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POLARON-LIKE VORTICES, DISSOCIATION TRANSITION, ANDSELF-INDUCED PINNING IN MAGNETIC SUPERCONDUCTORSL. N. Bulaevskii *, S.-Z. LinTheoreti
al Division, Los Alamos National Laboratory87545, Los Alamos, New Mexi
o, USARe
eived Mar
h 14, 2013Dedi
ated to the memory of Professor Anatoly LarkinVorti
es in magneti
 super
ondu
tors polarize spins nonuniformly and repolarize them when moving. At a lowspin relaxation rate and at low bias 
urrents vorti
es 
arrying magneti
 polarization 
louds be
ome polaron-likeand their velo
ities are determined by the e�e
tive drag 
oe�
ient that is signi�
antly bigger than the Bardeen�Stephen (BS) one. As the 
urrent in
reases, vorti
es release polarization 
louds and the velo
ity as well asthe voltage in the I�V 
hara
teristi
s jump to values 
orresponding to the BS drag 
oe�
ient at a 
riti
al
urrent J
. The nonuniform 
omponents of the magneti
 �eld and magnetization drop as the velo
ity in
reases,resulting in weaker polarization and a dis
ontinuous dynami
 disso
iation depinning transition. Experimentally,the jump shows up as a depinning transition and the 
orresponding 
urrent at the jump is the depinning 
ur-rent. As the 
urrent de
reases, on the way ba
k, vorti
es are retrapped by polarization 
louds at the 
urrentJr < J
. As a result, the polaroni
 e�e
t suppresses dissipation and enhan
es the 
riti
al 
urrent. Boro
arbides(RE)Ni2B2C with a short penetration length and highly polarizable rare earth spins seem to be optimal systemsfor a detailed study of vortex polaron formation by measuring I�V 
hara
teristi
s. We also propose to use asuper
ondu
tor�magnet multilayer stru
ture to study polaroni
 me
hanism of pinning with the goal to a
hievehigh 
riti
al 
urrents. The magneti
 layers should have large magneti
 sus
eptibility to enhan
e the 
ouplingbetween vorti
es and magnetization in magneti
 layers while the relaxation of the magnetization should be slow.For Nb and a proper magnet multilayer stru
ture, we estimate the 
riti
al 
urrent density J
 � 109 A=m2 atthe magneti
 �eld B � 1 T.DOI: 10.7868/S00444510130900461. INTRODUCTIONThe 
on
eption of vortex as a polaron [1℄ was initi-ated by experimental data on the 
riti
al 
urrent in Erboro
arbide, and we �rst dis
uss these data. The fam-ily of quaternary ni
kel boro
arbides (RE)Ni2B2C (REis a rare earth magneti
 ion) is an interesting 
lass of
rystals that exhibit both singlet super
ondu
tivity andmagneti
 order at low temperatures [2�4℄. A numberof 
rystals in that family develop antiferromagneti
 or-der below the Néel temperature TN , whi
h is below thesuper
ondu
ting 
riti
al temperature T
. Be
ause thespatial periodi
ity of magneti
 moments is well belowthe super
ondu
ting 
orrelation length, super
ondu
-tivity 
oexists quite pea
efully with the antiferromag-neti
 order. By 
ontrast, the ferromagneti
 order, an-*E-mail: lnb�lanl.gov, lnb�viking.lanl.gov

