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DYNAMICS OF AN N -VORTEX STATE AT SMALL DISTANCESYu. N. Ov
hinnikov *Max-Plan
k Institute for Physi
s of Complex Systems01187, Dresden, GermanyLandau Institute for Theoreti
al Physi
s, Russian A
ademy of S
ien
es142432, Chernogolovka, Mos
ow Region, RussiaRe
eived July 18, 2012We investigate the dynami
s of a state of N vorti
es, pla
ed at the initial instant at small distan
es from somepoint, 
lose to the �weight 
enter� of vorti
es. The general solution of the time-dependent Ginsburg�Landauequation for N vorti
es in a large time interval is found. For N = 2, the position of the �weight 
enter� oftwo vorti
es is time independent. For N � 3, the position of the �weight 
enter� weakly depends on timeand is lo
ated in the range of the order of a3, where a is a 
hara
teristi
 distan
e of a single vortex from the�weight 
enter�. For N = 3, the time evolution of the N -vortex state is �xed by the position of vorti
es at anytime instant and by the values of two small parameters. For N � 4, a new parameter arises in the problem,
onne
ted with relative in
reases in the number of de
ay modes.DOI: 10.7868/S00444510130101981. INTRODUCTIONThe nonlinear S
hrödinger equationi�	�t = ���2	�r2 + (1� j	j2	� (1)has a solution of parti
le-like ex
itations, vorti
es. Atlarge distan
es between vorti
es, the energy E 
an berepresented in the leading approximation in the form(see, e. g., Ref. [1℄)E =Xi Ei +Xi 6=j Eij ; Eij = �ninj ln Rjri � rj j ; (2)where Ei is the self energy of a separate vortex, Eijis the pair intera
tion energy, and R is the 
ut-o� dis-tan
e. As a result, the equation of motion of su
h asystem of vorti
es 
an be taken in the formnj �rj�t = � 1�J �E�rj ; (3)where J is the simple
ti
 matrixJ =  0 �11 0 ! (4)and nj is the �
harge� of a vortex.In the next approximation, the emission of sound-like ex
itations should be taken into a

ount [2; 3℄. Sys-tem of equations (3) 
an be integrated analyti
ally onlyin simplest symmetri
 
ases.*E-mail: ov
�itp.a
.ru

If the distan
es between vorti
es are small, the ap-proximation of pair intera
tion is in
orre
t even in theleading approximation. Nevertheless, the N -vortex so-lution of Eq. (1) 
an be found in an expli
it form if thedistan
es between all vorti
es are small. As a result,the evolution of the N -vortex state 
an be estimatedin a large time s
ale. The initial state is determinedby the positions of all N vorti
es and by any numberof free parameters. The number of free parameters de-pends on the number of �de
ay� modes, generated byEq. (1).The solution of the eigenvalue problem for N = 2was given in Refs. [2; 3℄. Here, we investigate the gen-eral 
ase for any value of N .We note that for N = 2, the position of the �weight
enter� of vorti
es (Pi ri=N) is 
onserved in time. ForN � 3, the weight-
enter position depends on time. Itstime dependen
e is investigated below.2. SPLITTING OF N VORTICESWe seek an N -vortex solution of Eq. (1) in the form =  NeiN� +Xj N�1Xk=0 Aj(N;k) �� nexp��i�jkt+ ik�� fk(�) ++ exp [i(2N � k)�℄ exp hi(�jk)�ti f�2N�k(�)o ; (5)198
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s of an N -vortex state : : :where Aj(N;k) are any 
omplex 
onstants,  N exp(iN�)is a stati
 solution of Eq. (1), f � f jk , �jk � �jk(N), and(�; �) are polar 
oordinates.In the linear approximation, system of equations (5)for the fun
tions ffk; f2N�kgk=0;::: ;N�1 de
ouples intoa system of equations for the pair ffk; f2N�kg only.Inserting expression (5) in Eq. (1), we obtain�jkfk = � �1� ��� ���fk�� �� k2�2 fk��� fk(1� 2j N j2) +  2Nf2N�k;� �jkf2N�k = � �1� ��� ���f2N�k�� � � (6)� (2N�k)2�2 f2N�k��(1�2j N j2)f2N�k+( �N )2fk;0 � k � N � 1:The �last� eigenvalue �N�1 is equal to zero (�N�1 == 0). It 
orresponds to the shift mode. In expres-sion (5), the 
oe�
ient A(N;N�1) should be set equalto zero. This means that the �initial� state was 
reatedfrom the state at (+t ! �1) with all zeros pla
ed at� = 0.Below, we take the fun
tion 	N to be real. It is asolution of the equation1� ��� ���	N�� �� N2�2 	N + (1�	2N )	N = 0: (7)For �� 1, 	N has the Taylor expansion:	N = BN�N�1� �24(N+1)+ �432(N+1)(N+2) �� �612(N + 3)� 132(N+1)(N+2)�B2NÆN;2�+ : : :�: (8)

