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DIRAC TENSOR WITH HEAVY PHOTONV. V. Bytev a, E. A. Kuraev a*, E. S. Sherbakova b**aBogoliubov Laboratory of Theoretial Physis,Joint Institute for Nulear Researh141980, Dubna, Mosow Region, RussiabHamburg University22767, Hamburg, GermanyReeived January 26, 2012For the large-angle hard-photon emission by initial leptons in the proess of high-energy annihilation of e+e�to hadrons, the Dira tensor is obtained by taking the lowest-order radiative orretions into aount. The aseof large-angle emission of two hard photons by initial leptons is onsidered. In the �nal result, the kinematiase of ollinear hard-photons emission and soft virtual and real photons is inluded; it an be used for theonstrution of Monte-Carlo generators.DOI: 10.7868/S00444510130300731. INTRODUCTIONIn the experiments with e+e� annihilation tohadrons, the important role is played by the so-alled�returning to resonane� mehanism. It onsists in theemission of a hard real photon by initial leptons [1℄.The Born ontribution and the one-loop orretionare taken into aount in the Dira tensor (the ross-symmetry partner of the Compton tensor � a bilinearombination of the hard photon emission urrents aver-aged over lepton spin states and summed over photonpolarization states). Infrared divergenes are param-eterized by introduing the �photon mass� �. In the�nal expression, it is removed in a usual way by addingthe ontribution from additional soft photon emission.We do not onsider photon emission by the �nalharged partiles and the e�ets of harge-odd inter-ferene of virtual or real photon emission from leptonsand hadrons. Therefore, the Dira tensor obtained inthis way is universal.The paper is organized as follow. In Se. 2, therelation of the Dira tensor to the ross setion of ra-diative annihilation of a lepton pair to hadrons is lar-i�ed. We give the Born-level expression for the Diratensor and derive the general form of the radiative or-*E-mail: kuraev�theor.jinr.ru**E-mail: sherbak�mail.desy.de

retion to it using the symmetry relation. In Se. 3,we obtain the ontribution arising from the mass op-erator of the positron and vertex funtion in the asewhere a positron and a photon are on the mass shell.In Se. 4, we onsider the ontribution from the vertexfuntion to the ase of an on-shell eletron and the box-type Feynman amplitude with an eletron, positron,and one of the photons on the mass shell. In Se. 5, weanalyze the total result for the Dira tensor, adding theemission of additional soft photon ontributions, whihprovide the �nal result that is free from the infrareddivergenes. The limit ase of an almost ollinear hardphoton emission is onsidered and some numerial es-timates are given.We give the hadroni tensor for several �nal states:� ! �+��; �+��; �+��:In Appendies A and B, the details of the alulationare presented. In Appendix C, the ontribution to theDira tensor in the ase of the emission of two hardphotons is given.2. GENERAL ANALYSISThe Born-level matrix element of hard-photon emis-sion by initial leptons in the proess of e+e� annihila-tion to hadrons via a single virtual photon intermediatestatee+(p+)+e�(p�)! �(q)+(p1)! (p1)+h(q) (1)476
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Fig. 1. Diagrams ontributing at the Born levelhas the form (see Fig. 1)M = (4��)3=2q2 �v(p+)O(B)� u(p�)H�(q);O(B)� = � p̂� � p̂1��� ê+ ê�p̂+ + p̂1��+ �; (2)where ê(p1) is the polarization vetor of the real pho-ton and H�(q) is the urrent desribing the onversionof a virtual photon with momentum q to a hadronistate. We restrit ourselves to the kinemati onditionsof large-angle sattering,s = 2p+p�; �� = 2p1p�; p21 = 0;p2� = m2; s� �+ � �� = q2; q2 > 0;s � q2 � �+ � �� � m2: (3)In the expressions below, we set m = 0 everywhereexept the denominators of loop integrals.The ross setion an be expressed in terms of themodulus of a squared matrix element summed over spinstates: Xspin jM j2 = (4��)3 4B��1H��1(q2)2 ;B��1 = 14 Tr p̂+O�p̂� �O�1 ; H��1 = XspinH�(q)H��1 (q):The di�erential ross setion an be written asd�e+e�!X = 18s Xspin jM j2 d3p12!(2�)3 d�f ;d�f = (2�)4Æ40�p+ + p� � p1 �Xf qi1A��Yf d3qi2"i(2�)3 : (4)
For the di�erential hard-photon ross setion, we ob-tain !1 d�e+e�!Xd3p1d�f = 2�3s(q2)2H��1B��1 ; (5)