tagonisti
 to Cooper pairing, leads to dramati
 
hangesin both magneti
 and super
ondu
ting orders in the 
o-existen
e phase of singlet super
ondu
tors (see Ref. [5℄for a review).The 
ompound ErNi2B2C with T
 = 11 K andTN = 6 K attra
ted mu
h attention when it was real-ized that below the phase transition from an in
ommen-surate spin density wave (SDW) to a 
ommensurateSDW at T � = 2:3 K, the phase with a weak ferromag-neti
 ordering 
an emerge [6; 7℄. It was 
on
luded thatthe in
ommensurate SDW develops in ErNi2B2C belowTN with e�e
tive Ising spins oriented along the a axisand with the wave ve
tor Q = 0:5526 b� from neutrons
attering measurements [8; 9℄. Here, b� = 2�=b and bis the latti
e period along the b axis. At T �, the transi-tion to the 
ommensurate phase with Q = 0:55b� leavesone out of 20 spins free of the SDW mole
ular �eld.These Er spins with the magneti
 moment � = 7:8�Bare easily polarizable by the magneti
 �eld along the a475
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tion. The spin magnetization in the magneti
 �eldH = 2000G in the temperature range 2�4 K follows thelaw Msp=H � �Ms=kBT , where Ms � 56 G (see Fig. 4in Ref. [7℄). The value Ms = �n 
orresponds to themagnetization at whi
h all �free� spins with the 
on-
entration n order ferromagneti
ally. The same valueMs was obtained by extrapolation of the magnetizationat the temperature 2 K in �elds H > 1500 G to H ! 0[10℄. Nevertheless, the Hall probe measurements with-out an applied �eld below T � found an internal mag-neti
 �eld mu
h lower than Ms and no spontaneousvortex latti
e was seen [11℄. High polarizability of thespin system in ErNi2B2C is a key point of our dis
us-sion in what follows.As the hope to observe remarkable 
onsequen
es ofa weak ferromagneti
 phase 
oexisting with super
on-du
tivity waned, the puzzle of the ErNi2B2C 
riti
al
urrent behavior at low temperatures remained. It wasdis
overed by measuring the hysteresis in M�H loopsand transport measurements that new pinning me
h-anism develops below 3 K for whi
h the 
riti
al 
ur-rent in
reases as the temperature de
reases to � 1:5 Kfollowing approximately the enhan
ement of magneti
sus
eptibility [10; 12℄.To explain these data, the 
on
eption of a vortexas a polaron was proposed, i. e., formation of polaron-like vorti
es dressed by the polarization 
loud of mag-neti
 moments [1℄. Generally, the polaroni
 me
hanismis inherent to all magneti
 super
ondu
tors, but it ismost pronoun
ed when the magneti
 system is highlypolarizable, as in the 
ase of ErNi2B2C below 2.3 K.To 
larify this me
hanism, we re
all that the mag-neti
 �eld is nonuniform within the vortex latti
e and isthe strongest near the vortex 
ores. Consequently, thepolarization of the magneti
 moments is also nonuni-form. When vorti
es move, they should repolarize themagneti
 system, otherwise they would lose the energygained by polarization (the Zeeman energy). The pro-
ess of repolarization depends on the dynami
s of themagneti
 system. In what follows, we 
onsider the re-laxation dynami
s of free spins in ErNi2B2C. The repo-larization pro
ess is 
ontrolled by the relaxation time �that should be 
ompared with the 
hara
teristi
 timea=v needed to shift the vortex latti
e moving with thevelo
ity v by the vortex latti
e period a = (�0=B)1=2.Here, �0 is the �ux quantum, B is the magneti
 in-du
tion, and we assume a square vortex latti
e. For� � a=v, the magneti
 moments strongly slow downthe vortex motion.At some 
riti
al velo
ity and 
riti
al 
urrent J
, thevorti
es are stripped o� the polarization 
louds. The
orresponding jump in velo
ity is more evident for large

� . As the 
urrent de
reases, the vorti
es be
ome re-trapped again at a 
urrent Jr < J
. Be
ause the volt-age V / v, the I�V 
hara
teristi
s show hysteresis.The physi
s here is similar to that of a polaron, withvorti
es playing the role of ele
trons and the magneti
polarization the role of phonons [13℄.2. GENERAL EQUATIONSThe ErNi2B2C 
rystals have an orthorhombi
 stru
-ture below TN with domains where a and b axes 
hangeby 90Æ in neighboring domains. We 
onsider a 
leansingle-domain 
rystal. In multi-domain 
rystals, thedomain walls also provide the pinning of vorti
es, whi
his sharply peaked when vortex lines are aligned withthe domain walls [14℄. We 
onsider the vortex latti
eindu
ed by the applied magneti
 �eld H tilted by anangle � with respe
t to the 
rystal 
 axis. As revealedby neutron s
attering, vorti
es form a square latti
e inErNi2B2C [15℄.We 
hoose the z axis along the dire
tion of vortexlines at rest and the x axis in the a
 plane (see Fig. 1).A vortex line deviates from the applied �eld H due tothe magneti
 moments [15℄. The system is assumedto be uniform along the dire
tion of vortex lines. In a
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Fig. 1. S
hemati
 view of the vortex latti
e in the pres-en
e of free Ising magneti
 moments along the a axis.The vortex latti
e is tilted with respe
t to the appliedmagneti
 �elds in the a
 plane due to the polarizationof the magneti
 moments. The verti
al 
olumns showthe vortex 
ores. The polarized magneti
 moments arenonuniform in spa
e due to the spatial modulation ofthe vortex latti
e magneti
 �eld. Due to the Lorentzfor
e FL, vorti
es move along the x axis. In the mov-ing latti
e, there is a phase shift between the magneti
indu
tion Bz (dashed line) asso
iated with the vortexlatti
e and the magnetizationMz (solid line) 
aused bythe retardation in the response of magneti
 momentsto the vortex magneti
 �eld476
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es, disso
iation transition : : :stati
 situation, the dire
tion of vortex lines is deter-mined by the e�e
tive �eld H+ 4�M, where M is thespatial average of the magnetization. We let � denotethe angle between vortex lines and the 
 axis.The Lagrangian LfRi(t);Mz(r; t)g for the wholesystem is given byLfRi(t);M(r; t)g = LMfMz(r; t)g+LvfRi(t)g++ LintfMz(r; t);Ri(t)g+ LvvfRig+ LF fJg; (1)where LMfMz(r; t)g = � Z drM2z (r; t)2�zz (2)is the Lagrangian for the magneti
 subsystem andLvfRi(t); rjg = �Xi;j U(Ri � rj) (3)is the Lagrangian for the intera
tion between vorti
esand the pinning potential due to quen
hed disorder.Here, U(Ri � rj) is the pinning potential at rj . Fur-ther, LvvfRig is the vortex�vortex intera
tion,LF fJg =Xi J �Ri�0
is the Lagrangian due to the Lorentz for
e in the pres-en
e of a bias 
urrent density J, and �zz is the magneti
sus
eptibility at the working external magneti
 �eld. Itdes
ribes response of magneti
 moments to the nonuni-form 
omponent of the �eld indu
ed by vorti
es.In the London approximation, the magneti
 �eld ofthe vortex latti
e inside the 
rystal is (r = x; y)Bz(r) = �BzXG 
os(G � r)�2G2 + 1 ; (4)where �Bz is the averaged magneti
 indu
tion, G arere
ipro
al ve
tors of the square latti
e, and � is thesuper
ondu
ting penetration length renormalized bythe magneti
 moments. It is given by the expres-sion �2 = �2L(1 � 4��zz), where �L des
ribes mag-neti
 �eld penetration in the absen
e of the mag-neti
 moments [5; 16�19℄. We note that the mag-neti
 sus
eptibility �zz = Mz=Bz is smaller than1=4�, i. e., �zz < 1=4�. The magneti
 �u
tuationshMzMzi � �zz=(1 � 4��zz) diverge as �zz ! 1=4�,whi
h indi
ates instability of the magneti
 system [20℄.We here also ignore anisotropy of the penetrationlength.In the Lagrangian, the intera
tion between a vor-tex line at Ri = (xi; yi) and the magneti
 moments isdetermined by the termLintfRi;Mzg = Z dt Z drBz(Ri � r; t)Mz(r; t); (5)

