University, Providen
e, Rhode Island02912, USARe
eived May 14, 2014A series of experiments has revealed the existen
e of a large number (about 18) of di�erent types of negativeions in super�uid helium-4. Despite mu
h e�ort, the physi
al nature of these �exoti
 ions� has still not beendetermined. We dis
uss possible experiments whi
h may be able to help determine the stru
ture of these obje
ts.Contribution for the JETP spe
ial issue in honor of A. F. Andreev's 75th birthdayDOI: 10.7868/S00444510141201161. INTRODUCTIONAt �rst sight, it appears that it should be easy tounderstand the behavior of an ele
tron immersed in liq-uid helium. Be
ause a helium atom has a 
losed shell ofele
trons, there is a strong repulsion between a heliumatom and an ele
tron. As a result, in order to enterliquid helium, an ele
tron has to over
ome an energybarrier of approximately 1 eV [1a℄. The experimentperformed earlier [1b℄ gave the result 1:3 eV. This bar-rier, together with the very low surfa
e energy � of theliquid (0.375 erg�
m�2) [2℄, makes it favorable for anele
tron to for
e open a 
avity in the liquid and be-
ome trapped there, rather than moving freely throughthe bulk liquid. The size of this bubble 
an be esti-mated, to a reasonable a

ura
y, from the approximateexpression for the energyEbubble = h28mR2 + 4�R2�+ 4�3 R3P; (1)where R is the bubble radius, m is the ele
tron mass,and the last term represents the energy asso
iated withforming the bubble when a pressure P is applied to theliquid. In the absen
e of an applied pressure, we �ndfrom Eq. (1) that the energy should be a minimum forthe radius R0 = � h232�m��1=4 � 19Å: (2)*E-mail: humphrey�maris�brown.edu

These �ele
tron bubbles� have been studied in manyexperiments.1) Measurements have been made of the photon en-ergies required to ex
ite the ele
tron to a higher energystate [3�5℄. Sin
e these energies are dependent on thebubble size (approximately proportional to the inversesquare of the radius), the experiments provide informa-tion about the radius.2) The me
hani
al properties of the bubble 
an bestudied by applying a negative pressure [6℄. If a nega-tive pressure larger than a 
riti
al value P
 is applied,the bubble be
omes unstable and grows rapidly. It 
anthen be dete
ted opti
ally. From Eq. (1), the 
riti
alpressure is found to be [7℄P
 = �165 �2�m5h2 �1=4 �5=4: (3)3) Measurements have been made of the mobility �of these bubbles [8�10℄. The mobility is limited by thedrag for
e exerted on a moving bubble by thermally ex-
ited phonons and rotons. In super�uid helium-4 above1 K, the drag is primarily due to rotons and the mobil-ity 
an be expe
ted to vary as� / exp(�=kT ); (4)where � is the roton energy gap. The results of themobility experiments give a temperature dependen
ein reasonable agreement with this. If a su�
ientlylarge ele
tri
 �eld is applied, the velo
ity rea
hes a 
rit-i
al value v
 at whi
h a quantized vortex ring is nu
le-ated. The bubble then be
omes atta
hed to this vortexring [11℄.1258
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Fig. 1. Results from a time-of-�ight mobility experi-ment performed at 0:991 K as reported in Ref. [22℄.The solid 
urve shows the signal arriving at the 
ol-le
tor as a fun
tion of time. The dashed 
urve is thesignal after an algorithm has been used to remove thepeaks. The length of the experimental 
ell is 6:15 
mand the drift �eld is 82:1 V 
m�14) The e�e
tive mass of the bubbles has been mea-sured under the saturated vapor pressure [12℄ and un-der elevated pressure [13℄. The results of the measure-ments are in good agreement with the values predi
tedfrom the bubble model.Surprisingly, the experiments have revealed that inaddition to the �normal� ele
tron bubbles (NEB), thereare other negatively 
harged obje
ts of unknown phys-i
al stru
ture [14�21℄. These are referred to as the �ex-oti
 ions�. The solid 
urve in Fig. 1 shows data ob-tained in a re
ent time-of-�ight mobility experimentat 0.991 K [22℄. In this experiment, ions entered theliquid from a 
ontinuous ele
tri
al dis
harge in heliumvapor above the surfa
e of the liquid. The dis
hargewas produ
ed by a voltage applied between ele
trodespositioned in the vapor. After the ions entered the liq-uid, gate grids were used to allow a pulse of negativeions to enter the upper part of the experimental 
ell.These ions moved through the 
ell under the in�uen
eof a uniform drift �eld and the 
harge arriving at a
olle
tor at the bottom of the 
ell was re
orded as afun
tion of time. In Fig. 1, we 
an see a strong sig-nal at a time of around 19 ms 
oming from the NEB.In addition, there is a series of peaks at earlier times
oming from the exoti
 ions. Figure 1 
learly shows atleast ten exoti
 ions; more re
ent experiments [23℄ haveresolved 18 ions, ea
h with a di�erent mobility.We 
an make a �t to ea
h peak and then subtra
t