whereB��1 = Bg~g��1 +B++~p+�~p��1 +B��~p��~p��1 ++B+�( ~p� ~p+)��1 ;(p+p�)��1 = p+�p��1 + p+�1p��: (6)The quantities with the �tilde� are de�ned as~g��1 = g��1 � 1q2 q�q�1 ; ~p�� = p�� � q� p�qq2 : (7)In the Born approximation (see Fig. 1), we haveBBg = 1�+�� (2sq2 + �2+ + �2�);BB++ = BB�� = 4q2�+�� ; BB� = 0: (8)For q2 = 0, we reprodue the Dira ross setion ofe�e+ ! : d�dO1 = 2�2s �2+ + �2��+�� : (9)Below, we onentrate on the alulation of the one-loop radiative orretion to the Dira tensor.We show that in onsidering the orretions, only ahalf of the full set of Feynman diagrams for proess (2)an be used. We setO� = O�� +O+� ;separating the ontribution of emission from the ele-tron leg O�� and the positron one O+� (see Fig. 1 forthe Born ase and Fig. 2 for the one-loop orretions).It an be shown that using the yli property ofthe trae and the mirror propertyTr â1â2 : : : â2n = Tr â2n : : : â2â1;the total ontribution to the Dira leptoni tensor anbe written asTr p̂+O(1)� p̂� �OB�1 +Tr p̂+OB� p̂� �O(1)�1 == (1 +���1 )(1 + P) Tr p̂+O+� p̂� �OB�1 : (10)Here, the exhange operators at as���1F��1 = F�1�;PF (p+; p�; p1) = F (�p�;�p+;�p1);PF (s; q2; �+; ��) = F (s; q2; ��; �+) � ~F : (11)Here and hereafter, we imply only the real part of theleptoni tensor.477
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hgfe Fig. 2. Diagrams ontributing at the one-loop level3. ONE-LOOP CORRECTIONS. REALPHOTON VERTEX AND SELF-ENERGYCONTRIBUTIONThe virtual orretion in the lowest order is de-sribed by 8 Feynman diagrams shown in Fig. 2.We segregate the ontribution of the Feynman dia-grams in Fig. 2e�h to the three lassesTr p̂+O+� p� �OB�1 = T box��1 + T vert��1 + T���1 ; (12)with T box and T vert orresponding to Fig. 2h, g and T�to Fig. 2e, f.We �rst onsider the ontribution to the matrix ele-ment arising from the Feynman diagram in Fig. 2e, f.The matrix element of the Feynman diagram in Fig. 2eontains the mass operator of the eletron �(p̂). In thekinematis of our problem (�+ � m2), we obtain [4℄Me = �2� �32 + 12 l+ � l�����v(p+)ê��p̂+ + p̂1��+ � �u(p�);l� = ln ��m2 ; l� = ln m2�2 ; (13)where � is the so-alled �photon mass�.The matrix elements of the Feynman diagram inFig. 2f ontain the vertex funtion with a real pho-ton [4℄,Mf = �4� �v(p+) Z d4ki�2 �� �(�p̂+ � k̂)(�p̂+ + p̂1 � k̂)�((�p̂+ + p̂1)�(0)(�2)(q) �� 1��+u(p�):We here use the notation in (36).

