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The N' = 1 SQCD with SU(N.) colors and N flavors of light quarks is considered within the dynamical
scenario that assumes that quarks can be in the two different phases only: the heavy-quark phase, where they
are confined, and the phase of higgsed quarks, at the appropriate values of the Lagrangian parameters. The
mass spectra of this (direct) theory and its Seiberg dual are obtained and compared for quarks of small equal or
unequal masses. It is shown that in those regions of the parameter space where an additional small parameter
exists (it is 0 < bo/Nr = (3N. — Nr)/Nr < 1 at the right end of the conformal window, where the direct
theory is weakly coupled in the vicinity of its IR fixed point, or its analog 0 < bo/Nr = (2N¥ — 3N.)/Nr < 1
for the dual theory at the left end of the conformal window), the mass spectra of the direct and dual theories
are parametrically different. A number of other regimes are also considered.

1. INTRODUCTION

The dynamics of 4-dimensional strongly coupled
non-Abelian gauge theories is complicated. It is well
known that supersymmetry (SUSY) leads to some
simplifications in comparison with the ordinary (i.e.,
non-SUSY) theories. Besides, it is widely believed that
SUSY is relevant to the real world. In any case, it is
of great interest to study the dynamics of the nearest
SUSY-relative of the ordinary QCD, i.e., the A" =1
SQCD. But even with A/ = 1 SQCD, there is currently
no proven physical picture of even the main nontrivial
features of its dynamics.

The best proposal so far seems to be Seiberg’s dual
theory [1], which is weakly coupled when the direct
theory is strongly coupled, and vice versa (see, e. g., re-
views [2, 3] and the references therein for N’ =1 SQCD
and [4, 5] for Seiberg’s dual theory). The Seiberg dual-
ity passed some nontrivial checks (the 't Hooft triangles
and the behavior in the conformal regime), but up to
now, unfortunately, no proof has been given that the di-
rect and dual theories are (or are not) equivalent. The
reason is that such a proof needs real understanding of
and the control over the dynamics of both theories.

A definite dynamical scenario for V' = 1 SQCD was
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proposed recently [6, 7]. The main idea of this scenario
(No. 1) was that the quarks are not higgsed when

0 <mq =m(p=1~7Aq) <Agq,

(@QQ(n = Aq)) < A,

but form a coherent condensate of colorless chiral pairs
QQ in the vacuum (the diquark condensate phase DC).
As a result, they acquire the large dynamical con-
stituent mass puc = M, and light pseudo-Goldstone
{ (“pions”) appear, with masses . < puc.
The mass spectra of the direct and dual theories were
obtained in [6] within this scenario No. 1, and they ap-
peared to be quite different. Besides, some more gen-
eral arguments (not related with the use of dynamical
scenario No. 1 with the diquark condensate) presented
in Sec. 7 in [6] suggest that the direct and dual theories
are not equivalent in the region N, < Ny < 3N./2.
The purpose of this paper is to consider another
dynamical scenario (No. 2) in which it is assumed that
quarks can be in two different phases only: either in the
heavy quark (HQ) phase and are therefore confined or
(instead of forming the diquark condensate) they are
higgsed at © = pg < Ag, at the appropriate values of
the parameters of the theory.
The direct and dual theories for quarks of equal
small masses, 0 < mg < Ag, are considered in
Secs. 2—4 and 7. Other sections deal with quarks of

mesons m
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unequal masses, when there are N; lighter flavors with
masses m; and N, = Np — N; heavier flavors with
masses 0 < my < my < Ag. The mass spectra of
both the direct and dual theories in the conformal win-
dow are described in Secs. 2-5. It is shown that in
all cases where an additional small parameter is avai-
lable (it is 0 < bg/Np = (3N, — Np)/Np < 1 at the
right end of the conformal window and its dual analog
0 < bg/Nr = (2Nr — 3N,)/Nr < 1 at the left end),
the parametrical differences in the mass spectra of the
direct and dual theories can be traced. Sections 6-9
deal with the direct and dual theories in some special
regimes of interest. Finally, some conclusions are pre-
sented in Sec. 10.

2. DIRECT THEORY. EQUAL QUARK

MASSES, 0 < bg/Nr < 1

The Lagrangian of the direct theory at scales u >
> Ag has the form

L= [Tr (QTe"Q + G*e*va)] o+

[ 2m
_I_ -

) S+ Tr (mo(n) QQ) + H.c.]

F

Here, S W2/32n%, a(u) is the running gauge
coupling (with its scale parameter Ag independent of
quark masses), W, is the gluon field strength, and

meo(p) € Ag is the current quark mass.