where we des
ribe the magneti
 moments in the 
ontin-uous approximation via the magnetizationMz(r; t), be-
ause the distan
e between free spins, equal to 35 nm [9℄is mu
h smaller than the London penetration length �,about 500 nm [15℄. We ignore the pair breaking e�e
t ofthe magneti
 moments be
ause they suppress Cooperpairing uniformly as the distan
e between free spins ismu
h smaller than the 
oheren
e length, and hen
e thepair breaking e�e
t by the moments does not introdu
epinning.Both the magnetization and vorti
es are governedby a relaxation dynami
s 
hara
terized by the dissipa-tion fun
tionRfRi(t);Mz(r; t)g = RMz +Rv ;where RMzf _Mz(r)g = 12� Z dr _M2z (r);Rvf _Rig = �Xi 12 _R2i : (6)Here, � is the relaxation time for a single spin and� = �20=2��2
2�n is the Bardeen�Stephen drag 
oe�-
ient per unit vortex length with �n being the normalresistivity slightly above T
. The equation of motionfor vorti
es is the Euler-Lagrange equation of motionddt ÆLÆ _Ri � ÆLÆRi + ÆRÆ _Ri = 0; (7)whi
h gives� �Ri�t = �LvvfRi;Rjg�Ri + �LintfRi;Mg�Ri ++Xj �U(Ri � rj)�Ri + FL; (8)with FL = �0J=
 being the Lorentz for
e.We here negle
t the e�e
t of quen
hed disorder be-
ause the vortex motion qui
kly averages out the disor-der and the latti
e ordering is improved [21; 22℄. In thelatti
e phase, Lvv = 0 due to symmetry. The equationof motion for vortex lines is then� �Ri�t = �LintfRi;Mzg�Ri + FL: (9)The magnetization dynami
s is governed by� �Mz(r; t)�t = � �Mz(r; t)�zz �Bz(r)� : (10)It follows from Eq. (10) that the relaxation time of themagnetization measured experimentally in the 
rystal477
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e due to magneti
 moments is thesame for all lines and the vortex latti
e moves as awhole. The motion of the vortex latti
e 
enter of mass,u(t), along the x axis is des
ribed by the equation� �u�t = ��u �Z drBz(x+ u; y; t)Mz(r; t)�+ FL: (11)Using the linear response approa
h to relate mag-netization to the magneti
 �eld, we obtain� �u�t = ��u Z drdr0Bz(x+ u; y; t)�� tZ0 dt0�zz(r� r0; t� t0)Bz(r0; t0) + FL: (12)The vortex latti
e moves with the 
onstant velo
ityu = vt in the steady state t � � . Integrating over
oordinates and time, we obtain�v =XG �zz(G;v �G)(�2G2 + 1)2 + FL; (13)where �zz(k; !) is the dynami
 magneti
 sus
eptibil-ity in the Fourier representation. We see that themagneti
 moments a�e
t the vortex motion stronglyif either a) the resonan
e Cherenkov radiation 
ondi-tion v � G = 
(G) is ful�lled, where 
(k) is the fre-quen
y of magneti
 ex
itations with the momentum kand 
(k)� �(k), where �(k) is the relaxation rate ofthe ex
itation, or b) dynami
s of the magneti
 systemis dominated by relaxation, 
(k) . �(k). In the former
ase, dis
ussed in Refs. [23�25℄, the magneti
 momentsrenormalize the vortex vis
osity at high velo
ities whenthe alternating magneti
 �eld of vorti
es is able to ex-
ite magnons. Here, we 
onsider the latter 
ase of freemoments des
ribed by the relaxation dynami
s a

ord-ing to Eq. (10) with �zz(k; !) given by�zz(k; !) = � sin2 � 11� i!��; � = �MskBT ; (14)at temperatures T below 3 K for ErNi2B2C.Renormalizing time in units of ��, length in unit of1=G1, for
e per unit vortex length in unit of �=�G1�we obtain the equation for velo
ityv + Fp vv2 + 1 = FL; (15)where we take only the dominant latti
e wave ve
torG1 = (2�=a; 0; 0) into a

ount and introdu
e the mag-neti
 pinning for
e per unit vortex lengthFp = �20��2 sin2 �4�2�4� :

