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eived February 13, 2013We show that the quantum state of a multiverse made up of 
lassi
ally dis
onne
ted regions of the spa
e�time,whose dynami
al evolution is dominated by a homogeneous and isotropi
 �uid, is given by a squeezed state.These are typi
al quantum states that have no 
lassi
al 
ounterpart and therefore allow analyzing the violationof 
lassi
al inequalities as well as the EPR argument in the 
ontext of the quantum multiverse. The thermody-nami
al properties of entanglement are 
al
ulated for a 
omposite quantum state of two universes whose statesare quantum me
hani
ally 
orrelated. The energy of entanglement between the positive and negative modesof a s
alar �eld, whi
h 
orrespond to the expanding and 
ontra
ting bran
hes of a phantom universe, are also
omputed.DOI: 10.7868/S00444510140100521. INTRODUCTIONIn quantum opti
s, there are quantum states thatviolate some inequalities that should be satis�ed inthe 
lassi
al theory of light. The e�e
t of photon an-tibun
hing, the violation of the Cau
hy�S
hwartz in-equality and, �rst and foremost the violation of Bell'sinequalities, 
learly reveal the 
orpus
ular nature of thephoton and the existen
e of nonlo
al 
orrelations in thequantum state of the ele
tromagneti
 �eld [1℄. Thus,quantum states with no 
lassi
al analogue allow bet-ter understanding the distinguishing 
on
ept of 
om-plementarity and the nonlo
al 
hara
ter of quantumtheory.The interpretation of su
h non
lassi
al states in the
ontext of the quantum multiverse would be signi�-
antly di�erent from that given in quantum opti
s.First, there is no need of a 
ommon spa
e�time amongthe universes of the multiverse, and hen
e the 
on
eptsof 
omplementarity and nonlo
ality have to be revisedor extended. One of the aims of this paper is the anal-ysis of su
h an extension. Se
ond, we do not observe*E-mail: salvarp�ima�.
fma
.
si
.es

other universes rather than ours, and therefore the non-
lassi
ality of the multiversal states 
an only be inferredfrom the properties of our single universe.The other aim of the paper is to study the ther-modynami
s of entanglement of a pair of universeswhose quantum me
hani
al states are entangled. Asit is well known, entanglement is a quantum featurewithout a 
lassi
al analogue. A
tually, gravitationaland 
osmi
 entanglement are 
learly related to quan-tum e�e
ts that have no 
lassi
al 
ounterpart be
ausethey 
an be related to the origin of the bla
k hole ther-modynami
s [2, 3℄, and, on 
osmologi
al grounds, tothe 
urrent a

elerated expansion of the universe [4, 5℄.Quantum entanglement 
an also be 
onsidered betweenthe modes of matter �elds that belong to di�erent uni-verses in a multiverse that shares a 
ommon spa
e�time [6, 7℄. Therefore, the entanglement between thestates of two universes in a more general multiverses
enario also provides us with quantum e�e
ts havingno 
lassi
al analogue, one of whi
h 
ould be the smallvalue of the 
osmologi
al 
onstant nowadays [8℄.The origin of the inter-universal entanglement is aquestion that deserves a better understanding of thephysi
al pro
esses that o

ur in the multiverse. Itmight well be that the universes of the multiverse 
ould43
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reated in pairs [9℄, some of whi
h 
ould stay in anentangled state, or it 
ould also be that inter-universalentanglement is a reli
 e�e
t of a dimensional redu
-tion from any multidimensional theory. We 
an gener-ally 
onsider the existen
e of entangled states betweentwo or more universes in any multiverse s
enario. Thekey question is whether inter-universal entanglement
an have dynami
al or thermodynami
al 
onsequen
esin the properties of ea
h single universe. That wouldmake the whole multiverse proposal testable.On the other hand, the quantum multiverse is a newparadigm that requires introdu
ing statisti
al bound-ary 
onditions in 
osmology. These 
an be given, forinstan
e, by imposing a 
onstant number of universesin the multiverse, a 
onstant energy or a 
onstant en-tropy, 
onditions that 
an be partially determined bythe 
hoi
e of the representation taken to des
ribe thestate of single universes. The representation plays asigni�
ant role in the degree of entanglement betweenthe universes (des
ribed by that representation) and,thus, the boundary 
ondition imposed on the state ofthe whole multiverse also determine, at least partially,the degree of entanglement between di�erent universes.The outline of the paper is as follows. In Se
. 2, wespe
ify the multiverse s
enario that we dis
uss in the
ontext of a third-quantization formalism. A general-ized quantum formulation of thermodynami
s is ana-lyzed in Se
. 3. In Se
. 4, some examples of entan-gled and squeezed states in the 
ontext of the quantummultiverse are 
omputed and their thermodynami
almagnitudes are 
onsidered of entanglement for di�er-ent 
ases. The possible violation of 
lassi
al inequalitiesand the analog of the EPR argument in the multiverseare analyzed in Se
. 5. Finally, in Se
. 6, we draw sometentative 
on
lusions and make further 
omments.2. THE MULTIVERSE SCENARIO IN THETHIRD-QUANTIZATION FORMALISMDi�erent multiverse s
enarios 
an be found in theliterature [7; 10�12℄ and, therefore, it is �rst needed tospe
ify the model of the multiverse we are dealing with.Pre
isely, we shall 
onsider the multiverse formed bydi�erent regions of the spa
e�time whi
h are 
ausallydis
onne
ted from ea
h other: (i) be
ause the existen
eof 
osmi
 singularities, like it happens in a phantom-dominated universe [13, 14℄ where the big-rip singular-ity splits the whole spa
e�time into two dis
onne
tedpie
es, (ii) be
ause the very de�nition of the wholespa
e�time manifold entails a nonsimply topology, likeit would happen in a multiverse formed by a dis
on-

ne
ted set of n simply-
onne
ted regions of spa
e- time;or (iii) be
ause the existen
e of a quantum barrier thatmakes meaningless any 
ausal relationship between dif-ferent regions of the spa
e�time. Ea
h simply-
onne
-ted region of the spa
e�time will then be 
onsidered asingle universe throughout this paper1).From a 
lassi
al standpoint, we should just 
onsiderthe 
ausal pie
e of the spa
e�time that we inhabit andregard the rest of the manifold as not being physi
allyadmissible. However, and this is one of the main 
laimsof the present work, there might be quantum 
orrela-tions among the otherwise dis
onne
ted regions of thespa
e�time (similarly to how quantum 
orrelations mayappear in the 
omposite state of two distant parti
les),whi
h would have observable 
onsequen
es on the prop-erties of our single universe. In that 
ase, other uni-verses di�erent from ours should also be 
onsidered tophysi
ally des
ribe the universe.In that 
ontext, the natural formulation of thequantum multiverse is a third-quantization s
heme[15�17℄, where 
reation and annihilation operators ofuniverses 
an be de�ned and a many-universe des
rip-tion of the wave fun
tion of the multiverse 
an be givensimilarly to the many-parti
le des
ription naturallyarising in quantum �eld theory. The basi
 idea of thethird-quantization formalism is to 
onsider the wavefun
tion of the universe as a �eld that propagates in thesuperspa
e of geometries and matter �elds and, then,to study the state of the multiverse as quantum �eldtheory in the superspa
e. Su
h a quantum �eld the-ory is not well-de�ned in the general superspa
e. Butin the 
ase of a homogeneous and isotropi
 spa
e�timeminimally 
oupled to n s
alar �elds, ' � ('1; : : : ; 'n),the Wheeler�De Witt equation 
an be written as [18℄�� ~2p�G�A �p�GGAB�B�+ V(qA)��(qA) == 0; (1)where �(qA) � �(a;')is the wave fun
tion of the universe, whi
h is de�nedon the 
on�guration variablesfqAg � fa;'g;the potential V(qA) is given byV(qA) = a3�� a+ a3(V1('1) + : : :+ Vn('n));1) Of 
ourse, other multiverse s
enarios 
an also be posedwithin ea
h single universe of the quantum multiverse 
onsid-ered in this paper.44
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alar �eld 'i,and GAB is the inverse of the minisupermetri
GAB = diag(�a; a3; : : : ; a3); (2)whose determinant isG = �a3n+1:Wheeler�De Witt equation (1) 
an be seen as a Klein�Gordon equation in the minisuperspa
e [15�17℄ and theLorentzian signature of the minisupermetri
 (2) allowsus to 
onsider a formal analogy with quantum �eld the-ory in a 
urved spa
e�time with the s
ale fa
tor play-ing the role of a time-like variable of the minisuperspa
eand the s
alar �elds ' � ('1; : : : ; 'n), the spatial 
oor-dinates. The role of the s
ale fa
tor as the time variablewithin a single universe 
an generally be a tri
ky task(see Refs. [18�24℄ for the 
ustomary dis
ussions on thesubje
t). However, we mainly restri
t our attention tolarge parent universes with semi
lassi
al spa
e�timesthat undergo a monotoni
 expansion and for whi
h,therefore, there is a one-to-one 
orresponden
e betweenthe s
ale fa
tor and the 
osmi
 time, given by the Fried-mann equation. In the 
ontext of the multiverse being
onsidered, however, the 
osmi
 time t be
omes mean-ingless and the s
ale fa
tor turns out to be the intrinsi
time-like variable of the minisuperspa
e.Following a des
ription parallel to quantum �eldtheory (see, e. g., Se
. 4.6 in Ref. [25℄), the wave fun
-tion of the whole multiverse is given by the generalizedthird-quantized S
hrödinger equationi~�	(a; �)�a = Ĥ	(a; �) �� �12 Z dn' Æ2	(a; �)Æ�('; a)Æ�('; a) ++12 Z dn'dn��('; a)M(';�; a)�(�; a)	(a; �); (3)where M(';�; a) is the kernel of Eq. (1). The quan-tum state of the multiverse, in whi
h di�erent spe
iesof universes 
an 
oexist, is then given by a linear 
om-bination of produ
t states of the form [26℄	N(a;�) �� 	�1N1(a; �1)	�2N2(a; �2) : : :	�mNm(a; �m); (4)where� � (�1; �2; : : : ; �m); N � (N1; N2; : : : ; Nm);with Ni being the number of universes of type i, rep-resented by the wave fun
tion�i � �(a;'i)