The theory is UV free and is in the conformal regime
at scales pupr < p < Ag", where u is the highest
physical mass, and in this case it is the quark pole

mass m’é"le:

1 By definition, Ag is a scale such that the coupling
a(p = Ag) = Nea(p = Ag) /27 is sufficiently close to its fixed-
point value ax, i.e., ax —a(p = Ag) = das, 6 < 1 (and similarly
for the dual theory, @« — @(pt = Ay) = 6 @«). The coupling a. is
weak at bo/NF < 1 and 'yQ(a*) = (bo/NF) ~ (1 — 1/Nc2)a*
A~ a+« < 1. Here and in what follows, we trace only
the leading exponential dependence on the small parameter
bo/Nrp < 1 (or bg/Np < 1), i.e., factors of the order of
exp{—co(Np/bo)}, co = O(1), while the nonleading terms
of the order of exp{—cod(Nr/bo)} or pre-exponential factors
~ (Nc/bo)?, o = O(1), are neglected, because this simplifies
greatly all expressions. Besides, it is always implied that even
when by /Np or bg/Np are < 1, these small parameters do not
compete in any way with the main small parameter mqg /Ag (see
the Appendix for more details).

~
~
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m;éole B mQ(N — m;éole)
Aq Aq
_mQ< Ao )m_(mQ)l/(l-HQ)
N pole I ’
Ag mg, Ag
mq =mq(n=1~7q), 7Y@ ="0bo/Nr, (2.1)
1 Ng
bo =3N.— Np, ——m =—,
0 P 14y T 3N,
m;[éole _ (@>NF/SNc
Ag Ag

where 7 is the quark anomalous dimension [8]. Af-
ter integrating out all quarks as heavy ones, a pure
Yang-Mills (YM) theory remains with N, colors at
lower energies. Its scale parameter Ayjp; can be de-
termined from matching the couplings of the higher-
and lower-energy theories at p = mg’le. Proceeding as

in [6], we obtain
pole )

m 2 N
3N, ln< Q |
N,
= exp <__c> mgole & mgole.

F
~ T~ N~
Oy bo

—)AYMZ

Ay m
2.2
bo (22)

Therefore, there are two parametrically different scales
in the mass spectrum of the direct theory in this case.
There is the large number of colorless flavored hadrons
made of weakly confined (i.e., with the string tension
Vo ~Ayy < mgle) and weakly interacting nonrela-

tivistic HQs @, Q with masses mg‘)le > Ay, and a
large number of gluonia with the mass scale Ay s
_ exp(_Nc/bO)m;[éole < m;zéole

To check the self-consistency, we estimate the scale
of the gluon masses due to a possible quark higgsing.
The quark chiral condensate M2, at u = Ag is given

by [9]

M2h 1 A (S) = ASYM
= 5 (0QQ(k =Ag)|0) = ——F=— =
AL T A @ mgA%
(Np—Nc)/Ne
= exp (—]Z—j) <7X—§> . (2.3)
pole

If the gluons acquired masses pg; > mg ~ due to higgs-
ing of the quarks, then the conformal renolmalization
group (RG) evolution stops at 1 = g Hence, pg can
be estimated from
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12y ~ alp = pg)(0[QQ (1 = 1g1)]0),

7R
1 _ Nea(p
ui~Ma(fQ - ay = N
Q

2r

1/(2—7q)
Hor [ M2, w o (), B
Ao T\ Ay P\ 2
A A mpole
Y M vm Mg
Ag Ag Ag

Therefore, the scale of possible gluon masses j1 = pg
is parametrically smaller not only than the quark pole
mass but also than Ay s, g < Ayy < mg’le, and the
picture of Q, Q being in the HQ phase is self-consistent.

3. DUAL THEORY. EQUAL QUARK MASSES,
0 <bo/Nr <1

The Lagrangian of the dual theory (at the scale
w~ Ag) is taken in the form [1]

L= {Tr (q*evq + Gfequ) + H%Tr (MTM)] . +
+ {—%%L iTr (@Mq) +
+ Tr (Mo(u) M) +H.c.]F (3.1)

Here, 5 = w2 /32n%, @(p) = g*(u) /47 is the dual run-
ning gauge coupling (with its scale parameter A,), W
is the dual gluon field strength, the number of dual col-
ors is N. = Ny — N,, and MZ are the N}% dual meson
(mion) fields.

The scale parameter A, of the dual theory can be
taken as |A4| ~ Ag, such that both direct and dual
theories enter the conformal regime simultaneously at
i~ Ag (see also the Appendix)?, and py < py (the
dual theory is considered UV free in the conformal win-
dow). Besides, the normalization of QQ(u = Ag) and
M (= Ag) can always be matched,

Mo = (0]M (1 = Aq)I0) = (0lQQ(1 = Ag)|0) = M?,.

Hence, because the gluino condensates are also
matched, it follows that [9]

(S) =AYy = moM3y, = |(3)| =
= [Ayu|® =mq(p = Ag) Mo,

2) The phase of Ag has to be chosen appropriately [4]. This
is always implied without being stipulated explicitly in what fol-
lows.
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me (1 = Ag) = mq.
Therefore, only one free parameter py = Z;A¢ remains
in the dual theory. It is to be determined below from
the explicit matching of gluino condensates in the di-
rect and dual theories.

