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PHONON DISPERSION OF GRAPHENE REVISITEDRasmita Sahoo *, Rashmi Ranjan MishraDepartment of Physi
s, Birla Institute of Te
hnology and S
ien
e,Pilani, Rajasthan, IndiaRe
eived August 16, 2011The phonon dispersion of graphene is derived by using a simple mass spring model and 
onsidering up to the �rst,se
ond, third, and fourth nearest-neighbor intera
tions. The results obtained from di�erent nearest-neighborintera
tions are 
ompared and it is shown that the k2 dependen
e for the out-of-plane transverse a
ousti
mode obtained in other sophisti
ated methods as well as experiment o

urs only after 
onsidering the fourthnearest-neighbor intera
tion.1. INTRODUCTIONGraphene, a two-dimensional sheet of graphite andthe basis to obtain 
arbon nanotubes (CNTs), whi
his of great interest for the 
urrent resear
hers [1�5℄, isbe
oming a 
ru
ial area of resear
h now. The ongo-ing resear
h on the vibrational spe
trum of CNTs hasreopened the resear
h for the vibrational spe
trum ofgraphite as well as graphene. Although the phonon dis-persion of graphene has been derived by using severalsophisti
ated methods, the main obje
tive of this paperis to reprodu
e the same result via a simpler method.We 
al
ulate the phonon dispersion of a graphene sheetby using the simple mass spring model of latti
e vibra-tions and 
onsidering the intera
tions up to the �rst,se
ond, third, and fourth nearest neighbors.The paper is organized as follows. Se
tion 2 dis-
usses the phonon dispersion relation for a graphenesheet, derived by 
onsidering a simple mass springmodel. The paper is 
on
luded in Se
. 3.2. PHONON DISPERSION OF GRAPHENEPhonon dispersion of graphene has been revisitedby resear
hers in the �eld be
ause CNTs hold enor-mous promise in devi
e appli
ations. Several modelshave been proposed [6�8℄ to 
al
ulate phonon disper-sion of graphite as well as graphene. Here, we use themass spring model [9; 10℄, in whi
h 
arbon atoms are*E-mail: sahoorasmita�yahoo.
om
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H GE BA y xFig. 1. Unit 
ell and basis ve
tors of a graphene sheet
onsidered to be 
onne
ted by massless springs withempiri
ally determined spring 
onstants. We system-ati
ally do the 
al
ulations, in
luding intera
tions upto the fourth nearest neighbor, and study how the dis-persion is a�e
ted as more and more neighbors are in-
luded in the intera
tion. We go as far as the fourthnearest-neighbor intera
tion, be
ause the quadrati
 de-penden
e of ! on the wave ve
tor k near the origin,for the out-of-plane transverse a
ousti
 mode, whi
h ispresent in experimental results as well as other moresophisti
ated theoreti
al 
al
ulations, turns out to ap-pear only when the fourth nearest-neighbor intera
tionis in
luded. We also 
ompare the phonon spe
tra ob-tained from di�erent nearest-neighbor intera
tions with924
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Fig. 3. Dire
tions of vibrationsab-initio 
al
ulations available in the literature [6℄, anddraw 
ertain 
on
lusions regarding the viability of thesimpler spring mass model.Figure 1 shows a graphene sheet with basis ve
torsa1 and a2. The atoms A and B (shown inside the re
t-angle) form the basis set for graphene. In graphene,ea
h atom in the unit 
ell is surrounded by three �rstnearest neighbors of the opposite type, six se
ond near-est neighbors of the same type, three third nearestneighbors of the opposite type, and six fourth nearestneighbors of the opposite type. In Fig. 2, these nea-rest-neighbor atoms are shown by 
onne
ting through
ir
les 1 to 4 respe
tively.Considering only the �rst nearest-neighbor intera
-tion, the dynami
al matrix for both atoms has beenderived from the 
orresponding equations of motion.Displa
ements of atoms A and B due to latti
e vibra-tion are denoted by u and v, respe
tively. The positionve
tors are given in terms of the basis ve
tors. We 
on-