that 
orresponds to a universe that is des
ribed interms of 'i matter �elds and�i � (�i;1; : : : ; �i;k)parameters. For instan
e, it may represent a lands
apeof de Sitter universes with di�erent values �i of theirva
uum energies. The fun
tions 	�iNi(a; �i) in Eq. (4)are then the wave fun
tions of the number eigenstatesof the third-quantized S
hrödinger equationi~ ��a	�iNi(a; �i) = Ĥi(a; �; p�)	�iNi(a; �i); (5)where Ĥi(a; �; p�) is the third-quantized Hamiltonian[17, 26℄ that 
orresponds to ea
h kind of universe, withp� � p�GG0BrB�and rB being respe
tively the third-quantized momen-tum and the 
ovariant derivative in the minisuperspa
e.We note that we 
ould also 
onsider Hamiltonians of in-tera
tion between di�erent spe
ies of universes, addinga more exhaustive phenomenology to the model of themultiverse [8℄.Generally, the 
ustomary interpretation of the wavefun
tion of the multiverse, Eq. (4), is as follows [17℄: we
onsider the expansion of the wave fun
tion in the or-thonormal basis of number states, i. e.,	 =XN 	N(a;�)jNi; (6)and 	N(a0;�) here is the probability amplitude to �ndN universes in the state of the multiverse with the valueof the s
ale fa
tor a = a0. We note that the state givenby Eq. (6) only represents the quantum state of a multi-verse made up of homogeneous and isotropi
 universes.But the homogeneity and isotropy of the universes ofthe multiverse are 
onditions that 
an be assumed inthe �rst approximation if we are dealing with largeparent universes where ma
ros
opi
 observers 
an in-habit. We 
an then assume that quantum state (6) israther general and, indeed, it represents the most gen-eral quantum state of the multiverse in this paper.We then 
onsider a Friedmann�Robertson�Walker(FRW) metri
 whose evolution is dominated by a per-fe
t �uid with the equation of state p = w�, where pand � are the pressure and the energy density of the�uid. We also 
onsider an auxiliary s
alar �eld ' that
an represent the homogeneous and isotropi
 modes ofa matter �eld whose potential is subdominant, at leastas a �rst approximation. This is helpful in analyz-ing the in�uen
e of the inter-universal entanglement in45
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an then be 
onveniently written as~2 ��+ ~2a _�� ~2a2 �00 + !2(a)� = 0; (7)where � � �(a; ') is the wave fun
tion of the universe,with _� � ���aand �0 � ���':The potential term !2(a) is given by!2(a) = !20a2(q�1) � �a2; (8)where !20 is a 
onstant that is proportional to the en-ergy density of the �uid on a given hypersurfa
e�0 � �(a0); q � 32(1� w)parameterizes di�erent kinds of �uids that permeatethe universe, for instan
e, with the values w = �1,w = 0, and w = 1=3, whi
h respe
tively mimi
 ava
uum-like �uid, a dust-like �uid, and a radiation-like�uid, and � = 0;�1 for a spa
e�time with �at, 
losed,and open spatial se
tions, respe
tively. More realisti
degrees of freedom are desirable in Eq. (7). But someinteresting models of the universe 
an already be de-s
ribed by Eqs. (7) and (8), e. g., a �at or a 
losedde Sitter universe withw = �1; !20 � �;� = 0 or � = +1;and a universe with a slow-roll �eld � for whi
h���t � 0with w = �1 and !20 � V (�0).The quantum state of the multiverse 
an then beexpressed in terms of an orthonormal basis of num-ber states jNi that represent the number of universes(see, Eq. (6)). However, di�erent representations 
anbe taken for the number states jNi and it is not 
learat all whi
h one 
an properly represent the number ofuniverses of the multiverse. A boundary 
ondition hasto be imposed on the state of the multiverse in orderto (partially) �x the appropriate representation to be
onsidered.In the multiverse we are dealing with, there is no
ommon spa
e�time among the universes of the multi-verse, and therefore no real observer 
an exist outside

the universes. However, it is expe
ted that the mea-surements performed by an idealized �super-observer�,i. e., someone who lives in the multiverse, would not de-pend on the spatial and temporal properties of a par-ti
ular single universe if these are internal properties ofthe universes with a meaning supplied by a parti
ularreferen
e system. It is then expe
ted that the globalproperties of the multiverse, like the number of uni-verses, would be invariant under 
hanges, for instan
e,in the s
ale fa
tor of a parti
ular single universe. Theboundary 
ondition that the properties of the multi-verse be independent of the value of the s
ale fa
torof a parti
ular single universe then restri
ts the possi-ble representations of universes to the set of invariantrepresentations. These are given by annihilation and
reation operators b̂ and b̂y for whi
h [27℄db̂(y)da = i~ [Ĥ; b̂(y)℄ + �b̂(y)�a = 0: (9)The solution of Eq. (9) is not unique [28℄, but for ea
hsolution, the eigenvalues of an operator 
onstru
tedfrom a 
ombination of invariant operators are indepen-dent of the value of the s
ale fa
tor of a single uni-verse. The boundary 
ondition imposed is therefore anappropriate boundary 
ondition to represent a multi-verse with a 
onstant number of universes, although itis worth noting that it is not the only boundary 
ondi-tion that 
an be imposed on the state of the multiverse.Furthermore, the invariant representation does nothave to be the most appropriate representation to de-s
ribe the state of a singled-out universe from thestandpoint of an internal observer who lives in theasymptoti
 regime of a large 
lassi
al universe. Wetherefore 
onsider two representations: the invariantrepresentation indu
ed by the boundary 
ondition,whi
h is imposed on the state of the whole multiverse,and the asymptoti
 representation that des
ribes thestate of one single universe from the standpoint of aninternal observer. We then show that both representa-tions are related by a Bogoliubov transformation, whi
hentails entanglement e�e
ts between the states of twouniverses.Like in quantum opti
s [1℄ and quantum gravity [9℄,entanglement among the states of two or more universes
an be seen as a quantum feature that has no 
lassi
al
ounterpart be
ause it is a feature that does not appearin a 
lassi
al multiverse of 
ausally dis
onne
ted uni-verses. But it is worth noting that the universes we aredealing with are large regions of spa
e�time where itbehaves 
lassi
ally, and therefore the quantum e�e
tswe are des
ribing are not quantum properties of thespa
e�time of a single universe, i. e., we are dealing not46
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h but with novel featuresthat ex
lusively appear in the quantum multiverse.3. QUANTUM THERMODYNAMICS IN THEMULTIVERSEIn quantum information theory, the generation ofquantum entanglement follows some formal analogieswith respe
t to the 
lassi
al formulation of thermo-dynami
s [29�33℄. In parti
ular, the impossibility ofin
reasing the amount of entanglement in a bipartitesystem by means of lo
al operations and 
lassi
al 
om-muni
ations alone has been 
laimed to be an analogueof the se
ond prin
iple of thermodynami
s in quantuminformation theory [29℄. This and other parallelismshave motivated the sear
h for a quantum formulationof the thermodynami
s of entanglement [29, 31, 32, 34℄that would generalize the 
lassi
al formulation of ther-modynami
s mu
h as quantum theory is a more generalframework from whi
h the 
lassi
al one 
an be re
ov-ered as a parti
ular limit 
ase.The multiverse s
enario allows 
onsidering entan-gled states among the states of two or more universesand 
omputing the thermodynami
al properties of en-tanglement between them. Inter-universal entangle-ment might then have observable 
onsequen
es in thethermodynami
al properties of a single universe if therelation between the quantum formulation of the ther-modynami
s of entanglement and the 
lassi
al formu-lation of thermodynami
s is eventually found. Thatwould represent a major a
hievement for testing themultiverse s
enario.We �rst dis
uss the basi
s of the thermodynam-i
s of entanglement in the multiverse. FollowingRefs. [30, 33℄, we de�ne thermodynami
al quantitiesfor a 
losed system that is quantum me
hani
ally rep-resented by a density matrix �̂, with the dynami
s de-termined by a Hamiltonian operator Ĥ :E(a) = Tr��̂(a)Ĥ(a)� ; (10)Q(a) = aZ Tr�d�̂(a0)da0 Ĥ(a0)� da0; (11)W (a) = aZ Tr �̂(a0)dĤ(a0)da0 ! da0; (12)where Tr(Ô) means the tra
e of an operator Ô, and, inthe 
ase of the multiverse, the time variable is repla
edby the s
ale fa
tor, whi
h is a time-like variable of theminisuperspa
e. In these de�nitions, E is the quantuminformational analog of energy, Q is the analogue of

heat, and W is the analogue of work. Then the �rstprin
iple of thermodynami
sdE = ÆW + ÆQ; (13)is dire
tly satis�ed. The quantum entropy is 
ustom-arily de�ned by the von Neumann formulaS(�̂) = �Tr (�̂(a) ln �̂(a)) ; (14)where the logarithmi
 fun
tion of an operator must beunderstood as its series expansion, i. e.,S(�̂) = 1Xk=1 1k kXl=0(�1)l kl !Tr ��̂l+1� == �Xi �i ln�i; (15)with �i being the eigenstates of the density matrix, and0 � ln 0 � 0:For a pure state, �̂n = �̂ and �i = Æij for some value j,and therefore the entropy vanishes.It is worthy of note that the quantum thermody-nami
al analogues to energy and entropy are invariantunder a unitary evolution of the state of the multiverse.Using the 
y
li
 property of the tra
e, we 
an writeS(�̂) = 1Xk=1 1k kXl=0(�1)l kl !�� Tr�ÛyS(a)�̂l+10 ÛS(a)� = S(�̂0); (16)and analogously for the energy E if no dissipative pro-
esses are 
onsidered in the dynami
s of the multiverse.Su
h pro
esses 
an make the state of a single universee�e
tively undergo an nonunitary evolution, in
reasingthe entropy of an expanding universe [35, 36℄.The invarian
e expressed by Eq. (16) is not ne
es-sarily appli
able to the heat Q and work W . For in-stan
e, we 
onsider two representations A and B thatwere related by a unitary transformation Û su
h that�̂B = Û �̂AÛy; ĤB = ÛĤAÛy:It then follows that EA = EB and SA = SB . In parti
-ular,ÆQA(a)+ÆWA(a) = Tr���̂A�a ĤA�++Tr �̂A �ĤA�a ! = Tr���̂B�a ĤB�++Tr �̂B �ĤB�a ! = ÆQB(a) + ÆWB(a); (17)47