the peak from the measured total signal. When thisis done, a smoothly varying ba
kground signal is re-vealed as shown by the dashed 
urve in Fig. 1. The
ontinuous ba
kground has a 
uto� at a time that isapproximately one half of the arrival time of the NEB.The time at whi
h the 
uto� appears in the signal isinversely proportional to the drift �eld, indi
ating thatthe ba
kground arises from ions. These ions must havea 
ontinuous distribution of mobility, and therefore pre-sumably a 
ontinuous distribution of size.It is interesting that although the signal from ea
hindividual exoti
 ion is mu
h smaller than the signalfrom the NEB, the total signal from the exoti
 ions(in
luding the 
ontinuous ba
kground) is of a magni-tude 
omparable to the NEB signal (typi
ally 20% to50%).At a 
riti
al velo
ity v
, ea
h of the exoti
 ions (ex-
ept the fastest ion F) nu
leates a vortex ring and be-
omes trapped on it [18℄. The 
riti
al velo
ity is largerthan the 
riti
al velo
ity for the NEB, indi
ating thatthe ions are smaller than the NEB. Sin
e v
 in
reasesprogressively with an in
rease in ion mobility, ea
h ofthe exoti
 ions appears to be singly 
harged.A rough estimate of the ion size 
an be made fromthe measured mobility. Sin
e the mean free path of aroton at temperatures around 1 K is large 
omparedto the bubble size, the drag exerted on a moving bub-ble should be proportional to the 
ross-se
tional areaof the bubble. Hen
e, the mobility should vary approx-imately as the inverse square of the radius. Based onthis, the radius of the fastest ion is found to be around8Å [17℄.Presently, there is no a

epted theory of the makeupof the exoti
 ions. Three ideas and their asso
iated dif-�
ulties are as follows.1) Impurity model. Impurity atoms that have a
-quired an extra ele
tron 
ould form bubbles with a sizein the range of the exoti
 ions. However, an ele
tronthat is bound to an impurity with a high ele
tron a�n-ity (e. g., greater than 2 eV) would have a wave fun
tionthat de
reases very rapidly with distan
e. This wouldresult in a snowball [24℄ or a bubble of a very smallradius. Thus, in order for impurities to be the expla-nation of the exoti
 ions, the impurities have to havelow ele
tron a�nity. It is also possible that there areimpurities that do not form negative ions in the va
-uum but whi
h bind an ele
tron in a bubble when inliquid helium. A serious di�
ulty with the impuritymodel is that the number of impurities that might bepresent in liquid helium is very small; it is di�
ult tobelieve that there 
an be 18 di�erent impurities withthe required ele
tron a�nity, and that the same im-1259
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ur in di�erent labs in di�erent 
ountries.Also, a theory based on impurities 
annot explain the
ontinuous ba
kground.2) Helium ion model. Negative ions of a heliumatom [25℄ or helium dimer [26℄ have been studied andtheir lifetime measured in a number of experiments. Anegative helium ion immersed in a liquid should forma bubble state if the binding of the ele
tron to theatom (or dimer) is su�
iently weak. One problem isthat the lifetimes of the known ions of helium atomsor dimers are mu
h less than the time to traverse themobility 
ells used in the experiments where exoti
 ionshave been dete
ted. Thus, the ions should de
ay be-fore rea
hing the 
olle
tor. In addition, the numberof di�erent ions is not su�
ient to explain the obser-vation of 18 distin
t spe
ies of exoti
 ions. Also thismodel would not provide an explanation of the 
ontin-uous ba
kground.3) Fission model [27℄. An ele
tron entering theliquid has a 
ompli
ated wave fun
tion. We 
an askwhether all of this wave fun
tion ends up in a singlebubble. If the wave fun
tion ends up divided betweentwo or more bubbles, it is not 
lear what would hap-pen. One possibility is that the helium would make ameasurement and determine that the ele
tron is in oneof the bubbles (
all this bubble A). Then a