Fp = 20
Fp = 2

Retrapping
(Jr, Er)

Depinning
(Jc, Ec)

3 6 9 12 15
J, ηca(2πχτΦ0)

−1
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15
E, Φ0(2πχτca)−1

Fig. 2. Cal
ulated I�V 
urves for Fp = 20 and Fp = 2.For Fp = 20, the system shows hysteresis in the I�V
urve, while for Fp = 2, no hysteresis is present. Thedotted line denotes the unstable solutionErE
J
 Jr5 5020 35 Fp0:20:40:6024
6E;� 0(2���
a)

�1
J;�
� 0sin2 �(4
�2 
4 G 1)�1
Fig. 3. Dependen
e of the 
riti
al 
urrent J
 and re-trapping 
urrent Jr, and the 
orresponding ele
tri
�elds E
 and Er, on Fp. When Fp < 8, hysteresisin the I�V 
urve disappearsAt a low bias 
urrent (low FL), the velo
ity is propor-tional to FL, but with an enhan
ed e�e
tive vis
osity,v � FL=(1 + Fp). At large FL (large v), the renor-malization disappears and the I�V 
hara
teristi
 be-
omes the usual Bardeen�Stephen one. Importantly, atFp > 8, the 
hange o

urs through a sharp transition,as is shown in Fig. 2. Equation (15) at Fp > 8 for anintermediate J has three real solutions: the largest v3
orresponds to de
oupled motion of the vortex latti
eand magnetization, the smallest v1 
orresponds to thevortex�polaron motion, and the intermediate solutionv2 
orresponds to an unstable state.478
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es, disso
iation transition : : :The jump at J
, identi�ed experimentally as thedepinning transition, is 
aused by the disso
iation ofthe vortex�magnon polaron. It is very similar to thedisso
iation of the usual ele
tron�phonon polaron inhigh ele
tri
 �elds, as is des
ribed theoreti
ally in [26℄and 
on�rmed experimentally in metal oxides in [27℄.Upon de
reasing the 
urrent, the vorti
es are retrappedby the polarization 
louds at a threshold 
urrent Jrand the vortex latti
e moves with a signi�
antly en-han
ed vis
osity at lower 
urrents. The 
al
ulated J
and Jr and the 
orresponding ele
tri
 �elds are shownin Fig. 3. At large Fp, the 
riti
al 
urrent is indepen-dent of � , J
 � 0:03�
�0 sin2 �G1�4 ; (16)J
 de
reases with the temperature as J
 � 1=T , andde
reases with the magneti
 �eld as J
 � 1=pB.We explain the origin of the jumps at J
 and Jr.The dependen
e of the magnetization on the velo
ityof moving vorti
es isMz(r; v; t) = � �B sin2 ���XG 
os[G � r� �(v)℄(�2G2 + 1)[1 + (G1v��)2℄3=2 (17)with tg � = G1v��. The nonuniform 
omponent ofthe magnetization and hen
e the polarization e�e
t de-
rease with velo
ity. On the other hand, the retarda-tion between the magneti
 �eld and the magnetization,des
ribed by the phase shift �(v), in
reases with the ve-lo
ity. This positive feedba
k and the in
rease in retar-dation with velo
ity ensure dis
ontinuous transitions atJ
 and Jr.3. DISCUSSION OF EXPERIMENTAL DATAFOR ERBIUM BOROCARBIDEA large parameter Fp is required to have a strongpinning due to the polaron me
hanism. It is expressedin terms of � as Fp � 1011�� sin2 � s�1, where we usethe 
oheren
e length � � 13 nm [15℄ and the normalresistivity �n = 5 �
�
m at T
 [28℄. The relaxationrate �� in ErNi2B2C is long be
ause the dynami
s ofmajority of spins is strongly suppressed by the for-mation of the SDW mole
ular �eld, as was found bythe Mössbauer measurements in [29℄. The relaxationrate drops very fast below 10 K and rea
hes the value�� � 5 �10�10 s at T = 5 K. The data at lower temper-atures were not measured, however. Hen
e, the onlyinformation we have so far is Fp > 50 sin2 �.

The 
riti
al 
urrent for ErNi2B2C reported inRef. [10℄ is about 250 A/
m2 for B = 0:1 T and T == 2 K, whi
h 
orresponds to � = 2:5Æ a

ording toEq. (16). The applied magneti
 �eld was 
lose to the
 axis in experiment, but the pre
ise angle � was notreported [10℄. The estimate of the order of 1Æ is reason-able, but the quantitative 
omparison is not 
onvin
ingbe
ause we do not know � and therefore Fp below 2.3 K.We predi
t hystereti
 behavior in ErNi2B2C, a strongdependen
e of the voltage and of the 
riti
al 
urrenton the angle �, at least for � � 0:15Æ. Hen
e, the real
he
k of the polaroni
 me
hanism should be by mea-suring the I�V 
hara
teristi
s. We estimate that the
riti
al 
urrent rea
hes values as high as 106 A/
m2 atlarge angles at T = 1 K and B = 0:1 T.The e�e
t of ordered spins on the vortex motion issimilar to that des
ribed in Refs. [23�25℄ for an anti-ferromagnet. When the Cherenkov radiation 
onditionv �G = 
(G) is satis�ed, ex
itation of magnons resultsin an enhan
ed drag 
oe�
ient by transferring energyfrom vortex motion to the magneti
 subsystem. Thiso