The dual theory is also in the conformal regime at
bo/Nr < 1 and iy < p < Ag, where Jij is the corre-
sponding highest physical mass.

Agsuming that the dual quarks g, ¢ are in the HQ
phase and hence iy = ufl’Ole, we find their pole mass
(NC = NF — Nc, bo = SNC —NF, ’}/q = bo/NF)I

ole Ya NF/3N¢-,
AQ AQ ’ugole ZqA2Q (32)
My M?
= = A = — = ~ch .
Ho = pa(i = Ae) = 2% = 70

We now integrate out all dual quarks as heavy ones
and determine the scale factor Ayj; of the remaining
dual YM theory (the dual coupling is @, = N, @, /27 =

=0(1)):
Mgole)

3N.In (—_
A

Equating the gluino condensates of the direct and dual
theories (i.e., (—Ayar)® = A3,,), we obtain

N.

—~ ~N.—
Y M Qx

pole

— —Ayy ~ g

(3.3)

_AYM = AYM — Zq = exp (—]:—;) (34)

We now find the mass pys of the mions M. It can
be found from their effective Lagrangian, obtained by
integrating out all dual quarks and gluons. Proceeding
as in [6, 7] and integrating out all quarks as heavy ones
and all gluons via the Veneziano—Yankielowicz (VY)
procedure [10], we obtain the Lagrangian of mions (the
fields M are normalized in (3.5) and (3.6) at u = Ag
and Bo = 3Wc — NF)

zu(Aq, 1h")

> Te MM
M3

+
D

Ly =

detnr )
ZgTAS
¢ g »

Y (3.5)

274
Hq >

pole
A 2bo /N
(z) >t
YM

mqo(M) = mQMEh = A%fzvp

2u (Mg, pb'e) = (
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In a number of cases, it is also convenient to write the
Lagrangian of mions in the form

pole

LM _ lZM(AQvuq )

. Te MM
M2

+

D

+ (3.6)

(M)

., o\ /e
F

It follows from (3.5) that

242
N% ZqAQ

Har =M ~m
QZMMO QZMMgh

~ Ay (3.7)
To check that the above assumption that the dual
quarks ¢, g are in the HQ phase (i. e., are not higgsed) is
not self-contradictory, we estimate the mass 77, of dual
gluons due to possible higgsing of the dual quarks. The
condensate of the dual quarks at = Ag is [9]

1y = pe (i = Ag) = [{@a(p = Ag))| = pumq =

Ya
I
~ Zihama, wt(u< A0 =i (1) @)
Therefore, the mass of dual gluons due to possible hig-
gsing of dual quarks can be estimated as

Hgl bo/Ne
Ty ~ (@ ~ 1) ZgAgmq (A—g> -
Q

— ﬁgl ~ Ay (39)

It can be seen that this is, at least, not parametri-
cally higher than the pole mass of the dual quark,
Ty ~ ,ug"le. Hence, it may actually be even some-
what smaller, i, = pb°'®/(several) (because we have
no real control over possible nonparametrical factors
0O(1)), and the dual quarks are indeed in the HQ phase.
In similar situations here and below, we assume that
this is indeed the case®).

On the whole, there is only one scale ~ Ayjs in
the mass spectrum of the dual theory in this case. The
masses of the dual quarks ¢, g, mions M, and dual glu-
onia are all ~ Ay /.

Comparing the mass spectra of the direct and dual
theories shows that they are parametrically different.

3) The opposite case, where quarks are actually higgsed, would
result in a genuine spontaneous breaking of the diagonal fla-
vor symmetry SU(Np)r4+r (and breaking of the gauge group)
and the appearance of a large number of strictly massless Nam-
bu—Goldstone particles. In what follows, it is assumed that this
variant is not realized (at least, in the cases considered in this
paper). Besides, if there are only N, isolated supersymmetric
vacua in this theory, then either this opposite case is excluded,
or this exclude the whole scenario No. 2.

The direct quarks have large pole masses mgle JAy oy ~
~ exp(N./bp) > 1 and are parametrically weakly cou-
pled and nonrelativistic inside hadrons (and weakly
confined, the string tension being /o ~ Ayy <
< 1718’“3)7 and therefore the mass spectrum of low-
lying mesons is Coulomb-like, with small mass differ-
ences App/ug = O(MB3/NE) < 1 between nearest
hadrons. All low-lying gluonia have masses ~ Ay,
i.e., are parametrically smaller than the masses of fla-
vored hadrons. At the same time, all hadron masses
in the dual theory are of the same scale ~ Ay, and
all couplings are O(1), and hence there is no reason for
parametrically small mass differences between hadrons.
We conclude that the direct and dual theories are not
equivalent.

4. DIRECT AND DUAL THEORIES. EQUAL
QUARK MASSES, 0 < bp/Nr < 1

This case is considered analogously to those in
Secs. 2 and 3, and we therefore highlight only on dif-
ferences from Secs. 2 and 3. The main difference is
that at u ~ Ag, the direct coupling is now not small,
a. = O(1), while both the gauge and Yukawa couplings
of the dual theory are parametrically small,

@~ a} ~DBo/Np < 1, a} = Np(f*)?/87°,

flu=2Aq) = pa/p =~ f*.

