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ELECTROMAGNETIC PLANE WAVES WITH NEGATIVE PHASEVELOCITY IN CHARGED BLACK STRINGSM. Sharif *, R. Manzoor **Department of Mathematis, University of the Punjab54590, Lahore, PakistanReeived July 28, 2012We investigate the propagation regions of eletromagneti plane waves with negative phase veloity in theergosphere of stati harged blak strings. For suh a propagation, some onditions for negative phase veloityare established that depend on the metri omponents and the hoie of the otant. We onlude that theseonditions remain una�eted by the negative values of the osmologial onstant.DOI: 10.7868/S00444510130200531. INTRODUCTIONThe phenomenon of negative phase veloity (NPV)propagation is important due to one of its onse-quenes, negative refration [1, 2℄. This is the propertyof light propagation in a medium that ours when thephase veloity of a plane wave has a negative proje-tion onto the time-average Poynting vetor. Alterna-tively, it is the plane wave propagation mode in whihthe wave vetor and the time-average Poynting ve-tor are oppositely aligned [3�5℄. Negative refrationis an eletromagneti phenomenon in whih light raysare refrated at the interfae in a sense reverse to thatnormally expeted. This property of negative refra-tion has generated onsiderable attention in the ele-tromagneti, optis, and material researh ommuni-ties [2, 3, 6℄.Metamaterials are syntheti materials with unusualrefrative index properties used to obtain the nega-tive refration e�et. Negative values of the permittiv-ity � and permeability � are responsible for these un-usual refrative index properties. This was originallyproposed by Veselago [7℄. The diret onsequene ofthis property is the development of a wave propagationmedium alled the Veselago medium. The presene ofthe Veselago medium alters the propagation of planewaves suh that the eletri �eld, the magneti �eld,and the wave vetor follow a left-hand rule instead of*E-mail: msharif.math�pu.edu.pk**E-mail: rubabmanzoor9�yahoo.om

the right-hand rule. This leads to the onstrution ofleft-handed metamaterials [8℄. Lenses with extremelylow distortion are one of the most useful appliationsof NPV supporting arti�ial metamaterial. These arewidely used in the modern optis, for ommuniation,entertainment, and data storage as well as for retrievalpurposes [9�12℄.The harateristis of NPV materials lead to theonept of anisotropi and bianisotropi materials thatprovide industrial bene�ts in modern tehnology [2, 4,13℄. The appliation of NPV propagation in astro-physial senarios has been explored in the last fewyears. It was shown in [14; 15℄ that the vauum an sup-port NPV propagation for partiular spaetimes. Thesame authors [13℄ proved that the de Sitter spaetimesupports NPV propagation, whereas the anti-de Sit-ter metri does not admit suh a propagation. Thepropagation of eletromagneti plane waves with NPVin the Shwarzshild�de Sitter spaetime was investi-gated in [16℄. Some regions supporting NPV propa-gation within the ergosphere of an unharged rotat-ing and harged rotating blak holes were exploredin [17; 18℄. Plasma wave properties of the Shwarzshildand Shwarzshild�de Sitter horizons in a Veselagomedium were disussed in [19℄.In this paper, we investigate propagation of elet-romagneti plane waves of stati harged blak stringsdesribed by a ylindrial symmetri spaetime witha negative osmologial onstant. The regions of NPVpropagation are explored. The format of the paper is asfollows. In the next setion, we review the mathemati-al formalism. Setion 3 desribes the stati harged4 ÆÝÒÔ, âûï. 2 257



M. Sharif, R. Manzoor ÆÝÒÔ, òîì 143, âûï. 2, 2013blak strings and plane wave propagation in R. InSe. 4, we investigate the onditions of NPV. Finally,we disuss and summarize the results in the last se-tion.2. REVIEW OF THE MATHEMATICALFORMALISMIn this setion, we review the mathematial formu-lation needed to disuss the propagation of eletromag-neti waves in the vauum in a urved spaetime. Thisis based on the formal analogy between eletromagnetiwaves in a �at spaetime in a �titious instantaneouslyresponding medium and in the urved spaetime in freespae. Tamm [20℄ originally proposed this approahwhih was used by many authors [21�26℄.The soure-free ovariant Maxwell equations for aurved spaetime areF��;� + F��;� + F��;� = 0; F ��;� = 0;�; � = 0; 1; 2; 3:For a �at spaetime, these equations redue toF��;� + F��;� + F��;� = 0; (�g)1=2F ��;� = 0: (1)Here, F�� and F�� are the ontravariant and ovarianteletromagneti �eld tensors andg = det[g�� ℄:The semiolon (; ) and omma (; ) respetively indiateovariant and ordinary derivatives. These equationsan be rewritten asBi;i = 0; Bi;0 + "ijkEj;k = 0; Di;i = 0;�Di;0 + "ijkHj;k = 0; i; j; k = 1; 2; 3; (2)where Bi, Ej , Di, and Hj are the omponents of themagneti �eld vetor B, eletri �eld vetor E, dis-plaement �eld vetor D, and magnetizing �eld vetorH and "ijk is the three-dimensional Levi-Civita sym-bol.The eletromagneti �eld vetors E, B, D, and Hare Ei = Fi0; Bi = (1=2)"ijkFjk ;Di = (�g)1=2F i0; Hi = (1=2)"ijk(�g)1=2F jk : (3)These vetors satisfy the onstitutive relations of anequivalent instantaneously responding medium thatan desribe the eletromagneti response of the va-uum in a urved spaetime. These onstitutive rela-tions are D = �0E; B = �0H; (4)