S. Robles-Pérez, P. F. González-Díaz ÆÝÒÔ, òîì 145, âûï. 1, 2014where we use that _̂UÛy = �Û _̂Uy:However, if Û � Û(a), then it is not ne
essarily truethat ÆQA = ÆQB and ÆWA = ÆWB . In 
lassi
al ther-modynami
s, heat and work, unlike the energy and theentropy, are not fun
tions of state be
ause their valuesdepend on the path of integration of ÆQ and ÆW . Theanalogy in quantum thermodynami
s is that Q and Wdepend on the representation that is taken to 
omputethem.Two terms 
an be distinguished in the 
hange of en-tropy: one due to the variation of heat and the other
aused by an adiabati
 pro
ess, i. e., [18; 30℄dSda = 1T ÆQda + �(a); (18)where the se
ond term �(a) is 
alled produ
tion of en-tropy [30℄. The se
ond prin
iple of thermodynami
sstates that the entropy of a system 
annot de
rease un-der any adiabati
 pro
ess, whi
h is equivalent to sayingthat the produ
tion of entropy must be non-negative,i. e., �(a) � 0: (19)We note that in quantum thermodynami
s of opensystems [18, 30℄, the 
hange of entropy is also expressedas dSdt = �dSdt �ext +�dSdt �int ;where �dSdt �ext = ÆQTis interpreted as the 
hange in the entropy be
ause ofthe intera
tion with an external bath (or reservoir) ata temperature T ; and�dSdt �int � 0is interpreted as the 
hange of entropy be
ause of the
hange in the internal degrees of freedom. But in themultiverse, the terms external and internal have nomeaning be
ause in a 
losed system all the thermo-dynami
al quantities are by de�nition internal to thesystem. We 
an still formally de�ne the thermodynam-i
al quantities in Eqs. (10)�(12) and (14) similarly tohow this is done in open systems, although their in-terpretation is rather di�erent for a 
losed system likethe multiverse. Here, the heat Q and work W 
an-not be interpreted as ways of ex
hanging energy with a
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) in the equation ofstate p = w�. The �rst prin
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reases as the s
ale fa
tor in
reases. However, these
ond prin
iple of thermodynami
s is still satis�ed be-
ause the pro
ess is not adiabati
 and the produ
tionof entropy is zeroreservoir be
ause there is no su
h reservoir. Similarly,the analogue of the temperature T does not representthe temperature of an external bath. All the thermo-dynami
al quantities of a 
losed system are internalproperties of the system.In some appropriate limit, we should re
overthe 
lassi
al formulation of thermodynami
s, whoseparadigmati
 state is a thermal state at a 
onstant tem-perature with the density matrix given by�̂ = 1ZXN exp��~!(a)T �N+12�� jN; aihN; aj; (20)where Z�1 � 2 sh ~!(a)2Tand !(a) = !0~ aq�1is the frequen
y of the Hamiltonian that determines theevolution of one single universe (see Eq. (8)). In that
ase, the thermodynami
al quantities involved in the�rst prin
iple of thermodynami
s (13) turn out to beE(a) = ~!(a)2 
th ~!(a)2T ; (21)

withQ(a) = T �~!(a)2T 
th ~!(a)2T � ln sh ~!(a)2T � ; (22)W (a) = T ln sh ~!(a)2T : (23)It 
an be veri�ed thatdE = ÆQ+ ÆW: (24)For a 
onstant value of the frequen
y, the total energyis also a 
onstant, and thenÆQ = ÆW = 0:In the multiverse, however, the heat produ
tion termÆQ appears be
ause of the dependen
e of the frequen
yon the s
ale fa
tor. Hen
e, the entropyS = ~!(a)2T 
th ~!(a)2T � ln sh ~!(a)2T � ln 2 (25)is no longer 
onstant and the 
hange of entropydS = �~2! _!4T 2 1sh2(~!(a)=2T ) da (26)turns out to be negative as the s
ale fa
tor in
reases.However, the se
ond prin
iple of thermodynami
s isstill satis�ed be
ause the 
hange of entropy 
orrespondspre
isely to the 
hange of heat (divided by the temper-ature T ), and the produ
tion of entropy is thereforezero, � = dSda � 1T ÆQda � 0; (27)as is expe
ted in a 
losed system with no dissipativepro
ess (whi
h we do not 
onsider here). Therefore, these
ond prin
iple of thermodynami
s does not imposeany arrow of time in the 
ase being 
onsidered be
auseit is satis�ed for an expanding universe as well as for a
ontra
ting one, simply be
ause Eq. (27) is identi
allysatis�ed in both 
ases. We note that the 
ustomary ar-row of time appears in 
osmology as a 
onsequen
e oftaking some 
oarse graining over the matter �elds thatwe do not 
onsider here. The relation between the ar-row of time of entanglement thermodynami
s and theusual arrow of time in 
osmology is a subje
t that de-serves further investigation.4 ÆÝÒÔ, âûï. 1 49



S. Robles-Pérez, P. F. González-Díaz ÆÝÒÔ, òîì 145, âûï. 1, 20144. ENTANGLED AND SQUEEZED STATES INTHE MULTIVERSE4.1. FRW universe �lled with a �uid and amassless s
alar �eldWe 
onsider a massless s
alar �eld in a �at FRWspa
e�time whose dynami
s is dominated by a perfe
t�uid with the equation of statep = w�;where p and � are the pressure and the energy densityof the �uid, and w is a 
onstant parameter. A mass-less s
alar �eld ' 
an represent the homogeneous andisotropi
 modes of a lo
al matter �eld whose potentialenergy is subdominant and negligible, in the �rst ap-proximation. Then, with an appropriate fa
tor order-ing [18℄ and res
aling the s
alar �eld to absorb unim-portant 
onstants, the Wheeler�De Witt equation 
anbe written as Eq. (7), with Eq. (8) for � = 0. We re
allthat q � 32(1� w)in Eq. (8) just parameterizes the kind of �uid thatpermeates the universe. We mostly 
onsider the val-ues w = �1, whi
h mimi
s a �at de Sitter spa
e�ti-me with � = !20 , w & �1, whi
h 
orresponds to aquintessen
e-like �uid, and w . �1, whi
h 
orrespondsto a phantom-like �uid. However, we note that theformalism equally applies to any other 
onstant valueof w.In the third-quantization formalism, the wave fun
-tion of the universe is promoted to an operator that
an be de
omposed in normal modes as�̂(a; ') = Z dk heik'Ak(a)
̂yk + e�ik'A�k(a)
̂ki ; (28)where the amplitudes Ak(a) satisfy the Bessel equationa2 �Ak + a _Ak + (~!20a2q + k2)Ak = 0; (29)with _Ak � �Ak�a ; ~!0 � !0~ :The 
onstant operators
̂k �r ~!0k2~ ��̂+ i~!0k p̂�� ; 
̂yk �r ~!0k2~ ��̂� i~!0k p̂��
an respe
tively be interpreted in Eq. (28) as the an-nihilation and 
reation operators of a universe whoseenergy density is proportional to~!20k � ~!20a2q0 + k2;