sider a latti
e site at (r; s) i. e., at ra1 + sa2, where rand s are integers. The separation between A and Batoms at same latti
e site is (a1 + a2)=3. Referring toFig. 2 and 
onsidering only the �rst nearest-neighborintera
tion, we write the equations of motion for bothatoms asM d2ursdt2 = C1(vrs � urs) + C2(vr;s�1 � urs) ++ C3(vr�1;s � urs); (1)M d2vrsdt2 = C1(urs � vrs) + C2(ur;s+1 � vrs) ++ C3(ur+1;s � vrs); (2)where M is the mass of a 
arbon atom, C1, C2, and C3are for
e 
onstant tensors, and the displa
ements areurs = u exp [ik � (ra1 + sa2)℄ exp(�i!t);vrs = v exp [ik � (ra1 + sa2)℄�� exp [ik � (a1 + a2)=3℄ exp(�i!t):Using these in Eqs. (1) and (2), we obtain the dynam-i
al matrix for graphene:925
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OTA/ZAFig. 4. Phonon dispersion of graphene 
onsidering the �rst (a), se
ond (b), third (
), and fourth (d) nearest-neighborintera
tionsD =
=0BBBBBBBBBBBB�

�M!2 + C1+ � exp� i3k � (a1+a2)��+C2 + C3 � [C1+C2 exp(�ik � a2)++ C3 exp(�ik � a1)℄� exp � i3k � (a1+a2)�� �M!2 + C1+� [C1+C2 exp(ik � a2)+ +C2 + C3+ C3 exp(ik � a1)℄
1CCCCCCCCCCCCA :
(3)The matrix C1 is given by

C1 = 0B� �(1)r 0 00 �(1)ti 00 0 �(1)to 1CA ; (4)where �(1)r , �(1)ti , and �(1)to are the respe
tive for
e 
on-stants due to the nearest neighbor intera
tions in theradial, in-plane tangential, and out-of-plane transversedire
tions. Their values [5℄ are�(1)r = 36:5 � 104 dyn/
m; �(1)ti = 24:5 � 104 dyn/
m;�(1)to = 9:82 � 104 dyn/
m:926



ÆÝÒÔ, òîì 141, âûï. 5, 2012 Phonon dispersion of graphene revisiteda




b

d

LO
ITALA

ITOOTO/ZO
LOTO

ZOLA TAZA

040080012001600!; 
m�1

!; 
m�1160012008004000� �M K

� �M Kk; �A�1

�M

k; �A�1

��
TA�� �M �K050

100150200!; meV

!; 
m�1

0 � M K �

��LOLAZO
ZASH

SH�
40080012001600

OTA/ZA k; �A�1

k; �A�1Fig. 5. Phonon dispersion of graphene obtained from our 
al
ulation with the fourth nearest-neighbor intera
tion (a), andtaken from Refs. [8℄ (b), [6℄ (
), and [7℄ (d)The supers
ript �1� indi
ates the �rst nearest-neighborintera
tion. These three dire
tions of vibrations areshown in Fig. 3.The vibration along the line joining A and B atomsin the graphene plane is the radial vibration, whi
h isalong the x-dire
tion. Vibrations along y and z dire
-tions are respe
tively 
alled transverse (tangential) in-plane, and transverse out-of-plane vibrations. Amongthese three vibrations, there is bond stret
hing in theradial vibrations and bond bending in the other twovibrations. The other two matri
es Cj (j = 2, 3) areobtained from C1 by using the formula Cj = U�1j C1Uj ,
where Uj is the rotation matrix around the z-dire
tion,whi
h takes atom B1 to atom Bj . They are given byC2 = 14 ��0BBBB� �(1)r +3�1ti p3��(1)ti ��(1)r � 0p3��(1)ti ��(1)r � 3�(1)r +�(1)ti 00 0 4�(1)to 1CCCCA ; (5)
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al model and experimental results at di�erent high-symmetrypointsMethod used toobtain thephonondispersion Frequen
y at the� point [
m�1℄ Frequen
y at the M point [
m�1℄ Frequen
y at the K point [
m�1℄LO ITO OTO LO ITO OTO LA ITA OTA LO ITO OTO LA ITA OTAAb initio [6℄ 1690 1690 860 1580 1475 1280 610 580 460 1520 1260 1260 890 520 5201st nearestneighbor 1623 1623 920 1389 1259 1025 840 752 532 1256 1147 1149 1029 650 6502nd nearestneighbor 1623 1623 981 1542 1334 1287 860 720 487 1392 1295 1295 1190 610 6103rd nearestneighbor 1593 1593 928 1542 1333 1250 803 720 500 1438 1277 1277 1092 615 6154th nearestneighbor 1603 1603 872 1546 1345 1252 810 673 465 1480 1283 1283 1033 573 5734th nearestneighborwith a se
ondset of for
e
onstant 1605 1605 874 1475 1313 1202 733 703 432 1305 1222 1222 1133 580 580Experi-mental [8℄ 1580 1580 868 1390 1323 1290 630 670 471 1313 1184 1184 � � �C3 = 14 ��0BBB� �(1)r +3�(1)ti p3��(1)r ��(1)ti � 0p3��(1)r ��(1)ti � 3�(1)r +�(1)ti 00 0 4�(1)to 1CCCA : (6)Substituting these matri
es in Eq. (3), we obtain a 6�6dynami
al matrix, and setting the determinant of thedynami
al matrix equal to zero, we obtain the phonondispersion relation (! � k) for graphene, whi
h is plot-ted in Fig. 4a. Be
ause the matrix is 6� 6, we obtainsix bran
hes for the phonon dispersion. The numbersix also follows from the fa
t that there are two atomsper primitive 
ell, and ea
h atom has three modes ofvibration.Finally solving the eigenvalue equations for the dy-nami
al matrix, we obtain the phonon dispersion rela-tion of graphene [11℄. The same pro
edure is repeatedfor di�erent nearest-neighbor intera
tions. The phononbran
hes for graphene obtained by this method areshown in Fig. 4, whi
h shows that there are three opti-
al and three a
ousti
 bran
hes. The three bran
hes