where "0 = 8:854 � 10�12 Fm�1 and �0 = 4� �� 10�12 Hm�1 in SI units. The dyadi  an be ex-pressed in the metri formab = �(�g)1=2 gabg00 : (5)In the 3�3 dyadi form, Eqs. (2) and (4) an be writtenas [15, 17℄ r�E(t; r) + �B(t; r)�t = 0;r�H(t; r)� �D(t; r)�t = 0; (6)D(t; r) = �0(t; r) �E(t; r);B(t; r) = �0(t; r) �H(t; r): (7)3. CHARGED BLACK STRINGS AND WAVEPROPAGATIONStati harged blak strings with a negative os-mologial onstant have the line element of the form[27, 28℄ds2 = ���2r2 � b�r + 2�2r2� dt2 ++��2r2 � b�r + 2�2r2��1 dr2 ++ r2d�2 + �2r2dz2; (8)where �2 = ��3 ; b = 4GM; 2 = 4GQ2;h(r) = 2Q�r + onst;�1 < t <1; 0 � r <1;�1 < z <1; 0 � � � 2�:Here, M is the mass and Q is the linear harge densityper unit length of the z line of the blak strings, G isthe gravitational onstant, and � < 0 is the osmo-logial onstant. The blak hole horizons are found bysetting g00 = 0,r� = b 13qs+p2(s2 � 4p2 � s)2� ; (9)where258



ÆÝÒÔ, òîì 143, âûï. 2, 2013 Eletromagneti plane waves : : :s = 0�12 + 12s1� 4�4p23 �31A1=3 ++0�12 � 12s1� 4�4p23 �31A1=3 ; p2 = 2b 43 :Here, r� and r+ represent the inner and outer eventhorizons. In order to have a physial region, we taker+ only and neglet the inner event horizon.For Q = 0, Eq. (8) yields the line element of statiblak stringsds2 = ���2r2� b�r� dt2+��2r2� b�r��1 dr2 ++ r2d�2 + �2r2dz2; (10)where mass is the only parameter and the respetiveevent (outer) horizon isr = r+ = b 13� : (11)Beause  is a seond-rank Cartesian tensor [13, 22, 23℄,we onvert metri (8) into Cartesian oordinates asgab == 0BBBBBBBBBB�
�f 0 0 00 x2 + y2fr2f xy(1� f)r2f 00 xy(1� f)r2f y2 + x2fr2f 00 0 0 �2r2

1CCCCCCCCCCA ; (12)
where g = ��2r4;f = �2r2 � b�r + 2�2r2 :The onstitutive relations provide global desription ofthe ylindrially symmetri spaetime. To approximatea nonuniform metri ab by a uniform metri ~ab, weonsider the partition of the global spaetime into suf-�iently small and adjoining neighborhoods R at ar-bitrary loations (~x; ~y; ~z). We usually solve di�eren-tial equations with nonhomogeneous oe�ients by thismethod. The uniform metri is de�ned as [16, 17℄