urs at high velo
ities (high 
urrents) of vorti
es, dueto a gap in the magnon spe
trum and a large velo
ityof a magnon, leading to a voltage drop in 
omparisonwith the bare Bardeen�Stephen (BS) result.In the in
ommensurate SDW with T > T �, somespins experien
e a quite weak SDW mole
ular �eld.Hen
e, they are polarized by vorti
es and exhibit thepolaroni
 e�e
t and pinning. This a

ounts for the in-
rease in pinning in ErNi2B2C as T de
reases belowTN (see Ref. [10℄), and also the pinning in the holmiumboro
arbide below TN [30℄.We next dis
uss the e�e
t of quen
hed disorder. Inthe presen
e of quen
hed disorder, the vortex lines ad-just themselves to take the advantage of the pinningpotential, whi
h destroys the long-range latti
e order.Below a threshold 
urrent, vorti
es remain pinned (theya
tually 
reep between pinning 
enters due to �u
tu-ations) and the polaroni
 me
hanism does not play arole in that region. When the 
urrent is high enoughto depin the vorti
es from quen
hed disorder, vorti
esstart to move and the latti
e ordering is improved. Thevortex vis
osity is enhan
ed by formation of a polaronwith a nonuniformly indu
ed magnetization. The po-laron disso
iates and the system jumps to the 
onven-tional BS bran
h at a 
riti
al velo
ity (
urrent). Pin-ning due to quen
hed disorder works in the stati
 regionand the polaroni
 pinning works in the dynami
 region.The 
riti
al 
urrent of the whole system is thereforethe sum of these two threshold 
urrents. We note thatmagnetostri
tion in 
ombination with quen
hed disor-der enhan
e the polaroni
 pinning me
hanism.479
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Fig. 4. Dependen
e of (a) the normalized dissipation power D(!)=D0, and (b ) the e�e
tive vis
osity �eff (lower 
urve atright) and the pinning strength �p on the driving frequen
y ! in the linear regime Fa
 � !(1 + Fp). Here, Fp = 204. RESPONSE OF THE VORTEX LATTICE TOAN a
 DRIVING CURRENTHere, we study the response of a vortex polaron toan a
 driving 
urrent [31℄. We write the equations ofmotion for the magnetizationm(t) =M(G1; t)�2G21=�0�and the vortex latti
e 
enter of mass u(t) as�tm(t) = �[m(t)� exp(�iu(t))℄; (18)�tu = FL � Im [Fp exp(iu)m(t)℄ ; (19)with an a
 Lorentz for
e FL = Fa
 sin(!t). Eliminatingm(t), we obtain the equation for u(t):dudt = FL�Fp tZ0 dt0 sin[u(t)�u(t0)℄ exp(t0�t): (20)We �rst 
onsider the a
 
urrent regime with a lowamplitude Fa
=[!(1+Fp)℄� 1. Then the vortex latti
eos
illates, u = Re[ua
 exp(i!t)℄, with the amplitudeua
 = Fa
(i�eff! + �p)�1; (21)�eff = 1+Fp(!2+1)�1; �p = Fp!2(!2+1)�1: (22)For a high frequen
y ! � 1, the e�e
t of magnetiza-tion is to introdu
e the pinning potential UM = Fpu2=2

with the strength Fp. In this 
ase, the vortex latti
efollows the driving for
e mu
h faster than the magne-tization does, whi
h remains almost time independent.The polarization of the magnetization results in a pe-riodi
 pinning potential with the vortex latti
e peri-odi
ity be
ause it was indu
ed by the same latti
e atprevious positions and previous instants of time. For alow frequen
y ! � 1, the e�e
t of magnetization is torenormalize the drag 
oe�
ient from � to �eff = 1+Fp.In this polaron region, the magnetization follows vortexmotion by formation of a vortex polaron, as in the d

ase ! = 0, resulting in the enhan
ement of vis
osityand suppression of a
 dissipation.The dissipation power of the whole system, aver-aged over time, D(!) = hFL(t)v(t)it, is redu
ed due tothe presen
e of magneti
 moments. In the linear regionwith a vortex polaron, we obtainD(!) = Fa
2 !2�eff�2p + �2eff!2 : (23)This dissipation power should be 
ompared with thatthe 
ase without magneti
 moments (at Fp = 0), D0 == F 2a
=2. For ! � 1, we haveD=D0 � 1 and for ! � 1,we have D=D0 = (1 + FP )�1. The frequen
y depen-den
e of the normalized dissipation power D(!)=D0,the e�e
tive vis
osity �eff , and the pinning strength�p is shown in Fig. 4. The dissipation of the systemin the presen
e of the magneti
 subsystem is stronglyredu
ed in the linear regime Fa
 < FL
, whi
h mightbe useful for appli
ations.480
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es, disso
iation transition : : :We next 
onsider larger driving for
e amplitudes.In this hystereti
 regime, we des
ribe the system an-alyti
ally in the adiabati
 limit, ! � 1. At the timeinstant t
, when FL(t) = FL
 � 0:5Fp, polaron disso-
iation leaves the magnetization and the vortex latti
eweakly 
oupled be
ause the latti
e now moves with ahigh velo
ity. The magnetization 
omponentm(t) afterthat instant relaxes asm(t) = exp(�t+t
), and motionof the vortex latti
e is determined by the equationdudt = FL
 + Fp sinu exp(�t+ t
): (24)When t � t
 < 1, the vortex latti
e velo
ity os
illateswith the frequen
y 
 = FL
,v = FL
 + Fp sin(FL
t) exp(�t+ t
); (25)but the os
illations relax on the time s
ale of unity.These post-disso
iation os
illations are 
aused by themotion of the vortex latti
e in the periodi
 potentialindu
ed by the remnant retarded magnetization.To take both the retardation and nonlinearity intoa