ording tothe Copenhagen interpretation of quantum me
hani
s,the wave fun
tion will suddenly 
hange su
h that itis nonzero only in bubble A. The other bubbles, whi
h
ontain no wave fun
tion, will 
ollapse. But if this doesnot happen and the bubbles 
ontaining only a fra
tionof the wave fun
tion are stable, these should be smallerthan the NEB and 
ould provide an explanation of theexoti
 ions. Sin
e the fra
tion of the wave fun
tionending up in a bubble 
ould have any value, this the-ory 
ould explain the 
ontinuous distribution of mobil-ity. In addition, it has been pointed out [27℄ that thereis a me
hanism that 
ould lead to bubbles 
ontainingparti
ular dis
rete fra
tions of the wave fun
tion, andthis might explain the 18 ions with dis
rete values ofmobility.In this paper, we dis
uss how the possible exper-iments may allow distinguishing between these threemodels. 2. THEORETICAL MODELShikin has written an ex
ellent review of the prop-erties of ions in liquid helium [24℄, and more re
entlythere have been detailed 
al
ulations for ions of par-ti
ular interest [28�33℄. We �rst review a pro
edurefor 
al
ulating the properties of a normal ele
tron bub-

ble. As already mentioned, the size of an NEB 
an beestimated from the expression for the energy given inEq. (1). However, there are some limitations of thisformula.(a) The ele
tron wave fun
tion penetrates into thebubble wall. This is negle
ted in the derivation ofEq. (1).(b) In Eq. (1), the energy of the bubble surfa
e istaken to be the surfa
e area times the surfa
e tension asmeasured in a ma
ros
opi
 experiment. There shouldbe 
orre
tions to the energy due to the 
urvature of thesurfa
e, and also be
ause the intera
tion of the ele
tronwith the helium would modify the density pro�le of thesurfa
e.(
) Equation (1) does not a

ount for any variationof the surfa
e energy per unit area with the pressure inthe bulk liquid.(d) The ele
tri
 �eld of the ele
tron polarizes the liq-uid surrounding the bubble and gives an inward for
eredu
ing the size of the bubble.These e�e
ts 
an be taken into a

ount by using adensity fun
tional for the helium. In previous work [6℄,we have used a simple density-fun
tional model to 
al-
ulate the properties of a normal ele
tron bubble allow-ing for these e�e
ts. The S
hrödinger equation for theele
tron was taken to be� ~22m r2 + V  = Eel ; (5)where the potential V (r) was given by Uint�(r), with�(r) being the helium density at position r. The 
oe�-
ient Uint was set to have the value 1:1 �10�11 
m5�s�2,su
h that the potential a
ting on the ele
tron when it isin bulk helium at zero pressure is 1 eV. The free energyof the nonuniform liquid was taken to be [6℄Z �f(�) + �jr�j2� dV; (6)where f(�) is the free energy per unit volume of theliquid with a uniform density �, and the term �jr�j2is the extra energy per unit volume present when thereis a gradient in density. The fun
tion f(�) was deter-mined by making a �t to the sound velo
ity at positivepressures; the details of this are given in the Appendix.The pressure is related to f byP = �f + ��f�� : (7)The plots of the variations of f(�) and P (�) with � arepresented in Fig. 2.1260
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Fig. 2. (a) Pressure as a fun
tion of density, and (b ) energy per unit volume as a fun
tion of densityIt 
an be shown [6℄ that in this model, the densityof the liquid satis�es the equationr2� = 12� " �f�� � �f�� �����=�1 + Uintj j2# ; (8)where �1 is the density of bulk liquid and � is a param-eter related to the surfa
e tension (see the Appendix).Thus, to �nd the energy of the ele
tron and the densitydistribution of the liquid around the bubble, we have tosolve two 
oupled di�erential equations (Eqs. (5) and(8)) with appropriate boundary 
onditions. The solu-tion of these equations is straightforward to �nd by nu-meri
al methods. This 
al
ulation has been improvedin Ref. [34℄ through the use of a more sophisti
ateddensity fun
tional s
heme1). On
e the density pro�learound the NEB was 
al
ulated, it was possible [34℄ to�nd the photon energies E1S�1P and E1S�2P requiredto ex
ite the ele
tron from the ground 1S state to the1P and 2P states. These energies were 
al
ulated forliquid pressures up to the freezing pressure. The re-sults were in ex
ellent agreement with experiment [3�5℄.More re
ent 
al
ulations suggest that there may also bea loosely bound 3P state [35℄2). However, the proper-ties of this state are very sensitive to the exa
t heightof the barrier provided by the helium, but this heighthas a substantial un
ertainty [1℄. In a subsequent pa-per, the same model was used to 
al
ulate the negative1) Note that in these 
al
ulations, the e�e
t of the polarizationenergy was not in
luded.2) In addition the matrix element to this state is very small.