[~ab℄ == 0BBBBBBBB� � ~f ~x2 + ~y2~f �(�1 + ~f)~x~y~f 0�(�1 + ~f)~x~y~f � ~f ~y2 + ~x2~f 00 0 1� ~f
1CCCCCCCCA ; (13)where det h~i = �( ~f ~x2 + ~y2)(~x2 + ~f ~y2)~f3 ;~f = �2~r2 � b�~r + 2�2~r2 :To disuss the propagation of plane waves in themedium de�ned by onstitutive relations (7), we on-sider the plane-wave solutionsE = ReE0 exp[i(k � r� !t)℄;H = ReH0 exp[i(k � r� !t)℄; (14)where k is the wave vetor, r is the position vetorwithin the neighborhood R ontaining an arbitrary lo-ation (~x; ~y; ~z); t denotes the time and ! is the angularfrequeny. Also, E0 and H0 represent omplex-valuedamplitudes. When Eq. (14) is used in Eq. (6), an eigen-vetor equation is obtained after some algebrai manip-ulations. The resulting equation is given byh�k20det h~i� k � ~ � k� I + kk � ~i �E0 = 0; (15)where k0 = !p�0�0:The orresponding dispersion relation an be writtenas k20det h~i �k20det h~i� k � ~ � k�2 = 0: (16)Sine deth~i is nonzero, this equation leads tok � ~ � k = k20det h~i : (17)With this value used in Eq. (15), it follows thatkk � ~ � E0 = 0, whih shows that k � ~ and E0 areorthogonal.Let the wave vetor k be desribed ask = kk̂ = k(ûx; ûy; ûz)3 ; (18)259 4*



M. Sharif, R. Manzoor ÆÝÒÔ, òîì 143, âûï. 2, 2013where ûx, ûy, and ûz represent unit vetors along ~x, ~y,and ~z axes and k is the magnitude of the wave vetor.Hene,k � ~ = k [(~11 + ~21)ûx + (~12 + ~22)ûy + ~33ûz℄3 :Furthermore,k � ~ � k = k2 [(~11 + ~21) + (~12 + ~22) + ~33℄9 ; (19)where ~11, ~12, ~21, ~22, ~33 are the omponents of themetri [ab℄. Substituting Eq. (19) in (17), we obtaink2 = 9k20det h~i(~11 + ~12) + (~12 + ~22) + ~33 :Inserting the values of ~11, ~12, ~21, ~22, ~33 in theabove equation, we obtaink2 = 9k20�2( ~f ~x2 + ~y2)(~x2 + ~y2 ~f)~f2 h�2( ~f(~x+ ~y)2 + (~x� ~y)2) + 1i ;whih yields the wave numbers k = k�k� = 3k0vuut �2( ~f ~x2 + ~y2)(~x2 + ~y2 ~f)~f2 h�2( ~f(~x+ ~y)2 + (~x� ~y)2) + 1i : (20)For propagation of waves, the values of wave num-bers k� must be real, whih lead to~f2 h�2( ~f(~x+~y)2+(~x�~y)2)+1i 6= 0; ~f > 0: (21)We impose the ondition f > 0 beause f < 0 providesthe nonphysial region r < r+. The general solution ofEq. (15) an be written asE0 = C1e1 + C2e2; (22)where C1 and C2 are omplex onstants and e1 and e2are two linearly independent eigenvetors given by [15℄:e1 = (~11 + ~22)ûx � (~11 + ~12)ûy; (23)e2 = ~33(~11 + ~12)ûx + ~33(~12 + ~22)ûy �� �(~11 + ~12)2 + (~12 + ~22)2� ûz: (24)The appliation of Fourier transformation (14) toEqs. (6) and (7) leads tok�H0 = �!�0~ �E0; k�E0 = !�0~ �H0: (25)Combining Eqs. (22) and (25) yields the magneti in-dution [15, 29℄H0 = k h~�1 � k̂� (C1e1 + C2e2)i!�0 : (26)

4. CONDITIONS FOR NEGATIVE PHASEVELOCITYThe negative phase veloity is de�ned by [30℄k � hPit < 0; (27)where hPit = 12 RefE0 �H�0gis the time-average Poynting vetor, whih gives theassoiated rate of energy �ow over time and H�0 isthe omplex onjugate of H0. Substituting Eqs. (22)and (26) in the above equation leads tohPit = k2!�0 [jC1j2(e1�p�e1)+ jC2j2(e2�p�e2)++ 2jC1jjC2j(e2 � p� e1)℄;where p = �1 � k̂:Inserting this value in Eq. (27), we obtaink22!�0 [jC1j2(e1 � p� e1) + jC2j2(e2 � p� e2) ++ 2jC1jjC2j(e2 � p� e1)℄ � k̂ < 0: (28)This is satis�ed if the following three inequalities holdsimultaneously:(e1 � p� e1) � k̂ < 0; (e2 � p� e2) � k̂ < 0;(e2 � p� e1) � k̂ < 0: (29)Now,(e1 � p� e1) � k̂ = 19 "(~11 + ~12)2 (~x2 + ~y2 ~f)�~r4 ++ (~12 + ~22)2 ( ~f ~x2 + ~y2)�~r4 ++� ~f �(~11+~12)2+(~12+~22)2�+�2~f2 h ~f(~x2�~y2)2 ++ 2~x2~y2(1 + ~f2) h(~x+ ~y)2 + ~f(~x� ~y)2ii 1�~r4 ++ �(~11 + ~12)2 + (~12 + ~22)2� (1� ~f)~x~y�~r4 ++ �2~f2 (~x3~y+~y~x3)(�1+ ~f2) (~x+~y)2+ ~f(~x�~y)2�~r4 # ; (30)260