ount for an arbitrary !, we solve Eqs. (18) and (19)numeri
ally. We 
onsider the interesting region Fp > 8,where the disso
iation of a vortex polaron is possibledue to nonlinear e�e
ts at u � 1. We set Fp = 20 inthe dis
ussion in what follows. The hystereti
 behaviorof the vortex latti
e velo
ity vs. the driving for
e isshown in Fig. 5. At frequen
ies ! . 1, whi
h are simi-lar to the d
 
ase ! = 0, we see the following sequen
eof events during the period of FL(t): polaron formationnear low jFLj (the interval of low vortex velo
ity); po-laron disso
iation (a sharp in
rease in velo
ity) followedby the region of vortex os
illations on the ba
kgroundof the average high velo
ity; a de
rease in velo
ity asthe Lorentz for
e drops and vortex retrapping (a sharpdrop in the vortex velo
ity); and, again, disso
iation ata negative �FL
 (a sharp drop in velo
ity). The resultsfor the behavior of the vortex velo
ity in time, v(t), areshown in Fig. 6 at Fa
 = 20 > FL
 and di�erent !.At all frequen
ies ! . 1, we see post-disso
iationos
illations 
aused by the motion of de
oupled vorti
eswith respe
t to the periodi
 potential 
reated by thenonuniform magnetization indu
ed by the same latti
ejust before de
oupling (when the velo
ity was still low)and frozen for some period of time after de
oupling dueto the retardation e�e
t. This self-indu
ed pinning dueto the retardation, and the amplitude of 
orrespondingvortex os
illations rea
h a maximum at ! � 1. In arough approximation, we des
ribe them by the equa-tion dudt � FL
 + Fpmd sin(u� ud); (26)
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Fig. 5. Dependen
e of the vortex velo
ity v(t) on thedriving for
e FL(t) = Fa
 sin(!t) with Fa
 = 20. Here,Fp = 20assuming approximately 
onstant m and FL = FL
 inthe regions of maxima and minima of the Lorentz for
e.Here, ud and md are the vortex latti
e position and themagnetization amplitude at the instant of de
oupling.This gives the approximate solutionv(t) � FL
 + Fpmd sin(FL
t); (27)whi
h provides rough estimate for the os
illation fre-quen
y 
 � FL
, when the number of velo
ity os
illa-tions per the half period of FL(t) is signi�
antly largerthan unity. This expression for the frequen
y in theoriginal units be
omes 
 � 2�Fa
=a�. Su
h a relationis anti
ipated for a de
oupled vortex moving in the pin-ning potential with periodi
ity a.5. ENHANCEMENT OF THE CRITICALCURRENT DENSITY INSUPERCONDUCTING/MAGNETICMULTI-LAYERSThe polaroni
 me
hanism of pinning is promisingfor a
hieving a high 
riti
al 
urrent. We propose us-ing a super
ondu
ting (S) and magneti
 (M) multilayer3 ÆÝÒÔ, âûï. 3 (9) 481
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ity v(t) andof magnetization jm(t)j in the presen
e of the a
 drivingfor
e FL(t) = Fa
 sin(!t) at several frequen
ies ! = 10(a), 1 (b ), 0:1 (
). We take Fa
 = 20 and Fp = 20
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hemati
 view of a multi-layer stru
ture 
on-sisting of alternating magneti
 (M) layers (dark grey)with thi
kness dm and super
ondu
ting (S) layers (lightgrey) with thi
kness ds

stru
ture shown in Fig. 7 for optimizing su
h a pinningme
hanism [32℄. To a
hieve a high 
riti
al 
urrent, themagneti
 layers must have a slow relaxation of the mag-netization. The magneti
 layers must also have a highmagneti
 sus
eptibility at the working magneti
 �eldto ensure a strong 
oupling between magneti
 momentsand vorti
es. In addition, the penetration depth of thesuper
ondu
ting layers must be small, su
h that themagnetization polarization varies rapidly in spa
e.The vortex latti
e is indu
ed inside the S layers un-der external magneti
 �elds. The vortex latti
e movesin response to the Lorentz for
e when a transport 
ur-rent is present. In the quasistati
 approximation, themotion of the vortex latti
e is given by�2r�r�B+B = �0Xi Æ [r� ri(t)℄ ẑ; (28)where ẑ is the unit ve
tor along the z axis andri(t) = r0�vt is the vortex i 
oordinate. The magneti
�eld inside the M layers is governed by the Maxwellequations r� (B� 4�M) = 0; r �B = 0: (29)The dependen
e of the magnetization M on B isdetermined by the material properties. With a strong�eld and in stati
 