pressure P
 at whi
h the NEB be
ame unstable againstexplosion [36℄.One would like to extend this type of 
al
ulation to�nd the size of a bubble 
ontaining a negative impu-rity ion. However, this appears to be di�
ult. Ideally,su
h a 
al
ulation needs to take a

ount of (a) the Vander Waals attra
tion between the ion 
ore and the liq-uid helium, (b) the polarization of the liquid due tothe 
harge of the extra ele
tron, (
) the intera
tion ofthe extra ele
tron with the ion 
ore, (d) the repulsiveintera
tion between the ele
tron with the surroundinghelium, and (e) the surfa
e energy of the helium. Usinga density fun
tional approa
h, it would be straightfor-ward to in
lude all of these e�e
ts ex
ept (
), the in-tera
tion of the extra ele
tron with the ion 
ore. Oneapproa
h would be to model this intera
tion by meansof some form of pseudo-potential and set the strengthof this potential so as give the 
orre
t magnitude for theele
tron a�nity, i. e., so as to give the 
orre
t bindingof the �last ele
tron� to the free atom. This would seeman appropriate approa
h be
ause one expe
ts that theele
tron with the weakest binding to the atom wouldgenerally have a wave fun
tion that extends out the fur-thest and is therefore most important in pushing thehelium away and determining the radius of the bub-ble. However, this is 
ompli
ated be
ause for di�erentatoms, the last ele
tron 
an be in states of di�erentangular momentum. For most atoms, the angular mo-mentum is nonzero3), and hen
e the shape of the bubblein helium would be nonspheri
al.3) For a review of negative ions, see [37℄.1261
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Fig. 3. Bubble radius on the �ssion model as a fun
tionof the fra
tion F de�ned in the text (rs is the radiusat whi
h the helium density �rst be
omes nonzero andr1=2 is the radius at whi
h the density equals half ofthe bulk density)3. RESULTS AND DISCUSSIONFor the reasons just dis
ussed, we restri
t atten-tion to detailed 
al
ulations for the �ssion model4). Wesolve Eqs. (5) and (8) with  normalized su
h that theintegral of j j2 takes a value F that is less than unity.Results for the bubble radius as a fun
tion of F areshown in Fig. 3; these results are for the ele
tron in thelowest-energy 1S state. Examples of the density pro�learound the bubble and the ele
tron wave fun
tion areshown in Fig. 4. We then 
al
ulate the energies of the1P and 2P states using the helium density pro�le foundfor the 1S state5). The photon energies needed for ex-
itation to the 1P and 2P states are plotted in Fig. 5and the dependen
e of the 
riti
al explosion pressureon F is shown in Fig. 6.We now want to dis
uss how 
omparisons of the re-sults of the 
al
ulations in this paper with experimentmay be used to test the di�erent possible theories ofthe exoti
 ions.We �rst note that the mobility measurements are oflimited use in testing the theories. For ea
h exoti
 ion,one 
an use the mobility to estimate the radius. As a�rst approximation, it is expe
ted that the mobility ofan ion should be inversely proportional to the square4) We do not in
lude the e�e
t of the polarization energy inthese 
al
ulations sin
e it is a small e�e
t.5) The 
al
ulation of E1S�1P and E1S�2P is based on theFran
k�Condon prin
iple.
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Fig. 4. Helium density pro�le �(r) and the ele
tronwave fun
tion  (r) for di�erent values of the fra
tionF dis
ussed in the text. In ea
h part of the �gure, thewave fun
tion  has been s
aled to have the value 0:1at the originof the radius. Thus, for a parti
ular exoti
 ion withmobility �i, one 
an estimate the radius asRi = RNEBr�NEB�i ; (9)where �NEB and RNEB are the mobility and the radiusof the NEB. At �rst sight, it might appear possible to
ompare this radius with the results presented in Fig. 3.However, the a

ura
y of formula (9) is unknown. Forexample, Eq. (9) takes no a

ount of the e�e
tive massof the ion, while it is well known that the mobility ofan ion moving through a gas of atoms depends on themass of the ion (see, for example, [38℄). For positive im-purity ions in helium, the e�e
t of a mass variation has1262



ÆÝÒÔ, òîì 146, âûï. 6 (12), 2014 Opti
al and me
hani
al properties of ele
tron bubbles : : :