The pole mass mg’le of direct quarks is the same

as in (2.1). But Ay is now parametrically the same,
Ayar ~ mg’le (as is the scale of the gluon mass due
to possible quark higgsing, pg ~ mg’le ~ Ayar). As-
suming that quarks are not higgsed, but are in the HQ
phase (see footnote 3), we obtain that there is only one
mass scale g ~ Ayy ~ Ag(mg/Ag)Vr/3Ne in the
mass spectrum of hadrons.

We now consider the weakly coupled dual theory. It
already entered the conformal regime at u < Ag (see
footnote 1), and therefore the pole mass of dual quarks
is now given by

[ Nr/3N.
Mgoe_(ﬂ) r/

Ag Ag ’
Mg = He(n=Aq) _ M2, (1)
Ao Z A%’ :
Mz, _ AY v _ (M Mo/
A2Q mQAQQ AQ ‘

After integrating out all dual quarks as heavy ones at
W= ,uf]"”e, the dual YM theory remains (together with
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the mions M). The scale parameter A = (Az(M)) of
its gauge coupling can be found from [11]

ole 72
g B L2 Ne WL
‘ A a. by 2Ng + N,
—2
3N
r—=. (4.2)
7bo

Now, from matching the gluino condensates in the
direct and dual theories, we obtain

- N,
|A| =Ayy — Zq ~ exp <—ﬁ> <1,
0 (4.3)

pole

N.
Hg~ ~ €Xp (7—5> Ayvy > Ay

0

The expressions for Ay and Z, can be written in
the general case where by > 0 and by > 0 as

1/3N.
Xp( NC> (deth>
_Ne o 7
o/ \ Ag (4.4)

Zu~ e |- (Nwm)].

bO 750
Here, the symbol “~” denotes exponential accuracy in
dependence on the large parameters N./by > 1 or
N./bo > 1 (see footnote 1). Hence, if N,./by or N, /by
are O(1), then the dependence on these has to be omit-
ted from (4.4). For our purposes, this exponential ac-
curacy in (4.4) is sufficient.

Therefore, similarly to the case of the weakly cou-
pled direct theory in Sec. 2, the dual quark pole mass
,ug"’e is parametrically larger than Ay ;. Then, pro-
ceeding as in [6, 7] and integrating out the dual gluons
via the VY procedure yields the Lagrangian of mions
M, which can be written in form (3.6). The mion
masses are therefore given by

Ay mr

— ~e

Q

2 Z,2A\2
_ o) N 7 Q
A 2BO/NF (4'5)
M = ZM(AQnugOle) = ( p36> > 1
Hq

It follows from (4.5) that

2N.

Har ~ Zq2AYM = exp <—
0

Therefore, the mion masses are parametrically smaller
than AYM-
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To check that there are no self-contradictions, it
remains to estimate the gluon masses due to possible
higgsing of dual quarks. We have

o, mo (B )™
AL T Y80 \Ag Hot

~ exp <— Ne ) Ayp < Ayar < pboe. (4.7)
14 bg

Therefore, there are three parametrically different
mass scales in the dual theory in this case.

a) A large number of flavored hadrons made of
weakly coupled nonrelativistic (and weakly confined,
the string tension being /o ~ Ayy < ufl’de)
dual quarks with the pole masses ,ufz"”e/AYM =
= exp(N./7by) > 1. The mass spectrum of low-lying
flavored mesons is Coulomb-like, with parametrically
small mass differences Apgr /g = O(EZ/N%) < 1.

b) A large number of gluonia with the mass scale
~ Ay

¢) N lightest mions M with parametrically smaller
masses, i /Ay ar ~ exp(—2N./Tby) < 1.

At the same time, there is only one mass scale
~ Ay s of all hadron masses in the direct theory, which
is strongly coupled here, a, = O(1). Clearly, the mass
spectra of the direct and dual theories are parametri-
cally different.

On the whole, it follows that when an appropriate
small parameter is available (0 < by/Np < 1 when
the direct theory is weakly coupled, or 0 < by/Np <
& 1 when weakly coupled is the dual theory), the mass
spectra of the direct and dual theories are parametri-
cally different. Therefore, there are no reasons for these
mass spectra to become exactly the same when by/Np
and by/Nr become O(1).