at the boundary hypersurfa
e�0 � �(a0):The kind of universes 
reated or annihilated by 
̂ykand 
̂k depends on the boundary 
ondition that is im-posed on the probability amplitude Ak(a). If the op-erators 
̂yk and 
̂k in (28) respe
tively 
reate and an-nihilate expanding bran
hes of the universe, then theprobability amplitude Ak is given byAk(a) =r �4q e�k=2qH(2)ik=q �!0q~aq� ; (30)where H(2)� (x) is the Hankel fun
tion of se
ond kindand order �. The normalization 
onstant in Eq. (30) is
hosen su
h that the usual orthonormality 
onditions(�k ; �l) = Ækl; (��k; ��l ) = �Ækl; (�k ; ��l ) = 0; (31)hold for the modes�k(a; ') � eik'Ak(a);with the s
alar produ
t,(�;  ) � �i 1Z�1 d'W�1(��a � �  ���); (32)where W = 1=a is the Wronskian of Bessel equation(29). The modes in Eq. (30) 
orrespond to the expand-ing bran
hes of the universe be
ause in the semi
lassi
alregime [37℄,H(2)� �!0q~aq� � a�q=2e�i=~S
(a); (33)where S
(a) = !0q aqis the 
lassi
al a
tion. Then the momentum operator,whi
h is de�ned by the equationp̂a�(a) � �i~��(a)�a ;is highly peaked around the value of the 
lassi
al mo-mentum [38℄, p
a � �a�a�t ;and it then follows that�a�t � 1a �S
�a ;whi
h 
orresponds to the expanding bran
h of theFriedmann equation.50
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ould have imposed a di�erent boundary 
on-dition on the probability amplitudes Ak(a) su
h thatthe 
reation and annihilation operators, 
̂yk and 
̂k inEq. (28), would 
reate and annihilate entangled pairsof expanding and 
ontra
ting bran
hes of the universe.The modes Ak would then be given by�Ak = �2q� sh k�q ��1=2 J�ik=q �!0q~aq� ; (34)where J�(x) is the Bessel fun
tion of �rst kind andorder �. The two sets of modes are related by the Bo-goliubov transformation�Ak = �kAk + �kA�k ; (35)where �k and �k are given by�k = e�k=q�k; �k = � e��k=q2 sh(�k=q)�1=2 ; (36)with j�kj2 � j�kj2 = 1:The va
uum state of the bar modes, j�0ki, turns out tobe a squeezed state in the representation of the modeswithout bar. The mean value of the number operator�̂Nk � �̂
yk �̂
k;
omputed in the va
uum state j0ki,h0kj �̂Nkj0ki = j�kj2 = 1e2�k=q � 1 ; (37)turns out to represent a thermal distribution with thetemperature given byT � q2��0 � ~kB� ; (38)where q � 32(1� w)and �0 is a 
onstant of dimension s�1. The above ther-mal distribution is formally similar to thermal radia-tion that appears in quantizing a s
alar �eld in a Milneuniverse in the 
ontext of quantum �eld theory in a
urved spa
e�time (see Ref. [39℄). However, unlike forthe Milne universe, it is not 
lear in the 
ase of a multi-verse made up of parent universes whi
h va
uum state
orresponds to a �preferred observer� (i. e., to an adia-bati
 va
uum), be
ause the modes of the wave fun
tionof the universe are de�ned on the minisuperspa
e ratherthan on the spa
e�time variables. For the same reason,it seems di�
ult to estimate T in Eq. (38). However,

the remarkable result is that the universe might stay inthe thermal state as a 
onsequen
e of quantum entan-glement between di�erent bran
hes.Indeed, the interpretation in the multiverse is ratherdi�erent from that of the quantum �eld theory in theMilne universe. The �no-boundary� 
ondition proposedby Hartle and Hawking [40℄ implies that the quantumstate of the universe is des
ribed by a real wave fun
-tion given by the superposition of an expanding and a
ontra
ting bran
h [41℄. Then the universes of the mul-tiverse would be quantum me
hani
ally represented bythe modes �Ak(a) in Eq. (34), and the state of ea
h sin-gle bran
h by the modes Ak(a) and A�k(a) in Eq. (30),for the expanding and the 
ontra
ting bran
hes, respe
-tively.The expanding and the 
ontra
ting bran
hes of theuniverse would subsequently undergo a very e�e
tivede
oheren
e pro
ess [42, 43℄ by means of whi
h theirstates rapidly be
ome 
ausally dis
onne
ted. However,squeezing relation (35) between the two sets of modes�Ak and Ak does not depend on the value of the s
alarfa
tor, and is therefore still valid even when the twosemi
lassi
al bran
hes of the universe are rather inde-pendent from ea
h other. In that 
ase, an observerinhabiting one of the semi
lassi
al bran
hes would de-s
ribe the state of her universe by a redu
ed densitymatrix that is the result of tra
ing out the degrees offreedom of the partner bran
h from the 
omposite stateof the two bran
hes.A parti
ularly interesting 
ase where the 
ausal dis-
onne
tion between the bran
hes of the universe is evenmore expli
it is where the evolution of the universe isdominated by a phantom-like �uid (with w < �1).Then the big rip singularity [13, 44℄ splits the wholespa
e�time manifold into two regions, before and af-ter the singularity. These two regions are 
ausally dis-
onne
ted be
ause of the breaking down of the 
lassi-
al laws of physi
s in the singularity, whi
h preventsea
h region from any physi
al signaling to the part-ner region. The universe expands before the big ripso

urs and 
ontra
ts after it. Therefore, the 
ompos-ite quantum state of the universe is given by a super-position of the expanding and 
ontra
ting bran
hes inEq. (34). However, for an observer inhabiting one ofthe bran
hes, the quantum state of the 
orrespondingbran
h is given by a redu
ed density matrix that isobtained by tra
ing out the degrees of freedom of thepartner region. Within the formal analogy with quan-tum �eld theory in a 
urved spa
e�time [25℄, if a 
om-posite state 
orresponds to the va
uum state j�0k;�ki,then the total density matrix 
an be written as51 4*



S. Robles-Pérez, P. F. González-Díaz ÆÝÒÔ, òîì 145, âûï. 1, 2014�̂ = j�0k;�kih�0k;�k j == 1j�kj2 1Xn;m=0��k�k�n+m jnk; n�kihmk ;m�kj; (39)where the modes k and �k respe
tively 
orrespond tothe expanding and 
ontra
ting bran
hes of the uni-verse. The redu
ed density matrix for the expandingregion before the singularity turns out to be�̂r = Tr�k � == 1Z 1Xn=0 exp ��2�kq �nk + 12�� jnkihnkj; (40)with Z � 1Xn=0 exp��2�kq �nk + 12�� = 2 sh �kq :It represents a thermal state with the temperaturein (38).Using the redu
ed density matrix and the equa-tions developed in this se
tion, we 
an obtain the ther-modynami
al quantities that 
orrespond to thermalstate (40). Entanglement entropy (94) turns out tobeSent = j�kj2 ln j�kj2 � j�kj2 ln j�kj2 == �kq 
th �kq � ln�2 sh �kq � ; (41)whi
h 
oin
ides with Eq. (25) if !k = k and T = q=2�.From Eqs. (??) and (23), we 
an verify that Q = TSent,and the energy and work are given byE = k2 
th �kq ; (42)W = q2� ln sh �kq : (43)The 
hange of the entropy with respe
t to the valueof the mode k for the 
onstant temperature T = q=2�is (see Eq. (26))dSdk = ��2kq2 1sh2 �kq = 1T ÆQdk : (44)Therefore, the produ
tion of entropy � is zero. In that
ase, the energy of entanglement 
an be identi�ed withthe heat Q, i. e.,Eent = Q = k2 
th �kq � q2� ln�2 sh �kq � ; (45)
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Fig. 3. Energy of entanglement between the positiveand negative modes k of the s
alar �eld, Eq. (45), fordi�erent values of the parameter w of the equation ofstate of the �uid that dominates the expansion of theuniverse: w = �1 (solid line), �0:6 (dashed line), 0(dotted line)where q = 32(1� w);with w being the proportionality 
onstant of the equa-tion of state of the �uid that dominates the expan-sion of the universe, p = w�̂ (we re
all that q = 3 forva
uum-dominated universes). The energy of entan-glement is depi
ted in Fig. 3 for di�erent values of theparameter w.Similar results should be expe
ted for a 
losed FRWspa
e�time be
ause the geometri
 term in Eq. (8) be-
omes negligible for large values of the s
ale fa
tor. Fur-thermore, the squeezing relation given by Eq. (35) doesnot depend on the value of the s
ale fa
tor, and it 
antherefore be expe
ted that the entanglement betweenthe bran
hes of the universe also survives at small val-ues of the s
ale fa
tor.We 
onsider the parti
ular 
ase of a massless s
alar�eld in a 
losed de Sitter spa
e�time endowed with a
osmologi
al 
onstant �. Then the Wheeler�De Wittequation 
an be written as Eq. (7) with� = 1; q = 3; !20 � �in Eq. (8):~2 ��+ ~2a _�� ~2a2 �00 + (�a4 � a2)� = 0; (46)where we re
all that� � �(a; '); _� � ���a ; �0 � ���':52
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Σ′

EuclideanFig. 4. The 
reation of a de Sitter universe from ade Sitter instantonThe probability amplitude of wave fun
tion (28),Ak(a), now satis�es the equation of a damped harmoni
os
illator,~2 �Ak(a) + ~2a _Ak(a) + !2k(a)Ak(a) = 0; (47)with the mode-dependent frequen
y !k(a) given by!k(a) =r�a4 � a2 + ~2k2a2 : (48)The 
orresponding Friedmann equation for ea
h sin-gle mode turns out to be�a�t = !k(a)a ;and hen
e real values of frequen
y (48) essentially de-�ne a Lorentzian domain of the wave fun
tion of a sin-gle universe, and 
omplex values de�ne the Eu
lideanregion of the universe. We �rst 
onsider the zero-modewave fun
tion, i. e., k = 0. Then, fora > a+ � 1p� ;the solution of the Friedmann equation des
ribes theevolution of a 
losed de Sitter spa
e�time with an even-tual exponential expansion of the s
ale fa
tor with theFriedmann time, a(t) � ep�t:For a < a+, the solution of the Eu
lidean Friedmannequation 
orresponds to a de Sitter instanton that even-tually 
ollapses at the Eu
lidean time � = 0 (see Fig. 4).This is the 
ustomary pi
ture of a de Sitter universe
reated from a de Sitter instanton [18; 19; 45; 46℄.Other modes di�erent from zero should also be 
on-sidered [47℄; the quantum 
orre
tion given by the last
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universe

Σ′

Σ′′Fig. 5. Before rea
hing the 
ollapse, the instanton �ndsthe transition hypersurfa
e �00
Σ′′