Using the relevant loop integrals obtained in [3℄ (seethe Appendix), we have matrix elements of the Feyn-man diagram in Fig. 2f, whih ontain the vertex fun-tion with a real photon [4℄Mf = �2� �v(p+) �� 1�+ �l+ � 12� p̂1ê ++ ê�l� � 12 l+ � 32�� �p̂+ + p̂1��+ �u(p�): (14)As a result, we obtain the gauge-invariant expressionfree of infrared divergenes:Me +Mf = ���+�v(p+)p̂1ê�u(p�);�+ = 12�+ �l+ � 12� : (15)Inserting this expression in the relevant part of O+�yieldsT���1 = ��+Tr p̂+p̂1��p̂� �� � 1�� �(p̂� � p̂1)�1 + 1�+ �1(�p̂+ + p̂1)�� ; (16)where we use the relationp1� = (p+ + p�)�and the gauge invariane of the hadroni tensor,q�H�� = 0:Expression (16) ontaining the ontributions of dia-grams in Fig. 2e, f an be written asT���1 = �4�+ �2p��p��1 � q2�� � 1� ++ 2p��p+�1 � s�� � 1�� (s� ��)g��1� : (17)478



ÆÝÒÔ, òîì 143, âûï. 3, 2013 Dira tensor with heavy photonApplying the operation 1+���1 and 1+P , we ob-tain the full result(1 + ���1 )(1 + P)T���1 = B�g ~g��1 ++B��~p��~p��1 +B�+~p+�~p+�1 +B�+�(~p+~p�)��1 ; (18)where B�g = 4���+ [s� �2� � �2+℄ls + T�g ;B�� = � 8���+ [q2 � ��℄ls + T�� ;B�+ = � 8���+ [q2 � �+℄ls + T�+ ;B�+� = � 4���+ [q2 + s℄ls + T�+�; = �+ + ��
(19)

and we use the notationT�g = �2s� ���+ [1 + 2lsp℄��2s� �+�� [1 + 2lsm℄;T�� = 4�+�� [q2 � ��℄[1 + 2lsp℄;T�+ = 4�+�� [q2 � �+℄[1 + 2lsm℄;T�+� = 2�+�� [s� ��℄[1 + 2lsp℄ ++ 2�+�� [s� �+℄[1 + 2lsm℄;lsp = ls � l+; lsm = ls � l�:
(20)

4. VERTEX AND BOX-TYPE DIAGRAMCONTRIBUTIONSContribution of the diagram in Fig. 2g, h an bewritten asT box��1 + T vert��1 = S1�� + S2�+ � C1���+ � C2�2+ ; (21)where

S1 = Z 14 d4ki�2 Tr B̂�p̂��(p̂� � p̂1)�1(0)(2)(�2)(q) ;S2 = Z 14 d4ki�2 Tr B̂�p̂��1(�p̂+ + p̂1)�(0)(2)(�2)(q) ;C1 = Z 14 d4ki�2 Tr V̂�p̂��(p̂� � p̂1)�1(0)(2)(q) ;C2 = Z 14 d4ki�2 Tr V̂�p̂��1(�p̂+ + p̂1)�(0)(2)(q) ;B̂� = p̂+�(�p̂+ � k̂)�(�p̂+ + p̂1 � k̂)���(p̂� � k̂)�;V̂� = p̂+�(�p̂+ + p̂1)�(�p̂+ + p̂1 � k̂)���(p̂� � k̂)�:
(22)

Using the loop integrals listed in Appendix A, we ob-tainT box��1+T vert��1 = Dgg��1+D�p��p��1+D+p+�p+�1++D+�p+�p��1 +D�+p��p+�1 : (23)Applying the interhange operator 1+���1 and 1+P ,~D(�+; ��) = PD(��; �+);and rearranging the gauge invariane then leads to(1 + ���1 )(1 + P)(T box��1 + T vert��1 ) = BV Bg ~g��1 ++BV B� ~p��~p��1 +BV B+ ~p+�~p+�1 +BV B+� (~p+~p�)��1 ;whereBV Bg = 2( ~Dg +Dg); BV B� = 2(D� + ~D+);BV B+ = 2(D+ + ~D�);BV B+� = D+� +D�+ + ~D+� + ~D�+: (24)Here, by onstrution,BV Bg = ~BV Bg ; BV B� = ~BV B+ ; BV B+� = ~BV B�+ (25)and the BV Bi are given byBV Bg = 4s� 8s2���+ ls + 2�2� + 2�2+ � 4s+ 4s2���+ �� [l2s + 2(ls � 1)l� � ls℄ + T V Bg ;BV B� = 8�+�8s���+ ls+ 8q2���+ [l2s+2(ls�1)l��ls℄+T VB� ;BV B+ = 8���8s���+ ls+ 8q2���+ [l2s+2(ls�1)l��ls℄+T V B+ ;BV B+� = 4(s+ q2)���+ ls + T VB+� ;479