5. DIRECT AND DUAL THEORIES.
UNEQUAL QUARK MASSES,
0 <bo/Nr <1, No. <Ny <3N./2

The standard consideration that allows “verifying”
that the duality works properly for quarks of unequal
masses is as follows [1, 4]. For instance, we take Np
quarks of the direct theory to be heavier than the other
N. < N; = Np — Nj, quarks. Then, after integrat-
ing out these h-flavored quarks as heavy ones, the di-
rect theory with V. colors and N; of [-flavors remains
at lower energies. By duality, it is equivalent to the
dual theory with N; — N, colors and N; flavors. On
the other hand, the original theory is equivalent to the
dual theory with N.= Ng—N. colors and Ny flavors.
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In this dual theory, the h-flavored dual quarks are as-
sumed to be higgsed, and hence the dual theory with
NF —Nc—Nh = Nl —Nc colors and NF —Nh = Nl of
[-flavors remains at lower energies. Therefore, all looks
self-consistent.

But we consider this variant in more details,
starting with the left end of the conformal window,
0 < bo/Nr < 1. At u < Ag, the dual theory has
already entered the conformal regime, and hence both
its gauge and Yukawa couplings are close to their para-
metrically small frozen values, @, ~ a} ~ by/Nr < 1.

We take N, < N; < 3N./2 direct quarks Ql,al to
have smaller masses m; at © = Ag, and the other

—h
Ny = Np — N; quarks @, @ to have larger masses
mp,r =my/my < 1.

5.1. Direct theory

We start with the direct theory because, in a sense,
its mass spectrum is easier to calculate. The theory is
in the conformal regime at @ < Ag, and the highest
physical mass scale g is equal to the pole mass of the

heavier Qp,, @h quarks:

Yo=bo/N
meOle_mh<AQ>Q0F_
- pole -
Ao Ag \mp

o Np /3N,

After integrating these quarks out, the lower-energy di-
rect theory with N, colors and N, < N; < 3N./2 fla-

vors of lighter @, @l quarks remains®) . From match-

ing with the coupling a* = O(1) of the higher—energy
theory, its gauge coupling is also O(1) at u = mfl"le
and hence the scale parameter of this gauge coupling

. —l

is Ag fl"le. The current masses of ;, Q quarks at
pole

p=m, = are

ml ml(,u mﬁ lE) = rm pole & AL = 1}),,0[87 r< 1.

Now, how to deal further with this theory at lower
energies? As was described in [6] (see Sec. 7), there are
two variants, “a” and “b”. All hadron masses up are
much smaller than Afy in variant “a”, gy < Ag, and
the direct theory and its dual are not equivalent [6].
We therefore do not consider this variant “a” in this
section, because our purpose here is to check the dual-
ity in the variant most favorable for its validity. This is

4) To simplify all formulas, the value (3N. — 2N;)/N; is consi-
dered as O(1) quantity in this section.
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variant “b”, i. e., “confinement without chiral symmetry
breaking” (although some general arguments have been
presented in [6] that this variant cannot be realized).
This amounts to assuming (because all the original di-
rect degrees of freedom cannot “dissolve in the air”) that
due to strong nonperturbative confining effects, the di-

rect Ql,al quarks and gluons form a large number of
heavy hadrons with masses up ~ Ag.

Instead, new light composite particles (special soli-
tons) appear, whose masses are parametrically smaller
than Af. These are the dual quarks ¢', 77, the dual
gluons with N, N; — N, dual colors, and the
mions M, = M,’ Their couplings at scales pu < A’Q
are described by the Seiberg dual Lagrangian. Their
dual gauge coupling @(u) at p < Ay ~ meOle is
a(p Ap/(several)) ~ a*

O(1), and therefore
the scale parameter of this dual gauge coupling is

!
~ A ~mp”.
The dual Lagrangian (at the scale p ~ Ap,

(ML)? = (@ Qe = Ag)) = (S)/my = Aby/mu)

is

= lTrl (qATeV(j + ﬁfe_vﬁ) +

1 St
+ Wﬂ (vfam)| +
D

27

_W A’ Tr, (quq) +szer]F, (5.2)
where
s=w, /3217, (q;d') = —op1u Ag,
in=misg ()= (Ml

pole

1Q=bo/Nr - bo /3N
= h = (=2 1.
0 ( Ag > (AQ> <

This dual theory is in the HQ phase [6] (see
Sec. 7). At lower scales ,upOle < u < A, both its
gauge and Yukawa couphngs decrease logarithmically
(b0 = 3N — N; < 0) and become much less than unity
at = ,up‘)le < A and 7 < 1. The pole mass ,up‘)le of

the ¢, ql quarks is

pole _ Ml _ (M) _
=T g
(N;—N.)/N. pole
- (r - ﬂ) < mb (5.4)
mp Zq
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where 2 = 2 (Ag), ugolle) < 1 is the perturbative loga-

rithmic renormahzatlon factor of dual [-quarks:

—/ polex\ Ne/1b,
Npole) ~ a(luf;ll ) ’ ~
a(Ag)

. (Ni—No)/(3N.—2Ny)
<1H(Ab/up°le) )

At scales u < up ole , all quarks ¢, ﬁi can be inte-
grated out as heavy ones, and there remains the dual
YM theory with W; = N; — colors and mions Ml.
The scale factor Ay = (AL (M;)) (with mions M sit-
ting down on Az (M;)) of its gauge coupling is deter-
mined from the matching [6, 7]

5 = (A,

< 1.