2 = Σ′′

1

Σ′

2 Σ′

1

Euclidean double
instanton

Entangled
universe 2

Entangled
universe 1

Fig. 6. The 
reation of a pair of entangled universesfrom a pair of instantonsterm in Eq. (48) then introdu
es an important di�er-en
e. For km > k > 0;where k2m � 427~2�2 ;there are two transition hypersurfa
es from the Eu-
lidean to the Lorentzian region,�0 � �(a+); �00 � �(a�);with a+ � 1p3�s1 + 2 
os��k3 �; (49)a� � 1p3�s1� 2 
os��k + �3 �; (50)where, in units for whi
h ~ = 1,�k � ar
tg 2kpk2m � k2k2m � 2k2 : (51)The pi
ture is then rather di�erent from the one de-pi
ted in Fig. 4. First, on the transition hypersurfa
e53
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lidean region (we notethat a+ ! 1=p�, and a� ! 0 as k ! 0). However,before rea
hing the 
ollapse, the Eu
lidean instanton�nds the transition hypersurfa
e �00 (see Fig. 5). Then,following a me
hanism that parallels that proposed inRefs. [48�50℄, two instantons 
an be mat
hed by iden-tifying their hypersurfa
es �00 (see Fig. 6). A doubleinstanton like the one depi
ted in Fig. 6 would eventu-ally give rise to an entangled pair of universes be
ausethe mat
hing hypersurfa
e�00 � �00(a�);where a� � a�(�k)is given by Eq. (50) with Eq. (51), depends on the valueof the mode k. Hen
e, the mat
hed instantons 
an onlybe joined for an equal value of the mode of their respe
-tive s
alar �elds, i. e., for an equal value of the momen-tum of the s
alar �eld. The pair of universes 
reatedfrom su
h a double instanton is then entangled, withthe 
omposite quantum state given by�I;II = Z dk [exp (ik('I + 'II )) ��AI;k(a)AII;k(a)
̂yI;k 
̂yII;k + exp (�ik('I + 'II ))�� A�I;k(a)A�II;k(a) 
̂I;k 
̂II;k� ; (52)where 'I and 'II are the values of the s
alar �elds ofea
h single universe, labeled I and II . The 
ross termslike AI;kA�II;k 
annot be present in the state of the pairof universes be
ause of orthonormality relations (31).Then the 
omposite quantum state must ne
essarilybe the entangled state represented by Eq. (52).We note that this is a quantum e�e
t having no
lassi
al analogue be
ause the quantum 
orre
tion termin Eq. (48) does not appear in the 
lassi
al theory.Furthermore, we also note that there is no Eu
lideanregime for k � km, and it 
an therefore be assumed thatno universes were 
reated from the spa
e�time foamwith su
h values of the mode. The value km wouldthen be
ome the natural 
ut-o� of the theory.For ea
h single universe of the entangled pair, weshould expe
t a behavior similar to that in the 
ase ofa �at spa
e�time, at least for large values of the s
alefa
tor. However, Eq. (47) is not exa
tly solvable. Fora s
ale fa
tor a� a�, the quantum 
orre
tion term inEq. (48) 
an be disregarded and the WKB approxima-tion 
an be 
onsidered. Then the solutions of Eq. (47)are given, up to the order ~, byAk(a) � 1p2a!(a) exp�� i~S
(a)� ; (53)

where !(a) � !k=0(a)and S
(a) = aZ da0 !(a0) = (a2�� 1)3=23� (54)is the solution of the 
orresponding Hamilton�Ja
obiequation. However, the dependen
e on the mode k hasdisappeared in WKB approximation (53) and no ex-pli
it 
omputation 
an be made to relate the di�erentmodes of the s
alar �eld for di�erent boundary 
ondi-tions.4.2. Slowly varying �eld in a 
losed FRWspa
e�timeWe now 
onsider the 
ase of a slowly varying �eldin a 
losed FRW spa
e�time. In that regime,�'�t � 0; V (') � V ('0);and Wheeler�De Witt equation (7) 
an be written as��(a; '0) + _MM _�(a; '0) + ~!2�(a; '0) = 0; (55)where _M� �M�a ; M�M(a) = aand ~! � ~!(a; '0) = a~pa2V ('0)� 1:The Wheeler�De Witt equation is expli
itly writtenin form (55) to stress the formal similarity with theequation of a damped harmoni
 os
illator with a time-dependent frequen
y, where the s
ale fa
tor formallyplays the role of the time variable of the minisuperspa
espanned by the variables (a; '). The term with �00 inEq. (7) does not appear in Eq. (55) be
ause it 
omesfrom the quantization of the 
lassi
al momentump' / �'�t ;whi
h is zero in the slow-roll approximation.Following the analogy between Wheeler�De Wittequation (55) and the standard equation for the har-moni
 os
illator, we 
an use di�erent representationsto des
ribe the quantum state of the multiverse. How-ever, as is well known, the Hamiltonian of a harmoni
os
illator with a time-dependent frequen
y is not aninvariant operator [27℄, and its eigenstates evolve assqueezed states [27; 51�56℄. The representation given54
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 os-
illator (55) is not an appropriate representation fordes
ribing a given number of universes in the multi-verse be
ause the number of universes of the multiversewould then depend on the value of the s
ale fa
tor of aparti
ular single universe. Similarly, the representation
hosen in Se
. 2 in terms of the 
onstant operators 
̂kand 
̂yk, de�ned after Eq. (28), is not an appropriatenumber representation be
ause the eigenvalues of the
onstant number operatorN̂k � 
̂yk 
̂kare not s
ale-fa
tor invariant either, a property whi
his expe
ted in the multiverse.The boundary 
ondition of the multiverse that thenumber of universes does not depend on the value of thes
ale fa
tor of a parti
ular single universe determinesthe representation that has to be 
hosen. This has tobe an invariant representation [27, 28℄. For instan
e,we 
onsider the invariant representation de�ned by theannihilation and 
reation operators [28℄b̂(a) = ip~ �u�p̂� �M _u��̂� ; (56)b̂y(a) = �ip~ �up̂� �M _u�̂� ; (57)where u(a) = 1p2R(a)e�i�R(a);with R(a) satisfying the auxiliary equation�R+ _MM _R+ ~!2R = 1M2R3 ; (58)and _�R = 1MR2 :It 
an be veri�ed that a solution of Eq. (58) is given byR =q�21 + �22;where �1 and �2 are two linearly independent solutionsof Eq. (55) satisfying the normalization 
ondition�1 _�2 � �2 _�1 = 1M :In the WKB approximation, they 
an be 
hosen as�1(a; '0) � 1pM~! 
os S
~ ;�2(a; '0) � 1pM~! sin S
~ ; (59)

where S
 = (a2V ('0)� 1)3=23V ('0) ;when
e R � 1pM~! / V �1=4a�3=2; (60)for large values of the s
ale fa
tor. The operators de-�ned in Eqs. (56) and (57) satisfy the usual relationsb̂(a)jN; ai = pN jN � 1; ai; (61)b̂y(a)jN; ai = pN + 1jN + 1; ai; (62)b̂y(a)b̂(a)jN; ai = N jN; ai; (63)where jN; ai are the eigenstates of the invariant opera-tor, Î � b̂y(a)b̂(a) + 12 ;and therefore N 6= N(a). Thus, N 
an be interpretedas the number of universes in the multiverse, and b̂y(a)and b̂(a) as the 
reation and annihilation operators ofuniverses.The 
reation and annihilation operators de�ned byEqs. (56) and (57) 
an be related to the 
reation andannihilation operators 
̂y and 
̂ of the harmoni
 os
il-lator with the 
onstant mass M0 � a0 and frequen
y!0 � !(a; '0)ja=a0by the squeezing transformationb̂(a) = �0
̂+ �0
̂y; (64)b̂y(a) = ��0 
̂y + ��0 
̂; (65)where�0 = ei�R2pM0!0 � 1R +M0!0R� iM _R� ; (66)�0 = ei�R2pM0!0 � 1R �M0!0R� iM _R� ; (67)with j�0j2 � j�0j2 = 1:In quantum opti
s, the squeezed states of light arealso 
alled two-photon 
oherent states [57, 58℄ be
ausethey 
an be interpreted as 
oherent states of an en-tangled pair of photons. This allows interpreting thesqueezed states of the multiverse as the state of a 
or-related pair of universes. We note that in invariantrepresentation (56), (57), the Hamiltonian of the mul-tiverse that leads to Wheeler�De Witt equation (55),i. e., Ĥ = 12M p̂2� + M~!22 �̂2;55
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omesĤ = ~ ���b̂2 + �+(b̂y)2 + �0�b̂yb̂+ 12�� ; (68)where ��+ = �� � M2 � _u2 + ~!2u2� ; (69)�0 �M �j _uj2 + ~!2juj2� : (70)It is worth noting that the Hamiltonian given byEq. (68) is formally equivalent to the Hamiltonian ofa degenerate parametri
 ampli�er in quantum opti
s,whi
h is asso
iated with the 
reation and annihilationof pairs of photons. Similarly, the quadrati
 terms inb̂y and b̂ in Hamiltonian (68) 
an be asso
iated withthe 
reation and annihilation of 
orrelated pairs of uni-verses in the quantum state of the multiverse.We 
an de�ne the 
reation and annihilation oper-ators B̂ and B̂y of pairs of degenerate universes, i. e.,those with the same properties and b̂1 � b̂2, asB̂(a) = 
h r b̂+ exp (�i�=2) sh rb̂y; (71)B̂y(a) = 
h rb̂y + exp(i�=2) sh r b̂; (72)where 
h 2r = �0! ; (73)sh 2r = 2j��j! ; (74)� = i ln �+�� ; (75)and �� and �0 are de�ned in Eqs. (69), (70). In termsof the 
reation and annihilation operators of 
orrelatedpairs of universes, the Hamiltonian is diagonal,Ĥ = ~!�B̂yB̂ + 12� :This 
an be interpreted su
h that the quantum 
orre-lations between the states of the multiverse, whi
h aregiven by the nondiagonal terms in the Hamiltonian,disappear when the universes are 
onsidered in pairs.However, a pair of universes forms an entangled statefor whi
h the thermodynami
al properties of entangle-ment of ea
h individual universe 
an be 
omputed.We now de�ne two other representations with a
lear physi
al interpretation of the state of the mul-tiverse. We 
an 
onsider large parent universes [17℄with a 
hara
teristi
 length of the order of the Hubblelength of our universe. For large values of the s
ale fa
-tor, the nondiagonal terms in Hamiltonian (68) vanish