originating from zero at the � point are the threea
ousti
 phonon modes, 
orresponding to the out-of-plane mode known as the out-of-plane transversea
ousti
 bran
h (OTA/ZA), the in-plane tangential(bond-bending) mode known as the in-plane transversea
ousti
 bran
h (ITA), and the in-plane radial (bond-stret
hing) mode known as the longitudinal a
ousti
bran
h (LA), listed in order of in
reasing energy. Theremaining three bran
hes 
orrespond to the opti
almodes: one the nondegenerate out-of-plane mode andtwo the in-plane modes that remain doubly degenerateas we move away from the � point. The three opti-
al bran
hes are 
alled the longitudinal opti
al (LO),the in-plane transverse opti
al (ITO), and the out-of-plane transverse opti
al (OTO/ZO), in the de
reasingorder of frequen
y. It is 
lear from the Fig. 4 that al-though there are similarities between all the phononspe
tra obtained for di�erent nearest-neighbor inter-a
tions, with only small quantitative di�eren
es, thek2 dependen
e for the out-of-plane transverse a
ous-ti
 bran
h, obtained in experimental results and other
al
ulations, appears only after in
luding intera
tionsup to the fourth nearest neighbor. Therefore the inter-928
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tions at least up to fourth nearest neighbors are tobe 
onsidered for 
al
ulating the phonon dispersion ofgraphene.The 
omparison of our results with the results ob-tained in ab-initio 
al
ulations [6℄, density fun
tionaltheory 
al
ulations [7℄, and experimental data [8℄, isshown in Fig. 5. In this �gure, plots shown in (a)�(d)are respe
tively the phonon dispersions obtained inthe present 
al
ulation, 
onsidering up to the fourthnearest-neighbor intera
tion, experimental data [8℄,ab-initio 
al
ulation [6℄, and density fun
tional 
al
u-lation [7℄.The open squares and 
losed 
ir
les in Fig. 5d rep-resent experimental data for the phonon dispersionof graphene obtained by di�erent methods des
ribedin [7℄. In this �gure, the authors have mentioned the in-plane transverse a
ousti
 (ITA) bran
h as Shear hori-zontal (SH) bran
h and the in-plane transverse opti
alas SH�. In Fig. 5b, solid 
ir
les and solid 
urves respe
-tively represent the phonon energy dispersion 
urves ofgraphene sheets determined experimentally and theo-reti
ally, whereas phonons in the bulk graphite surfa
esare shown with open 
ir
les for 
omparison [8℄. InTable, to 
ompare the results quantitatively, we havelisted the values at high-symmetry points obtainedfrom di�erent nearest-neighbor intera
tion 
onsidera-tion, those obtained by the ab-initio method, and fromexperiment [8; 12℄.3. CONCLUSIONWe have obtained the phonon dispersion relationof graphene by using a simple mass spring model and
onsidering up to the fourth nearest-neighbor intera
-tion. We have then 
ompared our results obtained fordi�erent nearest-neighbor intera
tions with experimen-

tal data and with the results obtained by the ab-initiomethod. The 
omparison shows that the a

ura
y isgreater as we in
lude more nearest-neighbor intera
-tions and the k2 dependen
e, be
ause the out-of-planetransverse mode appears only after 
onsidering thefourth nearest-neighbor intera
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