MPOlE ’upole
3N, In | —2L— ) =fyln | 2 ) +
—Nym Ap
’upole
+ N;In (:—J[> — —Ayy = —<AL(M1)> =
q,

— Ayy = (Ag’ hNh)1/3N“ . (5.5)

Proceeding as in [6, 7] and applying the VY procedure
to dual gluons, we obtain the lowest-energy Lagrangian
of mions M;:

|
+ | =V
T
1/(N1—Ne) '|
) > iy TeM; |
I,
pole

where 23, = 23/ (AG, py; ") > 1is the perturbative log-
arithmic renormalization factor of mions. From (5.6),
the masses of mions M; are

LM—[(;IM)Tr(MM,) ~ N, x

det M[

: ((A'Q

N . (A/ )2
p(My) ~ iy —— ~
2 (M)
(2N.—N;)/N. pole
N<r:ﬂ) Mh o<,
Mh M (5.7)
A M, r2A
%NZ,’ITA«L MNT<<17
Fq,t Avar 2y
3N.—2N; 1
0<A=———< -,
3N, 3
Therefore, on the whole for Sec. 5.1, when we
started with the direct theory, then integrated
out the heaviest Qh,ah quarks at u = mf;’le =

= AYM(I/T)N’/SNC > Ayuy and, in variant “b”
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(“confinement without chiral symmetry breaking”),
dualized the remaining theory of the direct [ flavors
and direct gluons, the mass spectrum is as follows.

1. There is a large number of heavy direct h mesons

M made of the Qh,éh quarks (and/or antiquarks

and direct gluons) with largest masses ~ mf;’le =

= (1/T)N’/3NCAYM < AQ.
1'. In variant “b” considered here, the dualization of

Ql,al quarks and direct gluons leaves behind a large
number of heavy direct [ mesons M" with different

spins, made of the Ql,al quarks (and direct gluons),
also with masses ~ m2”'®. Besides, there is also a large
number of heavy direct hybrid mesons Mldh", baryons
By, By, and gluonia, all also with masses ~ m¥ ole "All
these heavy particles are strongly coupled, w1th cou-
plings O(1).

All other particles are parametrically lighter and
originate from the dual quarks ¢!, g, the dual gluons,
and mions M,.

2. There is a large number of [-flavored dual mesons
and b; baryons made of nonrelativistic (and weakly con-
fined, the string tension being /o ~ Ayy < up(’le)

gt ,ql quarks, with their pole masses

pole
pole (N;—N.)/N. mh
/J/q ~T - ~
)L Zq
1 (3N.—2N;)/3N. A
S
r q

3. There is a large number of gluonia with masses
~ Ay < ’upole

4. The lightest are N7 scalar mions M; with masses
(M) ~ (r)?2 Ayar /24y < Ayar.

2. Dual theory

We return to the beginning of this section and start
directly with the dual theory with N, dual colors, Np
dual quarks ¢ and 7, and N2 mions M7. At the scale
i < Ag, the theory is already in the weak-coupling
conformal regime, i.e., its coupling @(u) is close to
@ = N, /27 &~ Thy /3N, < 1 (see footnote 1 and for-
mula (4.2)). We first consider the case most favorable
for the dual theory, where the parameter r = m;/my, is
already taken to be sufficiently small (see below). Then
in scenario No. 2 considered in this paper, the highest
physical mass scale pg in the dual theory is determined
by masses of dual gluons due to higgsing of the g, ¢
quarks:

wh = ﬂﬁl,h ~ @ (@ng" (1 = Tgr.n))-
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The mass spectrum of the dual theory in this phase
can be obtained in a relatively standard way, similarly
to [6, 7]. We therefore skip some intermediate relations
in similar situations in what follows. The emphasis is
instead on new elements that have not appeared before.

1) The masses of 2NN}, — N7 massive dual gluons
and their scalar superpartners are

- Ya
—2 — h Hql,n
Tgin ~ 1(@na")] (—) ~
q AQ

Ban )" Hgt,n bo/Nr
~ q° ~ Z,\ 9 5.8
ulmh<AQ> quh(AQ> . 68)
Fat ( N})(mhyW“M
exp | ———= -— <
Ag 14bg Ag

,  Zy~exp <_é\/'_5;> < 1. (5.9)

2) The N; N}, hybrid mions M}, and the N; N}, nions
Nyp, (these are those dual [ quarks that have higgsed
colors, their partners M;, and Np; are understood and
are not shown explicitly) can be treated independently
of other degrees of freedom, and their masses are de-
termined mainly by their common mass term in the
superpotential:

) M} M )
[ZMﬂ (#2;'!) + 24 Tr (NlTthh)
q

~

+
D

Lhybr

Mp Ny,
+ | ZomAg T <7)] . (5.10)
{ ! ? ZqAQ F

where 2, and Zjs are the perturbative renormalization
factors of dual quarks and mions,