V. V. Bytev, E. A. Kuraev, E. S. Sherbakova ÆÝÒÔ, òîì 143, âûï. 3, 2013where the expressions T VBi ontain nonleading terms.These quantities ontain the ultraviolet ut-o� loga-rithm L = ln �2m2 ;whih is eliminated by the standard regularization pro-edure [4℄ L! 2l� � 9=2.Colleting the leading terms that ontain the largelogarithm ls and the infrared one l�, we obtain(BV Bg +B�g )leading = 2BBg (l2s+2(ls�1)L��3ls);(BV B+ +B�+)leading = (BV B� +B��)leading == 2BB+ (ls2 + 2(ls � 1)L� � 3ls);(BV B+� +B�+�)leading = 0: (26)5. DISCUSSION: EXPLICIT FORM OFTENSOR STRUCTURESThe infrared divergenes ontained in the ontribu-tion of virtual photon emission are aneled when theemission of an additional soft photon (enter-of-massof e+e� is implied) is taken into aount,d�soft = Æsoftd�B ;Æsoft = � 4��16�3 Z d3kw �� p�p�k + p+p+k�2 ;w < �"� ps2 ; (27)where w =pk2 + �2:Using the standard integrals, we obtainÆsoft = �� �(ls�1)�l�+2 ln �EE �+12 l2s��23 � : (28)Summing all ontributions, we �nd the Dira tensor inthe formB��1 = (BBg ~g��1 +BB++~p+�~p��1 +BB��~p��~p��1)���1+�� (ls�1)�32+2 ln �EE �+�� ���23 +32���� �4� [Tg~g��1 + T�~p��~p��1 ++ T+~p+�~p+�1 + T+�(~p+~p�)��1 ℄: (29)The quantities Ti = T�i + T V Biare free from infrared singularities and do not ontainlarge logarithms. The T�i are given in (20) and theT V Bi are given in Appendix B.

Expressions for Ti ontain additional nonphysialsingularities ��2� and ��3� . Nevertheless, we an ver-ify the anelation of the terms proportional to ��3�with the struture G (see Eq. (54)) and terms ��2� inthe ontration of Ti. For de�niteness, we onsider thease of small values of ��,m2 � �� � s � q2 � �+:It orresponds to the kinematisp1 = yp�:In this ase, the nonleading terms ontaining poles anbe put in the formTg~g��1 + (T� + �y2T+ � 2�yT+�)~p��~p��1 ;�y = 1� y; y = �+s ; (30)and this ombination ontains only the lowest-orderpole ��1� . The Dira tensor in the limitm2 � �� � shas the formBlim��1 = BB;lim��1 �1 + �� (ls � 1)�32 + 2 ln �EE � ++ �� �32 � �23 ���� �4�T limg �~g��1 + 4�ys ~p��~p��1� ; (31)whereBB;lim��1 = 1 + �y2xy �~g��1 + 4�ys ~p��~p��1� ;�x = 1� x; x = ��s ;T limg = 1xy �16� 18y + 10y2 + 4(1 + �y2) �� �ln �y ln yx � Li2� 11� y�� �22 � �� 8y�y ln y + (�12 + 20y � 14y2) ln �y� : (32)
In Fig. 3, xyT limg is presented as a funtion of y at x == 0:1. The obtained formula has a power auray, andwe systematially omit the terms of the order of m2=sompared to terms of the order of unity.A ross-hannel Compton tensor with one real andanother virtual (spae-like) photon with terms of theorder of m2=s were taken into aount, has similarproperties [5℄.480
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Fig. 3. xyT limg as a funtion of y at x = 0:16. SAMPLES OF HADRONIC TENSORSThe hadroni tensor is a bilinear ombination of ma-trix elements M�M��1 summed over spin states, wherethe urrent M� desribes the onversion of a heavytime-like photon to some set of hadrons. In the aseof reation of a pair of harged pseudosalar mesons(�+��, K+K�; : : : ), we haveHps+ps���1 = (ps+ � ps�)�(ps+ � ps�)�1 ; q = ps+ + ps�:For the onversion to a pair of harged spin-1/2fermions,  ! �+(p+) + ��(p�);we haveH�+����1 = 4 �pm+�pm��1 + pm+�1pm�� � q22 g��1� : (33)For the reation of a pair of harged vetor mesons�+��, K�+K��, we obtainHq+q���1 � q2(8� 2�)�g��1 � q�q�1q2 �++ (q+ � q�)�(q+ � q�)�1 �3� 5� + 94�2� ; (34)� = q2m2� ; q = q�+ + q��: (35)The gauge invariane requirementH��1q� = H��1q�1 = 0is ful�lled.