and the 
oe�
ient �0 asymptoti
ally 
oin
ides with theproper frequen
y of the Hamiltonian [26℄. Equivalently,it 
an be veri�ed that r ! 0 in Eqs. (71) and (72),and therefore the operators B̂y and B̂ are the 
reationand annihilation operators of single universes. Thenthe quantum 
orrelations between the number statesdisappear and, thus, the quantum transitions amongnumber states are asymptoti
ally suppressed for par-ent universes. In terms of the 
reation and annihilationoperators of parent universes, asymptoti
ally de�ned asb̂yp �rM!2~ ��̂� iM! p̂�� ;b̂p �rM!2~ ��̂+ iM! p̂�� ;with M � M(a) and ! � !(a; '0), the invariant 
re-ation and annihilation operators given by Eqs. (56) and(57) are given by b̂(a) = �p b̂p + �p b̂yp; (76)b̂y(a) = ��p b̂yp + ��p b̂p; (77)where �p = ei�R2pM! � 1R +M!R� iM _R� ; (78)�p = ei�R2pM! � 1R �M!R� iM _R� ; (79)with j�pj2 � j�pj2 = 1;and are therefore also related by a squeezing transfor-mation.For 
ompleteness, we also des
ribe the quantum�u
tuations of the spa
e�time of a parent universe,whose 
ontribution to the wave fun
tion of the uni-verse is important at the Plan
k s
ale [60℄. Some ofthese �u
tuations 
an be viewed as tiny regions of thespa
e�time that bran
h o� from the parent universeand rejoin the large regions thereafter; thus, they 
anbe interpreted as virtual baby universes [17℄. In that
ase, M � lb and ! � !b are two 
onstants that aregiven by the 
hara
teristi
 length and energy of thebaby universe. Quantum 
orrelations then play an im-portant role in the state of the gravitational va
uum.This is represented by a squeezed state, an e�e
t that
an be related to that previously pointed out by Gr-ish
hu
k and Sidorov [61℄, who also showed that thesqueezed state of the gravitational va
uum 
an be in-terpreted as the 
reation of gravitational waves in an56
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reation and anni-hilation operators of baby universes,b̂yb �r lb!b2~ ��̂� ilb!b p̂�� ;b̂p �r lb!b2~ ��̂+ ilb!b p̂�� ;invariant representation (56), (57) be
omesb̂(a) = �b b̂b + �b b̂yb; (80)b̂y(a) = ��b b̂yb + ��b b̂b; (81)with �b = ei�R2plb!b � 1R + lb!bR � iM _R� ; (82)�b = ei�R2plb!b � 1R � lb!bR � iM _R� ; (83)and j�bj2 � j�bj2 = 1:We �nally pose the general quantum state of a mul-tiverse made up of pairs of entangled universes. Asnoted in Se
. 2, the universes of the multiverse 
an gen-erally have di�erent values of their parameters. How-ever, these parameters have the same value for an en-tangled pair of universes by the very de�nition of theboundary 
ondition imposed on the state of the wholemultiverse. Then the general quantum state of the mul-tiverse would evolve in a

ordan
e with S
hrödingerequation (5), with the Hamiltonians Ĥi given byĤi(a; �; p�) = ~��(i)� b̂(i)1 b̂(i)2 + �(i)+ (b̂(i)1 )y(b̂(i)2 )y ++ 12�(i)0 �(b̂(i)1 )yb̂(i)1 + (b̂(i)2 )yb̂(i)2 + 1�� ; (84)where �(i)� and �(i)0 are given by Eqs. (69) and (70),and the index i labels the di�erent spe
ies of pairs ofuniverses that 
an be present in the multiverse. In the
ase 
onsidered in this se
tion, it 
an label the di�er-ent values of the e�e
tive va
uum energy determinedby V ('(i)0 ).4.2.1. Energy and entropy of entanglementThe plausible existen
e of entangled and squeezedstates in the 
ontext of a quantum multiverse allow
onsidering general 
orrelated states between two uni-verses. It has to be noted that entanglement is highlydependent on the 
hoi
e of modes, [whi
h℄ is mainly di
-tated by the physi
s of the given situation (
f. Ref. [62,

p. 88℄). We therefore mainly 
onsider two sets of modesin the multiverse: one is given by the invariant repre-sentation in Eqs. (56) and (57), whi
h is 
onsistent withthe boundary 
ondition imposed on the state of a mul-tiverse with a �xed number of universes, and the other
orresponds to the asymptoti
 representation of a largeparent universe like ours, where observers 
an exist. Aswe have seen, these two representations are related bythe squeezing transformation given by Eqs. (76) and(77). For 
ompleteness, we also 
onsider the represen-tation of baby universes given by Eqs. (80) and (81).In both 
ases, the squeezing relations given byEqs. (76) and (80), (81) allow writing the 
ompositestate of two entangled universes as�̂(a) = ÛyS(a)j0102ih0102jÛS(a); (85)where the evolution operator is the squeezing operatorgiven byÛS(a) = exp�r(a)ei� b̂1b̂2 � r(a)e�i� b̂y1b̂y2� ; (86)with r(a) and �(a) being the squeezing parameters thatdepend on the value of the s
ale fa
tor. In Eq. (85),j0102i � j01ij02i;with j01i and j02i being the ground states of ea
h sin-gle universe in their asymptoti
 representations. We�rst obtain the thermodynami
al properties of entan-glement in terms of the squeezing parameters r and �,and then 
ompute the value of these parameters forbaby and parent universes and their thermodynami
alproperties of entanglement.The redu
ed density matrix for ea
h single universeis given by�̂(1;2) � Tr(2;1) �̂ = 1XN(2;1)=0hN(2;1)j�̂jN(2;1)i: (87)We note that N(2;1) in Eq. (87) does not label the uni-verses be
ause it is not an eigenvalue of the numberoperator in the invariant representation. Instead, itrepresents the ex
itation level of one single universe asseen by an internal observer [63℄. We fo
us, for in-stan
e, on universe 1 (they both are identi
al anyway).Its state is then given by�̂1 = 1XN2=0hN2jÛyS j02ij01ih01jh02jÛS jN2i: (88)57



S. Robles-Pérez, P. F. González-Díaz ÆÝÒÔ, òîì 145, âûï. 1, 2014Using the disentangling theorem [64, 65℄ÛyS(a) = exp��(a)ei� b̂y1b̂y2��� exp��g(a)(b̂y1b̂1 + b̂y2b̂2 + 1)��� exp��e�i��(a)b̂1b̂2� ; (89)where �(a) = th r(a); g(a) = ln 
h r(a); (90)we obtain that ea
h single universe is quantum me
han-i
ally represented by the thermal state given by�̂1(a) = exp(�2g(a)) 1XN=0 exp(2N ln �(a))jNihN j == 1
h2 r 1XN=0 �th2 r�N jNihN j == 1Z 1XN=0 exp��!(a)T (a) �N + 12�� jNihN j; (91)where jNi � jNi1 (and similarly for �̂2 with jNi �� jNi2), and Z�1 = 2 sh !2T :The two universes of the entangled pair evolve in ther-mal equilibrium with respe
t to ea
h other, with a tem-perature that depends on the s
ale fa
tor:T � T (a) = !(a)2 ln(1=�(a)) : (92)The entanglement entropy, whi
h is de�ned asSent = �Tr(�̂1 ln �̂1); (93)turns out to beSent(a) = 
h2 r ln 
h2 r � sh2 r ln sh2 r: (94)It is an in
reasing fun
tion of the squeezing parameterr (see Fig. 7). The se
ond prin
iple of quantum ther-modynami
s, given by Eq. (19), is satis�ed be
ause the
hange in the entropy of entanglement 
orresponds pre-
isely to the 
hange of heat divided by the temperature,and the produ
tion of entropy � vanishes. This 
an beveri�ed by 
omputing the thermodynami
al quantitiesin Eqs. (10)�(12). From Eq. (10), the energy of thestate represented by �̂1 (= E(�̂2)) is given byE1(a) = Tr �̂1Ĥ1 = !�sh2 r + 12� == !�hN̂(a)i+ 12� ; (95)
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Fig. 7. Entanglement entropy, Eq. (94), as a fun
tionof the squeezing parameter rwhere Ĥ1 � !�b̂y1b̂1 + 12� :The 
hange in the heat and work, given by Eqs. (11)and (12), areÆW1 = Tr �̂1 dĤ1da ! = �!�a �hN̂(a)i+ 12� ; (96)ÆQ1 = Tr�d�̂1da Ĥ1� = !�hN̂(a)i�a ; (97)when
e it follows thatdE1 = ÆW1 + ÆQ1:From Eqs. (97) and (94), it also follows that the pro-du
tion of entropy is zero,� = dSentda � 1T ÆQda = 0; (98)where T = !2 ln�1 1�is de�ned in Eq. (92). Moreover, Eq. (98) 
an be 
om-pared with the expression that is standardly used to
ompute the energy of entanglement (see Refs. [2�4℄),dEent = TdSent: (99)It allows establishing that the energy of entanglementis given by dEent = ÆQ = ! sh 2r dr: (100)The results 
an be interpreted as follows. For anentangled pair of large parent universes, the squeezingparameter, r, given byr = ar
sh j�pj58
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reasing fun
-tion of the s
ale fa
tor. We note that in the 
ase of theparent universes,hN̂(a)i � M _R24! = 116!2  _MM + _!!!2 �� 916V a�6: (101)Then the energy of entanglement given by the integra-tion of Eq. (100) be
omesEent = Q / V �1=2a�4; (102)and the entropy of entanglement, Eq. (94), isSent � �hN̂(a)i loghN̂(a)i / V �1a�6 log a: (103)These are the expe
ted results be
ause the universesof an entangled pair be
ome more and more disentan-gled from ea
h other as the universes expand, be
omingasymptoti
ally independent for an in�nite value of thes
ale fa
tor. Thus, the entropy and the energy of en-tanglement are also de
reasing fun
tions of the s
alefa
tor. The entropy of entanglement turns out to be amonotoni
 fun
tion, thus providing us with an arrowof time for ea
h single universe [66℄. The energy ofentanglement between the pair of universes would 
on-tribute to the energy density of ea
h single universe if it
an e�e
tively be 
onsidered a kind of energy that �llsthe universe. It would yield a large 
ontribution at theearly stage of the universe, and it be
omes extremelysmall at large values of the s
ale fa
tor, i. e., for moreevolved universes.In the 
ase of baby universes that des
ribe va
uum�u
tuations of the spa
e�time of a parent universe,the results 
an be related to those previously obtainedin [61℄. A
tually, the e�e
tive number of va
uum �u
-tuations, hN̂b(a)i / 1R2 � V a3; (104)s
ales with the volume of the spa
e of the parent uni-verse. The energy of the va
uum �u
tuations there-fore in
reases as the universe expands, as does the en-tropy of entanglement, whi
h hen
e provides us withthe 
ustomary behavior of the arrow of time in 
osmol-ogy [18; 61℄.5. VIOLATION OF CLASSICAL INEQUALITIESAND THE EPR ARGUMENT IN THEMULTIVERSEEntangled and squeezed states have no 
lassi
alanalogue and provide us with an example in whi
h