)bo/NF

bo /3N,
N(mg <1
Ag

Ev = 2u(Ag, fign) = 1/25 > 1.

i b
Aq

az%m@nﬂnz(

Therefore,
pMu) N <_ Ne ) "
Aq Aq 14bo
Np/3N. — —
mp, Hql,n
— . 11
) <AQ> A (510

3) Because the g, and ¢" quarks are higgsed, N,%
pseudo-Goldstone mesons Nj;, (nions) appear. After
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integrating out the heavy gluons and their superpart-
ners, the Lagrangian of remained degrees of freedom
takes the form

>+

. M, My, + MMy,
L~ leTr< hh 7285 1
1

+ 2,2 Te\/NJ, Nup + 2,Tr (qTeV'que—V'a) +
D
2 My N
+ {__17? §’+Tr< hh hh)
a'(u) ZqAq
q M,
+ Tr, <q llq) + Tr (m[M[l +mthh)] , (5.12)
ZqAQ F

where 3 includes the field strengths of the remaining
SU(N.) dual gluons with N, = N. — N, = N; — N,
dual colors, and ¢, g7 are the [-flavored dual quarks
with unhiggsed dual colors and, finally, the nions Ny,
are “sitting down” inside @' (u).

At lower scales p < i, the mions My, and
nions Npj, are frozen and do not evolve, while the
gauge coupling decreases logarithmically in the inter-
val Hgile < b < Jigyp- The numerical value of the pole
mass of the g7, ¢! quarks is

—pol
Ty, _(My)y 1

e <N0>x
= ~ ex e
Ao ZAY Za TP\,

N, (T Nr/3N. 1

x |r — —

AQ Z”

q
N
—pole c
~ exp e
Hat (%J
" pole

— —pol
Zq = Z:](/J’ql,h7/~j/f;?[e) ~ Z:](mh ) I

(5.13)

pole
al >

pole

@l M

pole
q,l

!

):Zq7

where z;/ < 1 is the logarithmic renormalization factor
of the ¢, q; quarks.

After integrating out the g, ¢" quarks as heavy
ones at u = ﬂé’f’lle, the dual SU(N; — N.) YM the-
ory remains with the scale factor of its gauge cou-
pling (—Ar) = Ayas (and with nions N, and mions
My “sitting down” on Az). Finally, integrating the
dual gluons via the VY procedure, we obtain (recall-
ing that all fields in (5.12) and (5.14) are normalized

at u = Ag, and Ay /Ag = rN/3Ne(my, [Ag)NF/3Ne
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(Nun) = —ZymnAq)

I A léMTr (Mftthh + 2 MMy

)+

Zq2A2Q
My N,
T 22Ty NL Nan |+ {Tr (M) -
D ZqAQ
5 <Nhh> My, 1/(N;—Nc)
— (N; = N.)A det det +
(N ) YM( Nhh, <Mu>)
+Tr(mlM”+mthh)] , (5.14)
F

where
no_ 1 (= —poley ., I poley __ 1
M= ZM(Mql,hwuq,[ ) ~ ZM(Mth»Mq,l ) =z2p > 1

is the logarithmic renormalization factor of My

mions®).

The masses obtained from (5.14) are then as follows:

pMun)  #(Nww) | [{Nw)|
Ao o TR,
14, ) \Aq A (5.15)
p(Mu) — Zg miAg N

. ( 2NC) "
~ ~ eX —_—
Ag 2N A (M) b 7ho

Nr /3N,
NN, (ma\ VN 1
Aq o

On the whole for Sec. 5.2, when we started di-
rectly with the dual theory with N, = Nz — N, colors,
Nr = N; + N}, quarks 7, ¢, and N7 mions M, its mass
spectrum is as follows.

1. The sector of heavy masses includes: a) 2N.N,—
— N7 massive dual gluons and their scalar super-
partners; b) 2N;Nj, hybrid scalar mions My, + My;
c) 2N; N}, hybrid scalar nions N;j, + Np,; (these are the
¢',q; quarks with higgsed colors); d) N? scalar mions
My, and N7 scalar nions Npp,. All these particles, with
specific numbers of each type, definite spins, and other
quantum numbers, have definite masses of the same

scale of the order of
ma Nr /3N,
Ag

N,
> m}})Lole < m}})Lole _ (]./7")Nl/3NCAYM.

Hgl,h ~ €XP (— Ag =

exp | ———=

14b,

5) The second term of the superpotential in (5.14) can equiva-
lently be written as

145,

det M”

1/(N;—N¢)
i ) .
(—Nin/Z4Aq)

N,
°) (Ag’ det
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All these particles are coupled only weakly, with
both their gauge and Yukawa couplings @. ~ a} ~
~ 50 /NF < 1.