For �� 1, we obtain from Eq. (7) that	N = �1� N22�2 � N2�4 �1 + N28 ��� N2�6 �8 + 2N2 + N416 ��� N2�8 �144 + 912 N2 + 258 N4 + 5128N6�+ : : :�++ ~CNp� exp��p2�� : (9)The values of the 
oe�
ients BN and ~CN 
an befound numeri
ally, starting from expression (8) for thefun
tion 	N in the range �� 1 and mat
hing the solu-tion thus found with expression (9) in the range �� N .As a result, we obtain the value of the 
oe�
ient BNwith high a

ura
y. To obtain an a

urate value of~CN , we solve Eq. (7), starting from expression (9) for�� N and mat
hing this solution with the previouslyfound solution at � � 1. As a result, for N = 2; 3; 4,we obtain fB2 = 0:15289; ~C2 = �16:69g;fB3 = 0:03093519; ~C3 = �520g;fB4 = 0:004864699; ~C4 = �1290g: (10)We now 
onsider the behavior of the fun
tionsffk; f2N�kg in the range of small (� � 1) and large(� � 1) distan
es. From system of equations (6), weobtain the Taylor expansion (�� 1) fkf2N�k! == �k0BBB�1� 1 + �jk4(k + 1)�2 + (1 + �jk)232(k + 1)(k + 2)�4 � �612(k + 3) " (1 + �jk)332(k + 1)(k + 2) � 2B2NÆN;2#+ : : :B2N4(k + 1)(2N + 1)�2N+2 + : : : 1CCCA+ Ck�2N�k �
�0BBBBBBBBB�

B2N4(2N + 1)(2N + 1� k)�2N+2 + : : :1� (1� �jk)�24(2N + 1� k) + (1� �jk)2�432(2N + 2� k)(2N + 1� k) � �612(2N + 3� k)��" (1� �jk)332(2N + 2� k)(2N + 1� k) � 2B2NÆN;2#+ : : :
1CCCCCCCCCA : (11)
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hinnikov ÆÝÒÔ, òîì 143, âûï. 1, 2013At large distan
es � � 1, we have the solution ofEq. (6) in the form of a sum of terms fkf2N�k! = exp(�Sk)p�  �k�k! ; (12)where the quantities f�k; �k; Skg are fun
tions of �.Inserting expression (12) in Eq. (6), we obtain� �k��k! = ���Sk�� �2 �k�k!+ 2�Sk�� 0BB���k����k�� 1CCA++�� 14�2+�2Sk��2 � �2��2� �k�k!+ 1�2  k2�k(2N�k)2�k!++ (�k + �k) 11!� (1�	2N ) 2�k + �k2�k + �k! : (13)At the in�nity, the solutions of Eq. (6) should de-
rease exponentially or should have the form of an out-going wave. For ea
h set fN � 2; 0 � k < N � 1; jg,there are two linearly independent solutions of su
h atype. From Eq. (8), we obtain the following expansionfor the fun
tion 	2N (�� 0):	2N = 1� N2�2 � 2N2�4 � : : : (14)Inserting this in Eq. (13), we �nd fkf2N�k! = Dk exp(�Sk)p�  �k�k!++ ~Dkp� exp(� ~Sk) ~�k~�k! ; (15)where fDk; ~Dkg are any 
onstants. The values of thefun
tions fSk; �k; �kg and f ~Sk; ~�k; ~�kg are found in theAppendix. For the �rst term in (15), we have �k�k! = 0� 1�jk +q1 + (�jk)21A+ N1 + (�jk)2 ��"(N � k) + �jkN2 # 1�2 ��241� 2�q1 + (�jk)2r1 +q1 + (�jk)2 35�

�0����jk +q1 + (�jk)2�1 1A ;Sk =r1 +q1 + (�jk)2�++ 1�r1 +q1 + (�jk)2 ��2418 � k22 +Nk0�1 + �jkq1 + (�jk)21A �� N2��jk � 12�q1 + (�jk)2 3775��0BB�1� 12�r1 +q1 + (�jk)21CCA :
(16)

For the se
ond term in (15), we obtain ~�k~�k! = 0����jk +q1 + (�jk)2�1 1A�� N1 + (�jk)2 "(N � k) + N�jk2 #�� 1�2 0BB�1 + 2iq1 + (�jk)2 rq1 + (�jk)2 � 1� 1CCA��0� 1�jk +q1 + (�jk)21A ;~Sk = i8>><>>:rq1 + (�jk)2 � 1� ++ 1�rq1 + (�jk)2 � 1 2664� 18 + k22 �� Nkq1 + (�jk)2 ��jk +q1 + (�jk)2� �� N2��jk � 12�q1 + (�jk)2 3775 0BB�1+ i2�rq1+(�jk)2�11CCA9>>=>>; :

(17)
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ÆÝÒÔ, òîì 143, âûï. 1, 2013 Dynami
s of an N -vortex state : : :The eigenvalues �jk(N) of the operator given by sys-tem of equations (6) are 
lose to the eigenvalues ~�jk(N)of the mu
h simpler operator L̂ given byL̂ = �1� �� ����� (1� 2j	j2) + k2�2 ;L̂ ~fk = ~�jk(N) ~fk: (18)In the range �� 1, the fun
tion ~fk is given by theexpansion~fk = �k(1� 1 + ~�ik4(k + 1)�2 + (1 + ~�jk)232(k + 1)(k + 2)�4 �� �612(k+3) " (1+~�jk)332(k+1)(k+2)�2B2NÆN;2#+ : : :): (19)

For �� 1, it follows from Eq. (18) that~fk = ~Gp� exp8<:�24q1� ~�jk�+ 1�q1� ~�jk �� �N2+18�k22 �0�1� 12q1�~�jk�1A35+ : : :9=; ; (20)where ~G is a 
onstant.Mat
hing the numeri
al solution of Eq. (18) star-ting from the value given by Eq. (19) for � � 1, withthe values given by Eq. (20) for � � 1, we obtain thefollowing values for the quantities ~�jk(N):N = 2 : ~�0 = �0:399689 (the index j has only one value);N = 3 : ~�0 = �0:65496595; ~�1 = �0:225866(the index j for both values of k = f0; 1g has only one value),N = 4 : ~�10 = �0:777134; ~�20 = �0:0888206 (21)(for k = 0, the index j has two values f1; 2g);N = 4 : ~�1 = �0:47814; ~�2 = �0:1367221(for k = f1; 2g, the index j has only one value):The values of ~�jN;k thus found are used as the ini-tial data for numeri
al 
al
ulations of the eigenvalues�jk(N).Mat
hing the numeri
al solution of Eq. (6) starting from the values given by Eq. (11) for � � 1 with thevalues given by Eqs. (15), (16), and (17) for � � 1,we obtain the 
oe�
ients �jk and Ck . As a result ofnumeri
al 
al
ulations, we obtainN = 2 : �0 = �0:443673+ i0:004937; C0 = �0:00734+ i0:0001494 [1, 2℄ ;N = 3 : �0 = �0:4452+ i0:0787; C0 = 0:000472� i0:000095;�1 = �0:18+ i0:0672; C1 = 0:002711+ i0(the index j has only one value for k = f0; 1g);N = 4 : �10 = �0:63494+ i0:07203; C10 = 3 � 10�6 � i5:7 � 10�5; (22)�20 = �0:0458+ i0:01; C20 = 1:1 � 10�6 � i1:4 � 10�6;�1 = �0:4563+ i0:0154; C1 = �i0:00216;�2 = �0:08735+ i0:0225; C2 = 0:00289+ i0:00058(the index j takes two values for k = 0 and one value for k = f1; 2g).3. TIME EVOLUTION OF THE POSITION OFVORTICES IN AN N-VORTEX STATEThe equation for the position of vorti
es is 	 = 0: (23)Using Eqs. (5), (9), (11), (13), and (15), we redu
eEq. (23) to the form201