the EPR argument 
ould be applied in a 
osmologi-
al 
ontext. However, there is no need of a 
ommonspa
e�time to be shared by the universes in the quan-tum multiverse, and therefore the 
on
epts of lo
alityand nonlo
ality be
ome meaningless. The entangledstates in the quantum multiverse are rather related tothe quantum interdependen
e of the states that repre-sent dis
onne
ted regions or bran
hes of the universe.Nevertheless, it has been shown that quantum 
orrela-tions between two dis
onne
ted universes might haveobservable 
onsequen
es for the properties of ea
h sin-gle universe, one of whi
h might well be the existen
e ofa 
ontribution to the va
uum energy of ea
h single uni-verse. That would make the whole multiverse proposaltestable, at least in prin
iple.In the pre
eding se
tions, it has been shown thatentangled and squeezed states 
an generally be 
onsid-ered in the quantum multiverse. In quantum opti
s,these quantum states are 
alled non
lassi
al states [1℄be
ause they 
an violate some inequalities that shouldbe satis�ed in the 
lassi
al des
ription of light. Forinstan
e, the se
ond-order 
oheren
e fun
tion g(2)(0),whi
h 
lassi
ally should satisfyg(2)(0) � 1(see [1; 67℄), quantum me
hani
ally is given, for a singlemode, by [1℄ g(2)(0) = h(b̂y)2b̂2ihb̂yb̂i2 ;where b̂ and b̂y are boson operators satisfying the 
om-mutation relation [b̂; b̂y℄ = 1:In the quantum state of the multiverse, taking rela-tions (64) and (65) for the operators b̂ and b̂y intoa

ount, the se
ond-order 
oheren
e fun
tion 
an bewritten as g(2)(0) = 1 + 14x4 + 9x2 � 225x4 + 20x2 + 4 ; (105)where x � j�0j. Fun
tion (105) is plotted in Fig. 8 fordi�erent values of the parameter w and forN0 � hN0j
̂y
̂jN0i = 2:For values of the s
ale fa
tor that are 
lose to the valuea0 = 10, Neff � hN0jb̂yb̂jN0i = 5x2 + 2 � 2;and the se
ond-order 
oheren
e fun
tion is less thanunity (see Fig. 8), whi
h is 
onsistent be
ause for val-ues a � a0, with a0 � 1,b̂ � 
̂; b̂y � 
̂y:59
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Fig. 8. Antibun
hing e�e
t in the multiverse,Eq. (105), with Eq. (65) and the values M0 = a0,!0 = aq�10 , a0 = 10 (� 1), and R � 1=pM!, fordi�erent values of the parameter w: w = �1 (q = 3,dotted line), �2=3 (q = 2:5, dashed line), 0 (q = 1:5,solid line)For smaller and larger values of the s
ale fa
tor, a� a0or a � a0, the e�e
t disappears be
ause the e�e
tivenumber Neff is large and the quantum 
orrelations dis-appear. This 
learly reveals a strong dependen
e of theviolation of the 
lassi
al inequalities on the representa-tion that is 
hosen to des
ribe the quantum state of themultiverse.Squeezed states violate the Cau
hy�S
hwartz in-equality for any value of the squeezing parameters [1℄,and they 
an also violate Bell's inequalities. The latterviolation is even more important be
ause it is dire
tlyrelated to nonlo
al 
hara
teristi
 of the quantum the-ory. Bell's inequalities are violated, for a two-modestate, when [1℄C = hb̂y1b̂1b̂y2b̂2ihb̂y1b̂1b̂y2b̂2i+ h(b̂y1)2b̂21i � p22 : (106)In the multiverse, taking Eqs. (64) and (65) into a
-
ount, we obtainh(b̂y1)2b̂21i = N2(6x4 + 6x2 + 1) ++N(6x4 + 2x2 � 1) + 2x4; (107)hb̂y1b̂1b̂y2b̂2i = N2(6x4 + 6x2 + 1) ++N(6x4 + 4x2) + x2(2x2 + 1); (108)where x � j�0j = sh r; N1 = N2 � N:In Eqs. (107) and (108), it is assumed that the universesare identi
al ex
ept for the existen
e of 
ons
ious ob-servers that make ea
h single universe distinguishable,and hen
e [b̂i; b̂yj ℄ = 0 for i 6= j. For the initial va
-uum state, r = 0 and N = 0, C = 1 > 0:7, whi
h

implies a maximum violation of Bell's inequalities [1℄.For N = 1, i. e., for a pair of entangled universes, weobtain C = 14x4 + 11x2 + 128x4 + 19x2 + 1 ; (109)and Bell's inequalities are violated (C � 0:7) for0 < sh r < 0:31, i. e., for small values of the squeez-ing parameter.However, it is not 
lear at all how the violationof Bell's inequalities 
ould be 
he
ked in the quantummultiverse be
ause the 
ustomary pro
edure would in-volve measuring properties of the two universes of anentangled pair. That 
ould only be done by a hypo-theti
al observer who would live in the multiverse. Fora real observer living in a single universe, the entan-glement of the universe 
ould only be inferred by 
om-paring the thermal properties derived from the theoryof interuniversal entanglement with the thermal prop-erties of her universe, at least in prin
iple.Furthermore, it is worth noti
ing that what is vio-lated in an experiment with photons involving squeezedand entangled states are some 
lassi
al assumptions likethe wave des
ription of light or the lo
al 
hara
ter of
lassi
al parti
les. Those experiments 
learly show thefundamental 
hara
ter of the 
on
ept of 
omplemen-tarity in quantum theory: quantum systems have tobe 
omplementarily des
ribed in terms of parti
les andwaves.Despite the profound di�eren
es between quantumopti
s and quantum 
osmology, mainly due to the roleof the observer in both theories, the existen
e of en-tangled and squeezed states in the quantum multi-verse would also violate some 
lassi
al assumptionslike the independen
e of dis
onne
ted regions of spa
e�time. The extension of the prin
iple of 
omplemen-tarity, whi
h is a fundamental and general feature ofquantum theory and should therefore be also assumedin quantum 
osmology, would mean that a 
omplemen-tary quantum des
ription of the universe has to existin terms of �parti
les� and �waves�, the former natu-rally leading to the multiverse s
enario and the latterimpelling us to also 
onsider intera
tions and quantum
orrelations among the universes of the multiverse.The existen
e of squeezed and entangled states inthe multiverse also allows proposing an argument anal-ogous to the EPR argument in quantum me
hani
s.The original EPR argument [68℄ was an attempt toshow the in
ompleteness of the quantum theory froma realisti
 standpoint. It was Bell [69℄ who pointedout that the EPR experiment a
tually showed nonlo
al
hara
teristi
s of quantum me
hani
s. Roughly speak-ing, in an entangled state between two parti
les, we60
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an know the properties of a distant parti
le by meansof making a measurement on the other parti
le of thepair, irrespe
tively of how far are they separated. Inthe quantum multiverse, however, there is no need ofa 
ommon spa
e�time to be shared by the universesand therefore the 
on
epts of lo
ality and nonlo
alitybe
ome meaningless, having to be extended to the 
on-
epts of independen
e or interdependen
e of the quan-tum states of the universes. The entangled states of themultiverse are rather related to the 
on
ept of nonsep-arability of the states that 
orrespond to di�erent re-gions of spa
e�time, whi
h are 
lassi
ally dis
onne
ted,however.Generally speaking, the separability or nonsepara-bility of the modes of a given representation is 
learlydependent on that representation. As is pointed out inRef. [62℄, the 
rux is that what is an intera
ting Hamil-tonian for one of the modes may not be so for a di�er-ent set of modes (see also Ref. [8℄). Thus, the obje
tion
ould be raised that the existen
e of entangled states inthe multiverse 
an be the result of an in
orre
t 
hoi
eof subspa
es H1 and H2 of the whole Hilbert spa
e Hthat 
orresponds to the 
omplete quantum des
riptionof the universe. That is, H 
annot be given by a dire
tprodu
t, H 6= H1 
H2;or splitting the whole Hilbert spa
e into two subspa
esbe
ause it is just a useful mathemati
al tool to obtainthe quantum state in H that 
orresponds to a uniquesingle universe. This 
an be a

epted. But the analo-gous argument in the quantum des
ription of the ele
-tromagneti
 �eld would be that entangled states of apair of photons are just a useful way to represent thestate of the �eld. The violation of 
lassi
al inequali-ties in quantum opti
s reveals the 
orpus
ular natureof the photon, and its existen
e as an autonomousentity, although not ne
essarily independent. In these
ond-quantization formalism, this allows interpretingdi�erent modes of the wave fun
tion of the universeas di�erent universes in an appropriate representation.The 
omplementarity 
hara
teristi
 of quantum theoryimpels us to also 
onsider their wave properties andthus quantum interferen
e and 
orrelations between thestates of di�erent universes, whi
h 
an be 
onsideredidenti
al, as in the model 
onsidered in this paper, ex-
ept for the plausible existen
e of 
ons
ious observersthat might 
ommuni
ate with ea
h other through quan-tum 
hannels2).2) Classi
al 
hannels to 
onstru
t the 
ommuni
ation proto
ol
ould be provided by the existen
e of wormholes joining di�erentregions.