E. A. K. is grateful to Hamburg University, II In-stitute for Theoretial Physis, where the most part ofthis work was done, for the warm hospitality in Novem-ber 2011. We are grateful to Yu. M. Bystritskiy forhelp and to V. Tayursky and V. Druzhinin for the in-terest in this problem. Also E. A. K. aknowledgesthe support from the RFBR (grants �� 12-02-31703and 11-02-00112), and Belorussian 2011 and Heisen-berg�Landau 2011 grants.APPENDIX AOne-loop Feynman integralsHere, we present the result of alulation of 4-foldintegrals assoiated with a one-loop Feynman diagram.Here and below, we imply only the real part of inte-grals. The denominators of the integrals are de�nedas (0) = k2 � �2;(2) = (p� � k)2 �m2 + i0 = k2 � 2p�k + i0;(�2) = (�p+ � k)2 �m2 + i0;(q) = (p1 � p+ � k)2 �m2 + i0: (36)The four-denominator salar integralI02�2q = Z dk 1(0)(2)(�2)(q) ; dk = d4ki�2 ; (37)has the formI02�2q = 1s�+ �� �l2q � 2l+ls � lsll + 2Li2�1� q2s �� 5�26 � ; (38)where the logarithms were introdued in (2) andlq = ln q2m2 ; ls = ln sm2 : (39)For the three- and two-denominator salar integralsIijk = Z dk 1r ; (40)where r = (ij); (ijk); (ijkl)with i; j; k; l = (0); (2); (�2); (q);we have the expressions6 ÆÝÒÔ, âûï. 3 481



V. V. Bytev, E. A. Kuraev, E. S. Sherbakova ÆÝÒÔ, òîì 143, âûï. 3, 2013I0�2q = � 12�+ �l2+ + 2�23 � ;I02�2 = 12s �l2s + 2lsll � 4�23 � ;I2�2q = � 12(s� q2) �l2q � l2s� ;I02q = 1�+ + q2 �lq(lq � l+) + 12(lq � l+)2 ++ 2Li2�1 + �+q2 �� 3�22 � : (41)
The two-denominator salar integrals areI02 = L+ 1; I2q = L� lq + 1; I0q = L� l+ + 1;I0�2 = L+ 1; I2�2 = L� Ls + 1; I�2q = L� 1:The vetor integrals an be de�ned asI�r = Z d4kk�r = a+r q�+ + a�r q�� + a1rp�1 : (42)For the vetor integrals with two denominators, wehave (the imaginary part is negleted):a�2q = a12q = �a+2q = 12 �L� lq + 12� ;a10q = �a+0q = 12 �L� l+ + 12� ;a�2�2 = �a+2�2 = 12 �L� ls + 12� ;a1�2q = �12a+�2q = 12 �L� 32� ;a�02 = 12L� 14 ; a+0�2 = �12L+ 14