Yu. N. Ov
hinnikov ÆÝÒÔ, òîì 143, âûï. 1, 2013zN +Xj N�2Xk=0 Aj(N;k)(exp h�i�jk(N)ti�� zk"1� 1 + �jk(N)4(k + 1) �2 + (1 + �jk(N))232(k + 1)(k + 2)�4 ++ Cjk(N)�4N+2�2k B2N4(2N + 1)(2N + 1� k) + : : :#++exp hi(�jk(N))�ti z2N�k"�2k+2 B2N4(k+1)(2N+1) ++ Cjk(N) 1� (1��jk(N))4(2N+1�k)�2!+ : : :#�) = 0; (24)where z = x+ iy and � =px2 + y2.We note that nonlinear 
orre
tions to the solutionof Eq. (1), in the �rst approximation given by expan-sion (5), leads only to a renormalization of the 
oe�-
ients in Eq. (24). This statement implies an important
on
lusion: for N = 2 (double vortex), the position ofthe weight 
enter of two vorti
es is independent of time:12 (z1 + z2) = 0, where z1;2 are positions of the vorti
es.But for N � 3, the position of the weight 
enter of Nvorti
es is time independent only in the leading appro-ximation. For N � 3, we seek the zeros of Eq. (24) inthe form zl = z0l + z(1)l ; (25)where fz0l g are N solutions of the equationzN +Xj N�2Xk=0 Aj(N;k) nzke�i�jk(N)to = 0: (26)From Eq. (26), we �ndNXl=1 z0l = 0:In the next approximation, we obtainNXl=1 zl = NXl=1 z(1)l (27)for a point of general position, wherez(1)l =Xj N�2Xk=0 Aj(N;k) exp(�i�jk(N)t)(1 + �jk(N))�� jz0l j2(z0l )k4(k + 1) 8<:N(z0l )N�1 ++ Xj N�1Xk=1 kAj(N;k)(z0l )k�1 exp h�i�jk(N)ti9=;�1 : (28)

We thus obtain that the time evolution of thetwo-vortex state is determined only by the position ofzeros at the initial instant. For N � 3, the uniquepredi
tion of the N -vortex state evolution in the timerequires the knowledge of exa
t positions of all the vor-ti
es at the initial instant and the knowledge of twoparameters: shift 
enter of the N -vortex state at t !! �1 relative to the weight 
enter at the 
urrent in-stant and 2PN�2k=0 (jmax(N;k)�1) additional parameters en-tering Eq. (5). 4. CONCLUSIONThe traje
tories of N intera
ting vorti
es are foundin a wide time interval under the assumption that atsome initial instant, the distan
es between all vorti
esare small. In addition to the positions of the vorti
esat the initial instant, two additional small parame-ters should be given to �x unique dynami
s of su
ha vortex state. The full number of unstable modes isPN�2k=0 jmax(N;k). As a result, the 
oe�
ients at the �ex-tra� unstable modes are additional free parameters inthe problem. The full number of these �extra� modesis equal to 2PN�2k=0 (jmax(N;k) � 1).In the 
onsidered approximation, the positions ofvorti
es are given as roots of an algebrai
 equation. Thetime dependen
e of the 
oe�
ients in this equation isdetermined by (N �1)+PN�2k=0 (jmax(N;k)�1) frequen
ies.All these frequen
ies 
an be found as a solution of aneigenvalue problem. They are found numeri
ally in theparti
ular 
ases N = f3; 4g. The emission of sound-like ex
itations 
an lead to some self-organization ofthe position of vorti
es.We thank I. M. Sigal for the numerous stimu-lating dis
ussions. This paper is supported by theEOARD grant � 097006 and the program SIMTECHgrant � 246937. APPENDIXSystem of equations (13) has two linearly indepen-dent solutions, whi
h satisfy boundary 
onditions onin�nity. In the leading approximation, we obtain� �k�k! = ���Sk�� �2 �k�k!+ (�+ �) 11! (29)202
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s of an N -vortex state : : :from Eq. (13). Multiplying both sides of Eq. (29) by(��k; �k), we obtain�2k � �2k + 2�k�k = 0: (30)From Eqs. (29) and (30), we obtain both solutionsin the leading approximation: the �rst solution �k�k! =  1�k +p1 + �2k! ;�Sk�� = �1 +q1 + �2k �1=2 (31a)and the se
ond solution ~�k~�k! =  ���k +p1 + �2k �1 ! ;� ~Sk�� = i�q1 + �2k � 1�1=2 : (31b)We now seek the �rst solution in the form �k�k! =  1�k +p1 + �2k!+ 
1�2 ���1 + 
2� � ��p1 + �2k + �k�1 ! ;Sk = �1 +q1 + �2k �1=2�+ 
3� �1 + 
4� � : (32)
From the �rst two equations in (32), we obtain the use-ful relations�2k � �2k = �2��k +q1 + �2k �����k + 2
1�2 �1 + 
2� �� ;�k�k = ��k +q1 + �2k ����1� 2�k
1�2 �1 + 
2� �� ;�2k + �2k = 2q1 + �2k �q1 + �2k + �k� : (33)
Multiplying both sides of Eq. (13) by (��k; �k) andusing Eq. (33), we immediately obtain
1 = N1 + �2k �(N � k) + �kN2 � ;
2 = � 2p1 + �2k �1 +q1 + �2k �1=2 : (34)