Of 
ourse, the measurement pro
ess is even moredi�
ult to be formulated in the 
ontext of the mul-tiverse, and this is 
ru
ial in determining the appro-priate representation of universes as being seen by anobserver who lives in the universe. It is therefore not
lear at all what representation should be 
hosen. How-ever, the inter-universal entanglement in the multiverses
enario may provide us with a wide variety of novelfeatures that 
ould a

ount for unexplained and newunexpe
ted 
osmi
 phenomena, and it therefore seemsto be worthy of further investigation.6. CONCLUSIONS AND FURTHERCOMMENTSIt has been shown that squeezed and entangledstates 
an generally be posed in the 
ontext of themultiverse. Spe
i�
ally, it has been shown that thequantum state of a multiverse made up of homogeneousand isotropi
 spa
e�times with a massless s
alar �eldis given by a squeezed state, and that the quantumstate of the phantom multiverse turns out to be an en-tangled state between the modes that 
orrespond tothe expanding and 
ontra
ting bran
hes of ea
h uni-verse, before and after the big rip singularity. A pairof entangled universes 
an also originate from a doubleinstanton, whose 
reation is allowed by the presen
e ofquantum 
orre
tions in the Wheeler�De Witt equation.Therefore, quantum states with no 
lassi
al analoguehave generally to be 
onsidered in the 
ontext of thequantum multiverse.Statisti
al boundary 
onditions have to be imposedto determine the quantum state of the multiverse. Theboundary 
ondition of the multiverse that the numberof universes of the multiverse does not depend on thevalue of the s
ale fa
tor of a parti
ular single universepartially �xes the representation to be 
hosen. This isgiven by the Lewis states that 
an be interpreted, in the
ontext of the multiverse, as the states that represententangled pairs of universes.If the existen
e of squeezed states in the multiversewould imply a violation of Bell's inequalities, then, be-
ause there is no 
ommon spa
e�time to the universesin the quantum multiverse, the nonlo
ality features ofsqueezed states would rather be related to the interde-penden
e of the entangled quantum states that repre-sent di�erent universes or regions of the universe, whi
hare 
lassi
ally and thus 
ausally dis
onne
ted.The thermodynami
al properties of a 
losed systemlike the multiverse have been studied. All the ther-modynami
al quantities of a 
losed system are internal61



S. Robles-Pérez, P. F. González-Díaz ÆÝÒÔ, òîì 145, âûï. 1, 2014properties of the system and, with the given de�nitions,the �rst and se
ond prin
iples of thermodynami
s aresatis�ed for any value of the s
ale fa
tor. The entropyof the multiverse 
an de
rease, at the same time satis-fying the se
ond prin
iple of thermodynami
s be
ausethe pro
ess is not adiabati
, the 
hange of entropy pre-
isely 
orresponds to the 
hange of heat (divided bythe temperature), and hen
e the entropy produ
tion iszero.Unlike the values of the quantum informationalanalogies of work and heat, the values of the quantumthermodynami
al energy and entropy do not dependon the representation 
hosen to des
ribe the state ofthe multiverse if di�erent representations are relatedto ea
h other by unitary transformations. Therefore, ifthe universe starts in a pure state, it remains a purestate in the 
ourse of the unitary evolution of the uni-verses in the multiverse.We have also 
onsidered a pair of universes whosequantum me
hani
al states are entangled. The 
om-posite state of the pair is given by a pure state. How-ever, the state of ea
h single universe turns out to begiven by a thermal state with a temperature that de-pends on the s
ale fa
tor. Both universes of the entan-gled pair therefore stay in thermal equilibrium in the
ourse of the 
orrelated evolutions of their s
ale fa
tors.Cosmi
 entanglement thus provides us with a me
ha-nism by whi
h the thermodynami
al arrow of time inthe multiverse, given by the 
hange of the total quan-tum entropy, would be zero for a multiverse des
ribedin terms of pure states of entangled pairs of universes,a 
on
lusion whi
h 
ould be related to that alreadypointed out in Ref. [6℄ (see also Ref. [70℄). Ea
h singleuniverse of the multiverse, however, would still havean arrow of time given by the 
hange of the entropyof entanglement with its partner universe. This arrowof time 
orresponds to a de
rease of the entanglemententropy rather than an in
rease, however. Neverthe-less, the se
ond prin
iple of thermodynami
s is satis-�ed be
ause the 
hange of the entropy of entanglementpre
isely 
orresponds to the 
hange of the energy ofentanglement, whi
h 
an be identi�ed with the heat ofentanglement of ea
h single universe.The evolution of the temperature and the energy ofentanglement depends on the kind of universes that are
onsidered. For baby universes, the energy of entangle-ment grows with the expansion of the parent universe.It 
an be interpreted as an e�e
tive 
reation of a largenumber of va
uum �u
tuations in the spa
e�time ofthe parent universe. For parent universes, the temper-ature and the energy of entanglement de
rease in the
ourse of the expansion of the universe. Thus, the en-

ergy density of ea
h single universe 
an be high in theinitial stage, whi
h is expe
ted for an in�ationary pe-riod, but it 
an have a smaller value in a more evolvedepo
h, like the 
urrent one.The energy of entanglement for the positive andnegative modes of a massless s
alar �eld, whi
h re-spe
tively 
orrespond to the expanding and 
ontra
tingbran
hes of the universe, behaves similarly to the va
-uum energy when the s
alar �eld starts with a smallvalue of the mode and evolves to higher values withthe expansion of the universe.In this paper, it has also been pointed out that thequantum me
hani
al fundamental 
on
epts of 
omple-mentarity and nonlo
ality have to be revised in the 
on-text of the quantum multiverse. Thus, multiversal non-lo
ality has to be extended so as to express the inter-dependen
e of di�erent regions of the whole manifoldthat represents the multiverse. These regions 
an 
las-si
ally and 
ausally be dis
onne
ted from ea
h other,although their 
omposite state 
an still have quantum
orrelations. Therefore, the 
lassi
al 
on
ept of 
ausal-ity ought to be revised. The 
on
ept of 
omplementar-ity in the multiverse implies the 
onsideration of inter-feren
e pro
esses among di�erent universes or bran
hesof the universe. These pro
esses might have observablee�e
ts in ea
h single universe, underlying the questionof whether the multiverse studied in this paper 
an betested, i. e., whether it is in fa
t a falseable s
ienti�
proposal3).In general, regarding the testability of a multiverseproposal, we �rst note that a multiverse 
an a
tuallybe 
onsidered if it allows sear
hing for the e�e
ts thatother universes might imprint on the properties of ourown universe. Furthermore, di�erent ways of poten-tially observing the e�e
ts of the multiverse in our uni-verse have been proposed. In Refs. [71, 72℄, it has beenproposed that giant voids in the sky 
ould be the resultof inter-universal intera
tions; a

ording to Ref. [73℄,the light pattern of gravitational lensing produ
ed bywormholes, ringholes, and Klein-bottle holes that 
on-ne
t our universe with others would be distinguishablefrom that made by similar tunnels 
onne
ting di�er-ent regions of our universe, thus providing us with ame
hanism for testing the multiverse.In the model presented in this paper, it has beenshown that the inter-universal entanglement 
an mod-ify the dynami
al and thermodynami
al propertiesof single universes. Thus, some additional forms oftestability of the quantum multiverse 
an be envis-3) In words of Ellis [10℄, the issue of testability underlies thequestion of whether multiverse proposals are really s
ienti�
.62



ÆÝÒÔ, òîì 145, âûï. 1, 2014 Quantum entanglement in the multiverseaged. First, the temperature of entanglement mightbe mat
hed with the temperature of our universe ifthere exists a relation between the thermodynami
s ofentanglement and the thermodynami
s of the universe.Se
ond, assuming that the energy of inter-universal en-tanglement is the major 
ontribution to the va
uumenergy of a single universe, the evolution rate of thes
ale fa
tor would have a 
orrelation with the amount ofinter-universal entanglement and, parti
ularly, with therate of 
hange of its energy of entanglement. By usingthe observational data, the entanglement rate 
ould be�xed. Furthermore, di�erent boundary 
onditions forthe state of the multiverse imply di�erent entanglementrates between the states of single universes. Therefore,it might well be that the evolution rate of the s
ale fa
-tor of our universe would provide us with a 
riterionfor sele
ting the appropriate boundary 
ondition of thewhole multiverse, making not only the multiverse pro-posal but also the 
hoi
e of 
osmi
 boundary 
onditionstestable.Thus, the question of testability of the multiverse,far from being the problem of the multiverse, seemsto be the keystone for 
onsidering new approa
hesto traditional questions in quantum 
osmology, likethe boundary 
onditions, the arrow of time, or theanthropi
 prin
iples, among others. It 
hallenges usto adopt new and open-minded points of view aboutmajor physi
al and philosophi
al pre
on
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