(43)
and the oe�ients for the vetor integrals with threedenominators area�02q = 1a ��+I02q + 2�+a l+ + q2 � �+a lq� ;a+02q = �a102q = 1a (l+ � lq) ;a10�2q = 1�+ (�l+ + 2) ; a = �+ + q2;a+0�2q = �I0�2q � 1�+ l+; a�02�2 = �a+02�2 = 1s ls;a�2�2q = 1 (ls � lq) ; a+2�2q = �I2�2q + 1 (ls � lq) ;a12�2q = s I2�2q + 1 (�lq + 2)� 2s2 (ls � lq) ; = s� q2 = �+ + ��:

(44)

Finally, the oe�ient of the vetor integral with fourdenominators has the forma1 = sd (�+A+ ��B � sC) ;a+ = ��d (�+A� ��B + sC) ;a� = �+d (��+A+��B+sC) ; d = 2s�+��;A = I2�2q � I0�2q; B = I02q � I2�2q;C = I02q � I02�2 � �+I02�2q : (45)
The seond-rank tensor integrals an be parameter-ized in the formI��r = Z dk k�k�r = hagrg + a11r p1p1 + a++r q+q+ ++ a��r q�q� + a1+r (p1q+ + q+p1) ++ a1�r (p1q� + q�p1) + a+�r (q+q� + q�q+)i�� : (46)The oe�ients for the tensor integral with four de-nominators are (we omit the index 02�2q)a1+ = 1�+ (A6 +A7 �A10) ;a+� = 1s (A2 +A6 �A10) ;a1� = 1�� (A2 +A7 � A10) ;a11 = 1�� �A1 � sa1+� ;a�� = 1s �A5 � �+a1�� ;a++ = 1s �A3 � ��a1+� ;ag = 12 �A10 �A2 � �+a1+� ;

(47)
withA1 = a12�2q � a10�2q ; A6 = a+02q � a+2�2q ;A2 = a�2�2q; A7 = a102q � �+a1;A3 = a+2�2q � a+0�2q ; A8 = a�02q � a�02�2 � �+a�;A4 = a102q � a12�2q ; A9 = a+02q � a+02�2 � �+a+;A5 = a�02q � a�2�2q ; A10 = I2�2q: (48)

For the tensor integrals with three denominatorsI��02q , we have the oe�ients1)1) Formula (2.15) in [3℄ ontains a misprint.482



ÆÝÒÔ, òîì 143, âûï. 3, 2013 Dira tensor with heavy photonag02q = 14L+ 38 � q24alq � �+4a l+;a+�02q = �a1�02q = 12a h�+a (l+ � lq)� 1i ;a++02q = a1102q = �a1+02q = 12a (lq � l+);a��02q = 1a2 ��2+I02q + 3�2+a l+ �� (q2)2 + 4q2�+ � 3�2+2a lq � q2 + 3�+2 � : (49)
The oe�ients entering the tensor integral I��02�2 areag02�2 = 14(L� ls) + 38 ;a++02�2 = a��02�2 = 12s (ls � 1); a+�02�2 = � 12s; (50)and the oe�ients for the tensor integral I��0�2q areag0�2q = 14(L� l+) + 38 ; a1+0�2q = 1�+ �l+ � 52� ;a110�2q = 12�+ (�l+ + 2);a++0�2q = I0�2q + 12�+ (3l+ � 1): (51)
In the ase of the tensor integral I��2�2q, they have theformag2�2q = 12 �12L+ 34 � s2ls + q22lq� ;a��2�2q = � 12(lq � ls);a++2�2q = I2�2q + 32(lq � ls); a+�2�2q = 12(lq � ls);a1�2�2q = 1 ��12 + s2ls � s2lq� ;a1+2�2q = 1 ��52 � sI2�2q + 5s2 ls � 2q2 + 3s2 lq� ;a112�2q = 12 �4s� q2 + s2I2�2q � 3s2 ls ++ 3s2 � (q2)2 + 4sq22 lq� :