Multiplying both sides of Eq. (13) by (�k; �k), we ob-tain�k(�2k � �2k) = ���Sk�� �2 (�2k + �2k) ++�� 14�2 + �2Sk��2 � (�2k + �2k) ++ 1�2 (k2(�2 + �2k)� 4Nk�2k) + (�+ �)2 �� 2N2�2 (�2k � �2k + �k�k): (35)Inserting the value of Sk in (32) into Eq. (35) and usingEq. (33), we obtain the 
oe�
ients
3 = 1�1 +p1 + �2k�1=2 ��(18 � k22 +Nk 1 + �kp1 + �2k! �� N2(�k � 1=2)p1 + �2k ) ;
4 = � 12�1 +p1 + �2k �1=2 :
(36)

In similar way, we seek the se
ond solution ofEq. (13) in the form ~�k~�k! =  ���k +p1 + �2k �1 !++ ~
1�2 �1 + ~
2� � 1�k +p1 + �2k! ;~Sk = i(�q1+�2k�1�1=2�+~
3� �1+~
4� �) : (37)
As before, we obtain useful relations from the �rst twoequations in (37):~�2k � ~�2k = 2��k +q1 + �2k �����k � 2 ~
1�2 �1 + ~
2� �� ;~�k ~�k = ���k +q1 + �2k ����1 + 2�k ~
1�2 �1 + ~
2� �� ;~�2k + ~�2k = 2��k +q1 + �2k �q1 + �2k : (38)
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Yu. N. Ov
hinnikov ÆÝÒÔ, òîì 143, âûï. 1, 2013Multiplying both sides of Eq. (13) by (�~�k; ~�k), weobtain the 
oe�
ients~
1 = � N1 + �2k �(N � k) + �kN2 � ;~
2 = 2ip1 + �2k �q1 + �2k � 1�1=2 : (39)Multiplying both sides of Eq. (13) by (~�k; ~�k) gives�k(~�2k � ~�2k) = � � ~Sk�� !2 (~�2k + ~�2k) ++ � 14�2+�2 ~Sk��2 ! (~�2k+~�2k)+ 1�2 [k2(~�2k+~�2k)�4Nk ~�2k℄++ (~�2k + ~�2k + 2~�k ~�k)� 2N2�2 (~�2k � ~�2k + ~�k ~�k): (40)Inserting the value of ~Sk given by Eq. (37) in this equa-tion and using Eq. (38), we obtain

~
3 = 1�p1 + �2k � 1�1=2 8<:� 18 + k22 �� Nkp1+�2k ��k+p1+�2k ��N2(�k�1=2)p1+�2k 9=; ;~
4 = i2�p1 + �2k � 1�1=2 : (41)
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