ase,M is a nonlinear fun
tion of Band generally 
an be expressed asM(r) = Z dr3f [r� r0;B(r0)℄:The 
hara
teristi
 length of the magneti
 subsystem ismu
h smaller than � and we use the lo
al approxima-tion f [r� r0;B(r0)℄ = Æ(r� r0)f(B(r0):The indu
tion B(r) has a 
omponent uniform in spa
e,B0, and the nonuniform 
omponent ~B(r) � B0.Hen
e, the spatially nonuniform magnetization is~M(r) � �f(B0)�B0 ~B(r) � �0(B0) ~B(r):In what follows, we 
onsider an isotropi
 magneti
 sub-system 
hara
terized by a sus
eptibility �0(B0) at B0in the stati
 
ase. The magneti
 �eld inside the Mlayer is determined by the equation r2 ~B = 0. Sin
eonly the spatially nonuniform 
omponents ~M and ~Bare responsible for pinning, we fo
us on the nonuniform
omponents in the 
al
ulations and omit the tilde. Atthe interfa
e between the M and S layers, we use thestandard boundary 
ondition for the �eld Bz parallelto the z axis and the �eld Bk parallel to the interfa
e:BzjS = BzjM ; BkjS = (1� 4��0)BkjM : (30)482



ÆÝÒÔ, òîì 144, âûï. 3 (9), 2013 Polaron-like vorti
es, disso
iation transition : : :Then we obtain the magneti
 �eld inside the M layers:Bzm(G > 0; z) = � [exp(Gz0)+ exp(�G(z0+dm))℄�� �0 exp (�iGxvxt)1 + �2G2 ; (31)Bkm(G > 0; z) = i� [exp(Gz0)� exp(�G(z0+dm))℄�� �0 exp (�iGxvxt)1 + �2G2 ; (32)� = � exp(dmG) (�1 + exp(dsks))�0 �� f(1� �0) (exp(dsks)� exp(Gdm)) ++ (1 + �0) (1� exp(dmG+ dsks))g�1 ;with z0 = z � n(ds + dm); ks =p��2 +G2;�0 = (1� 4��0)�1ks=G:Here, n is the layer index and the vortex motion is as-sumed to be along the x dire
tion. We 
onsider a squarelatti
e G = (mx2�=a;my2�=a) with a = p�0=B0 be-ing the latti
e 
onstant and mx and my integers.We assume a relaxational dynami
s for the M layers,M(!) = �(!)Bm(!), with the dynami
 sus
eptibilitygoverned by a single relaxation time �0� as in Eq. (10).In the steady state, we haveM (G; z; t) = ��1 tZ0 exp t0 � t�0� Bm(G; z; t0) dt0: (33)For a slow relaxation of magnetization, M depends onthe history of vortex motion and there is retardationbetween the time variation of the indu
ed nonuniformmagnetization and vortex motion. As a result, the mag-netization exerts a drag for
e to the vortex, whi
h isopposite to the driving for
e. The pinning for
e a
tingon a single vortex due to the indu
ed magnetization inone M layer is given byFM = �r0 Z dx dy 0Z�dm dzM �Bm;whi
h yieldsFM =XG [1� exp (�2Gdm)℄�� 2�2�0(1 + �2G2)2 a2 Gv�0��201 + (Gv�0�)2 : (34)

The I�V 
urve is determined by the equation of motionfor the vortex ds�v = dsFL�FM with the ele
tri
 �eldE = Bv=
 and the Lorentz for
e FL = J�0=
. We 
on-sider a realisti
 
ase where a=2� � dm; ds. Taking onlythe dominant 
ontribution Gx = 2�=a and Gy = 0 intoa

ount in the summation, we obtain the same equa-tion as Eq. (15), but with a di�erent parameterFp = �2�ds � 11� 2��0�2 �20a�20�4(2�)3 ; (35)after introdu
ing the same dimensionless units as be-fore.Hysteresis is developed when Fp � 8. For typi
alparameters for an Nb super
ondu
tor, � � � � 40 nm,�n � 10�6 
 �m and a = 40 nm at B � 1 T, and�0 = 0:05, Fp > 8 requires �0� > 1 ps. For the re-laxation time of the order of �0� � 1 �s, the e�e
tivevis
osity is enhan
ed by a fa
tor of 106 
ompared tothe bare BS one at v < a=�0� . The e�e
tive 
riti
al
urrent density for the whole system is given byJ
 � � 12� 4��0�2 �0
(2�)4�4 �0a2ds + dm : (36)For ds = dm = 100 nm, we obtain J
 � 109 A=m2. Theretrapping 
urrent Jr isJr � 11� 2��0r�ads�� a
�24�2 1ds + dm : (37)For the parameters used above and �0� = 1 �s, weestimate Jr � 2 � 106 A=m2.We dis
uss the optimal materials for the S and Mlayers. Super
ondu
tors with a smaller � are preferredbe
ause the 
riti
al 
urrent de
reases as ��4. Thesmaller �, the more nonuniform is the magneti
 �elddistribution inside the M layers, and hen
e the strongerthe pinning. The vis
osity in the bran
h with a vortexpolaron is proportional to � while the 
riti
al 
urrent isindependent of � for su�
iently large � . The slow mag-neti
 dynami
s 
an be realized in 
ertain spin glasses,where the magnetization relaxation is governed by abroad spe
trum of time s
ales, with the average timeof the order of 0:1 �s [33; 34℄. For CuMn0:08, �0 � 0:002at B = 1 T [35℄. We 
an enhan
e �0 by tuning the 
on-
entration of magneti
 metal in alloys [36℄. We 
an alsouse superparamagnets with � as large as 1 s and with ahuge �0 due to large magneti
 moments in superpara-magnets [37�39℄ and the re
ently synthesized 
obalt-based and rare-earth-based single-
hain magnets with�0 � 0:05 at B = 1 T and 10�6 s < �0� < 10�4 s[40�43℄.483 3*