ÆÝÒÔ, òîì 143, âûï. 2, 2013 Eletromagneti plane waves : : :(e2 � p� e1) � k̂ = 29� ~f3~r4 �� �(1� ~f)2(~x2 � ~y2)� ~f(~x2 + ~y2)2 + ~r4�22 ~f �� h( ~f ~x2 + ~y2 + (�1 + ~f)~x~y)2 + ( ~f ~y2 + ~x2 ++ (�1 + ~f)~x~y)2i � (1� ~f)(~x2 � ~y2); (31)(e2�p�e2) �k̂ = 19 " �(~11 + ~12)2 + (~12 + ~22)2��� "��2[ ~f(~x+ ~y)2 + (~x� ~y)2℄ + 1~f + 2(~x2 + ~y2)2� ~f ~r4 #++ �(~11+~12)2+(~12+~22)2�2 ~f(~x�~y)2+(~x+~y)2�~r4 ++ ~233(~12 + ~22)2 ~f ~y2 + ~x2 + (1� ~f)~x~y�~r4 ++ ~233(~11 + ~12)2 ~f ~x2 + ~y2 + (1� ~f)~x~y�~r4 ++ ~233�2~f2 h ~f(~x2�~y2)2+2~x2~y2(1+ ~f2) +(�1 + ~f2)�� (~x3~y + ~x~y3)� "� ~f(~x� ~y)2 + (~x+ ~y)2�~r4 ## : (32)To be onsistent with Eqs. (21) and (29), we on-strut some su�ient onditions. After analyzing thevalues of Eqs. (30)�(32), it follows that su�ient on-ditions for NPV depend on the hoie of the otantsf(~x < 0; ~y < 0); (~x > 0; ~y > 0);(~x < 0; ~y > 0); (~x > 0; ~y < 0)gand the values f(~x2 < ~y2); (~x2 > ~y2)g:Using Eq. (21) and the above onditions on (~x; ~y), weobtain the following four ases:I: � > 0; ~f > 0; (~x < 0; ~y < 0) or (~x > 0; ~y > 0);~x2 < ~y2 or ~x2 > ~y2;II: � > 0; ~f > 0; (~x < 0; ~y > 0) or (~x > 0; ~y < 0);~x2 < ~y2 or ~x2 > ~y2;III: � < 0; ~f > 0; (~x < 0; ~y < 0) or (~x > 0; ~y > 0);~x2 < ~y2 or ~x2 > ~y2;IV: � < 0; ~f > 0; (~x < 0; ~y > 0) or (~x > 0; ~y < 0);~x2 < ~y2 or ~x2 > ~y2:

Further, ~f an be either1) ~f > 1,2) ~f < 1,3) ~f = 1.From all the above ases, we onlude that if theyare taken together with option 3), there is a possibil-ity when all the three inequalities in Eq. (29) are notsatis�ed simultaneously. This leads to following possi-bilities:(i) If one of the terms in the square brakets inEq. (28) an have a negative value, then the sum of theother two positive terms has to be less than that value,suh that Eq. (28) beome negative and provide NPVpropagation.(ii) Similarly, if two of the three terms in squarebrakets in Eq. (28) have negative value, then theirsum must be greater than the remaining positive termin order to make expression (28) negative.Sine the loation of R within the spaetime is ar-bitrary, these onditions are applied generally for NPVpropagation. 5. SUMMARYIn this paper, we have investigated some possibleonditions for NPV propagation of stati harged blakstring. We an summarize the result as follows.1) f > 1 and f < 1 provide regions r1 and r2 forthe possible NPV propagation. We note that f = 1yields a region r3 where all the onditions of ases (1)and (2) do not hold and Eq. (29) annot be satis�ed.Some other onditions have to be formulated to makeNPV propagation possible in this region. The valuesof regions r1, r2, and r3 depend on the parameters oftemporal omponent of the given metri (8).2) If Q = 0, then f beomesf = �2r2 � b�r :In this ase, the onditions f < 1, f > 1, and f = 1respetively provide the possible NPV regionsr < (2=3)1=3��9�6b+p3p�4�12 + 27�12b2 � 13 ++ �9�6b+p3p�4�12 + 27�12b2 � 13(2=3)1=3� ;r > (2=3)1=3��9�6b+p3p�4�12 + 27�12b2 � 13 ++ �9�6b+p3p�4�12 + 27�12b2 � 13(2=3)1=3� ;261
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