(52)

APPENDIX BExpliit form of oe�ients of nonleadingtensor struturesWe haveT V Bg = (1 + P) �a0 + a1lsq + a2lqp + a4lsp ++ a6lsqlsp + a8l2sq + a9 Li2�1� q2s �++ a10 Li2�1 + ��q2 �� 4sq2�2�G� ; (53)wherea0 = �23 ��10�+�� + 22 s�� � 4 s2�+�� �++ 8�+�� � 16 s�� + 8 s2�+�� ;a1 = 4s + 10�+�� � 20 s�� + 8s2�+�� ;a2 = 6(s� �+)q2 + �+ ;a4 = �4���+ � 4�+�� + 4s�+ + 4s�� ;a6 = �4���+ + 8s�+ + 4s�� � 8s2�+�� ;a8 = 2�+�� � 6s�� + 4s2�+�� ;a9 = �4�+�� + 12s�� � 8s2�+�� ;a10 = 4�+�� � 4s�+ � 8s�� + 8s2�+�� ;G = Li2�1� q2s �+ Li2�1 + �+q2 �++ lsqlsp � 12 l2sq + �26 :
(54)

We note that in the limit �� ! 0, the quantity Gvanishes. Next,T VB+ = PT VB� ;T VB� = b0 + b1lsq + b2lqp + b3lsm+ (55)+ b4lsp + b5lsqlsm + b6lsqlsp + b7l2sq ++ b8 Li2�1� q2s �+ b9 Li2�1 + ��q2 �++ b10 Li2�1 + �+q2 ��� 8(s� �+)3�+�3� G+ 8 s2�3+ �1� s���PG;483 6*



V. V. Bytev, E. A. Kuraev, E. S. Sherbakova ÆÝÒÔ, òîì 143, âûï. 3, 2013whereb0 = 16 �1� s�+ + s2�2+�� 32�+ � 48�� ++ 60s�+�� � 16s2�2+�� + �23 �� � 44�+ + 44�� + 4�+�2� � 44 s�+�� � 8 s�2� ++ 4 s2�2+�� + 4 s2�+�2� �++ 1�+ + q2 ��8 + 4�+�� + 4s�+� ;b1 = 16s2 ��1 + s�+ � s2�2+�++ 16 �1� s�+ + 2s2�2+ + s3�2+����� 20�+ � 32�� � 32�+�2� + 8s�2+ + 64s�+�� ++ 48s�2� � 48s2�2+�� � 32s2�+�2� + 8s3�2+�2� ;b2 = 1(q2 + �+)2 ��8�+ + 4�2+�� + 4s�++ 1q2 + �+ �4 + 4�+�� � 8�2+�2� � 4s�+� ;b3 = � 4�+ � 4�� � 8s�2+ � 4s�+�� + 8s2�2+�� ;b4 = 16�++ 12��+24�+�2� � 12s�+���24s�2� + 8s2�+�2� ;b5 = 8�+ + 8�� � 8s�+�� + 8s2�2+�� ;b6 = 16�++ 16��+8�+�2� � 16s�+���16s�2� + 8s2�+�2� ;b7 = � 12�+ � 12�� � 4�+�2� + 12s�+�� + 8s�2� �� 4s2�2+�� � 4s2�+�2� ;b8 = 24�+ + 24�� + 8�+�2� � 24s�+�� � 16s�2� ++ 8s2�2+�� + 8s2�+�2� ;b9 = � 8�+ � 8�� + 8s�+�� � 8s2�2+�� ;b10 = � 16�+ � 16�� � 8�+�2� ++ 16s�+�� + 16s�2� � 8s2�+�2� :

(56)