L. N. Bulaevskii, S.-Z. Lin ÆÝÒÔ, òîì 144, âûï. 3 (9), 2013We now dis
uss the optimal thi
kness of M and Slayers. For dm � a, we haveBm(G > 0) � exp(�2�dm=a)if �dm � z0 � 0 a

ording to Eqs. (31) and (32). Themagneti
 indu
tion and the magnetization are almostuniform in the lateral dire
tion in the middle of the Mlayer. As a result, the pinning for
e be
omes pra
ti-
ally independent of dm in this 
ase. In other words,the pinning is e�e
tive only near the boundaries be-tween S and M layers in the area of thi
kness of theorder a. On the other hand, the Lorentz for
e is pro-portional ds. Therefore, the e�e
tive 
riti
al 
urrent ofthe whole system J
 is proportional to 1=(ds + dm) asdes
ribed by Eq. (36). Hen
e, the thinner both M andS layers, the higher is the 
riti
al 
urrent of the system.The M/S multilayer stru
ture is naturally real-ized in 
ertain super
ondu
ting single 
rystals, su
has (RE)Ba2Cu3O7 [44; 45℄ and RuSr2GdCu2O8 [46℄.For (RE)Ba2Cu3O7, magneti
 RE ions intera
t weaklywith super
ondu
ting ele
trons be
ause they are po-sitioned between the super
ondu
ting layers. Theyorder at very low Néel temperatures of the order ofTN � 1 K. The polaroni
 me
hanism is important atT > TN , where spins are free. The London penetrationdepth of 
uprate super
ondu
tors is large, � � 200 nm,and hen
e the 
riti
al 
urrent is redu
ed signi�
antly
ompared to that for the Nb multilayer stru
ture, be-
ause J
 de
reases as 1=�4. Another natural realiza-tion is the re
ently dis
overed iron-based super
ondu
-tors, su
h as (RE)FeAsO1�xFx, where RE ions areordered antiferromagneti
ally below TN � 1 K [47℄.In RuSr2GdCu2O8, the magneti
 moments order fer-romagneti
ally above T
, and therefore the dominantenhan
ement of vortex vis
osity is due to the radiationof magnons [23�25℄.6. CONCLUSIONSVorti
es in magneti
 super
ondu
tors polarize mag-neti
 moments and be
ome dressed and polaron-like.At low 
urrents and a long spin relaxation time, thenonuniform polarization indu
ed by vorti
es slows theirmotion at 
urrents for whi
h pinning by 
rystal latti
edisorder be
omes ine�e
tive. As the 
urrent in
reasesabove the 
riti
al one, vorti
es release the nonuniformpart of the polarization, and the velo
ity as well as thevoltage in the I�V 
hara
teristi
s jump to mu
h highervalues. At a de
reasing 
urrent, vorti
es are retrappedby polarized magneti
 moments at the retrapping 
ur-rent whi
h is smaller than the 
riti
al one. The results

of su
h a polaroni
 me
hanism are in qualitative agree-ment with the experimental data [10; 15℄, but measure-ments of the I�V 
hara
teristi
s are needed to estab-lish the quantitative agreement and 
on�rm the valid-ity of su
h a model for Er boro
arbide. The polaroni
me
hanism should also operate in Gd and Tb boro-
arbides super
ondu
tors in the 
ommensurate SDWphase and a strong e�e
t 
an be present in Tm boro-
arbide above TN .We derive the response of the magneti
 super
on-du
tors in the vortex state to the a
 Lorentz for
eFL(t) = Fa
 sin(!t), taking the polaroni
 e�e
t into a
-
ount. At low amplitudes of the driving for
e Fa
, thedissipation in the system is suppressed due to the en-han
ement of the e�e
tive vis
osity at low frequen
iesand due to formation of the magneti
 pinning at highfrequen
ies !. In the adiabati
 limit with low frequen-
ies ! and a high amplitude of the driving for
e Fa
,the vortex and magneti
 polarization form a vortex po-laron when FL(t) is small. As FL in
reases, the vortexpolaron a

elerates and at a threshold driving for
e itdisso
iates, i. e., the vortex motion and the magnetiza-tion relaxation de
ouple. As FL de
reases, the vortexis retrapped by the ba
kground of remnant magneti-zation and they again form a vortex polaron. Thispro
ess repeats when FL(t) in
reases in the oppositedire
tion. Remarkably, after disso
iation, de
oupledvorti
es move in the periodi
 potential indu
ed by mag-netization, whi
h remains for some periods of time dueto retardation of magnetization after the de
oupling.At this stage, vorti
es os
illate with high frequen
iesdetermined by the amplitude of the Lorentz for
e atthe instant of disso
iation.We propose fabri
ating multilayer system M/Swhere super
ondu
ting and magneti
 layers 
an beoptimized to a
hieve high 
riti
al 
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