1S → 1P

1S → 2P

0 0.2 0.4 0.6 0.8 1.0

F

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
E

x
c
it
a
ti
o
n

e
n
e
rg

y
,
eV

Fig. 5. Photon energies for the 1S to 1P and 1S to 2Ptransitions a

ording to the �ssion model as a fun
tionof the fra
tion F de�ned in the text. The 
urve forthe 1S to 2P transition terminates when the 2P state
eases to be bound in the bubble
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Fig. 6. Criti
al pressure P
 at whi
h a bubble explodesas a fun
tion of the fra
tion F de�ned in the textbeen expli
itly demonstrated in [39℄ by means of ex-periments with di�erent isotopes of 
al
ium. Even if aradius 
ould be estimated from Eq. (9), it would not be
lear how to relate this to the theoreti
al 
al
ulationsmade in this paper. Should this radius be 
omparedwith the 
al
ulated rs, or with r1=2, or something else?As far as we 
an see, the most important results 
om-ing from the mobility experiments are that there areat least 18 ions with di�erent mobility and that thereare, in addition, ions with a 
ontinuous distribution ofmobility.
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Pc, barFig. 7. The variation of the ex
itation energies E1S�1Pand E1S�2P as a fun
tion of the 
riti
al explosion pres-sure P
 as found from the �ssion modelMeasurements of the opti
al absorption would pro-vide the following information.1. For the �ssion model, a measurement of eitherE1S�1P or E1S�2P would determine the value of thefra
tion F . The 
al
ulations presented here would thengive a de�nite predi
tion for the other energy and wouldprovide a test of the theory.2. In the �ssion model, the bubble is spheri
al. Fora spheri
al bubble, the transitions are limited to �l == �1 and the matrix element for a transition to the3P state (if it is indeed a bound state) is very small.Hen
e, there should be only two photon energies that
an be absorbed, and if more than two photon energiesare found, this indi
ates that the �ssion model must bein
orre
t.Measurements of the explosion pressure 
ould beused to determine the fra
tion F in the �ssion model.Using the results of measurements of P
 in 
onjun
tionwith opti
al measurements would provide mu
h morestringent tests. In Fig. 7, we show how the ex
itationenergies E1S�1P and E1S�2P are predi
ted to varywith the explosion pressure P
 based on the �ssionmodel.It is a great pleasure to 
ontribute this arti
le tothe Fests
hrift for Alexander Andreev, and we wishhim many more years of happy s
ien
e. We thankM. Barran
o, L. N. Cooper, and G. M. Seidel for help-ful dis
ussions. This work was supported in part bythe United States National S
ien
e Foundation underGrant No.DMR 0965728.1263
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tion f(�) was estimated by themethod des
ribed in Ref. [40℄. The estimate used theresults for the pressure dependen
e of the sound velo
-ity as measured in [41℄. We have applied a small 
orre
-tion to the formulas for f(�) given in Ref. [40℄ be
ausein that paper the pressure was in
orre
tly taken to bein bars whereas in [41℄, in fa
t, atmospheres were usedas the unit of pressure [42℄. With this 
hange, we �ndf(�) = f
 + (�� �
)f1 + (�� �
)3f3 ++(�� �
)4f4; � < �
;f(�) = b29 ��36 � �
�2 + �2
� log �+ s� ++ �3
3 � 9P
b2 � ; � > �
; (A.1)where, in 
gs units,�
 = 0:0941561; P
 = �9:64803 � 106;b = 1:40243 � 106; s = 2:43656 � 10�2;f
 = �1:12213 � 107; f1 = �2:21646 � 108;f3 = 2:12317 � 1010; f4 = 1:02739 � 1011: (A.2)The parameter � is related to the surfa
e tension bythe formula� = 2 �0Z0 p� [f(�)� (�=�0)f(�0)℄ d�; (A.3)where �0 is the density of the liquid at zero pressure.This relation 
an be used to set the value of �. At thetime of publi
ation of Ref. [40℄, the a

epted value [43℄of � was 0.355 erg�
m�2, whi
h gave the result � == 6:8 � 10�7 g�1�
m7�s�2. Sin
e then, the a

eptedvalue has 
hanged [27℄ to 0.375 erg�
m�2, whi
h leadsto the value � = 7:5516 � 10�7 g�1�
m7�s�2.REFERENCES1. a) M. A. Woolf and G. W. Ray�eld, Phys. Rev. Lett.15, 235 (1965); b) W. T. Sommer, Phys. Rev. Lett.12, 271 (1964).2. P. Ro
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