Finally,T V B+� = (1+P)�0+1lsq+3lqm+4lsm+6lsqlsm ++ 8l2sq + 9 Li2 �1� q2s �++ 10 Li2�1 + ��q2 �� 8s(s� �+)2�+�3� G�; (57)where0 = 8 �1� s2�+���� 4q2 + �� � 6�� + 10s�+�� ++ �23 �� 4�� � 4�+�2� + 4s2�+�2� � ;1 = �8s2 �1� s2�+���+ 1 �8� 12s2�+���++ 8���8�+�2� + 16s�+��+24s�2� � 24s2�+�2�+ 4s3�2+�2� ;3 = �4��(q2 + ��)2 + 12���+(q2 + ��) ;4 = 8���2+ � 8�++ 4���16s�2+ � 8s�+��+ 8s2�2+�� ;6 = �8���2+ � 8�+ + 8s2�2+�� ;8 = 4�� + 4�+�2� � 4s2�+�2� ;9 = � 8�� � 8�+�2� + 8s2�+�2� ;10 = 8���2+ + 8�+ � 8s2�2+�� :APPENDIX CTwo-hard-photon large-angle emission by theinitial leptonsThe ross setion of two-photon emission by the ini-tial leptons+(p+) + �(p�)! (p1) + (p2) + hadr(q) (58)has the formd�2d�h = 12! �42�2s H��1O(2)��1(q2)2 �� d2p1!1 d2p2!2 ; !1; !2 < �"; (59)484



ÆÝÒÔ, òîì 143, âûï. 3, 2013 Dira tensor with heavy photonwhere the fator (1=(2!)) takes the identity of �nal-statehard photons into aount. The relevant ontributionto the lepton tensor isQ(2)��1 = 14 Tr p+O��12�p� �O��12�;O��12� = � p̂� � p̂1 � p̂2d�12 �� p̂� � p̂1d�1 � + (60)+ � p̂� � p̂2d�2 ��+���p̂+ + p̂2d+2 � ++ ��p̂+ + p̂1d+1 �� �p̂+ + p̂1 + p̂2d+12 � ++ 1d�1d+2 �(�p̂+ + p̂2)�(p̂� � p̂1)� ++ 1d�2d+1 �(�p̂+ + p̂1)�(p̂� � p̂2)� ;and d�12 = (p� � p1 � p2)2 �m2;d�1 = (p� � p1)2 �m2;d�2 = (p� � p2)2 �m2;d+12 = (�p+ + p1 + p2)2 �m2;d+1 = (�p+ + p1)2 �m2;d+2 = (p+ + p2)2 �m2: (61)
The tensor Q(2)��1 obeys the gauge invarianeQ(2)��1q� = Q(2)��1q�1 = 0and an be put in the form

Q(2)��1 = Ag~g��1 + [A�~p�~p� +A+~p+~p+ ++A11~k1~k1 +A+�(~p+~p� + ~p�~p+) ++A+1(~p+~p1 + ~p1~p+) +A�1(~p�~p1 + ~p1~p�)℄��1 : (62)The oe�ients Ai an be obtained standardly, by on-struting the valuesBg ; B11; B++; B��; : : : == Q��1 [g��1 ; p1�p1�1 ; p+�p+�1 ; : : : ℄and solving the set of seven linear equations.REFERENCES1. A. B. Arbuzov, V. V. Bytev, E. A. Kuraev, E. Tomasi-Gustafsson, and Y. M. Bystritskiy, Phys. Part. Nul.41, 394 (2010).2. G. W. Bennett et al. [Muon G-2 Collaboration℄, Phys.Rev. D 73, 072003 (2006); arXiv:hep-ex/0602035.3. A. B. Arbuzov, V. V. Bytev, E. A. Kuraev, E. Tomasi-Gustafsson, and Yu. M. Bystritskiy, Phys. Part. Nul.41, 593 (2010).4. A. I. Akhiezer and V. B. Berestetskij, Quantum Elet-rodynamis, Nauka, Mosow (1981); V. B. Berestetskij,E. M. Lifshitz, and L. P. Pitaevskij, Relativisti FieldTheory, Nauka, Mosow (1971) [in Russian℄.5. E. A. Kuraev, N. P. Merenkov, and V. S. Fadin, Sov.J. Nul. Phys. 45, 486 (1987).
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