1'. Because the dual quarks ¢", g, are higgsed, one
can imagine that solitonic excitations also appear in the
form of monopoles of the dual group (its broken part)
(see, e.g., Sec. 3 in [12] and footnote 6 therein). These
dual monopoles are then confined and can, in princi-
ple, form a number of additional hadrons Hj,. Because
the dual theory is weakly coupled at the scale of hig-
gsing, pn ~ Ty p ~ exp(—N,/14by)mP** | the masses of
these monopoles, as well as the tension /7 of strings
confining them (with our exponential accuracy in para-
metrical dependence on N, /by > 1), are also ~ Ji .
Therefore, the mass scale of these hadrons Hj is also
~ T < m?. We even assume (in favor of the dual-
ity) that, with respect to their quantum numbers, these
hadrons Hj can be identified in some way with the di-

—h
rect hadrons made of the Q ,Q; quarks. But even
then, the masses of H; are parametrically smaller than

those of various direct hadrons made of the @h, Qn
quarks, pu(H}) ~ exp(—N./14by)mP" < mPo'e.
Besides, because the chiral symmetry of 7,1 fla-
vors and the R-charges of the lower-energy theory at
ﬁf;f’lle < p < Tig,, remain unbroken and the [-flavored
dual quarks are not higgsed and remain effectively
massless in this interval of scales, no possibility is seen
in this dual theory in Sec. 5.2 for the appearance of
[,l-flavored chiral hadrons H, (mesons and baryons)
with the heavy masses ~ Ji,, , that could be identified

with a large number of various direct 7, I-flavored chiral

hadrons (mesons and baryons) made of @l, Q; quarks
(and W,) in the theory in Sec. 5.1 dualized in vari-
ant “b” (not to mention their parametrically different
mass scales, T, , < mp”%; see point 1' in Sec. 5.1).
This fact shows the self-contradictory character of du-
ality in variant “b” (“confinement without chiral flavor
symmetry breaking”).

All other particles in the mass spectrum of the
theory described in Sec. 5.2 constitute the sector of
lighter particles, with their masses being parametrically
smaller than 7z, .

2. The next mass scale is formed by a large num-
ber of I-flavored dual mesons and b;,b; baryons made
of nonrelativistic (and weakly confined, the string ten-
sion being /o ~ Ay < ﬁé’f’lle) dual ¢!, q; quarks with
N, = N, — N, unhiggsed colors. The pole masses of
these ¢',g; quarks are

—pole _ exp <3W_C> T(NI—NC)/NCM
14, Zg

Haq,1 L gt n
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(at r < 15 see (5.16) below).

3. Next, there is a large number of gluonia with the
mass scale ~ Ay < ﬁfl’f’lle.
4. Finally, the lightest are N7 scalar mions My

with masses

2N,
p(My) ~ exp <_7—Eo> r

o Ay

o < Ay
M

Comparing the mass spectra of two supposedly
equivalent descriptions in Secs. 5.1 and 5.2 above, we
see that the masses are clearly different parametrically,
in powers of the parameter Z, = exp(—N./Thy) < 1.
Besides, the theory described in Sec. 5.2 contains very
specific definite numbers of fields with fixed quan-
tum numbers and spins and with the definite masses
~ Tg.n, all parametrically weakly coupled (see point
1 in Sec. 5.2). No analog of these specific particles is
seen in Sec. 5.1. Instead, there is a large number of
h-flavored hadrons with various spins, all strongly cou-
pled, with the coupling a(u ~ mfl"le) ~ 1.

Finally (and we consider this to be of special im-
portance), there are no heavy [,I-flavored hadrons
H/ in the theory described in Sec. 5.2, which have
the appropriate conserved (in the interval of scales
ﬂgf}le < p < Ty p) chiral flavors 1,1 and R-charges,
such that they could be associated with a large num-
ber of various heavy flavored chiral hadrons made of the

@l, Q; quarks (and W,), which are present in Sec. 5.1
dualized in variant “b”. This shows that the duality in
variant “b” (“confinement without chiral flavor symme-
try breaking”) is not self-consistent®). This agrees with
some general arguments presented in [6] (see Sec. 7; it
is also worth recalling that these arguments were not
related with the use of scenario No. 1 with the diquark
condensate) that the duality in variant “b” cannot be
realized because, in the theory with unbroken chiral
flavor symmetries and R-charges and effectively mass-
less quarks, the masses of flavored and R-charged chiral
hadron superfields with various spins cannot be made
“of nothing”.

This is not the whole story, however. For the mass
Tigr 1, of gluons in the dual theory to be the largest phy-
sical mass pp (as was used in Sec. 5.2 above), the para-
meter r = m;/my, has to be taken sufficiently small (see

6) It is not difficult to see that a similar situation with the
1, I-flavored chiral hadrons that can be made of the @l, Q; quarks
(and W4) occurs in variant “b” also in scenario No. 1 considered
in [6, 7] (see Sec. 3b in [7] for a similar regime). Section 5.1
therein is exactly the same as in this paper. Section 5.2 is diffe-
rent, because the h-flavors are not higgsed, but instead form the
diquark condensate; qualitatively, however, the situation is the
same, and the difference between Secs. 5.1 and 5.2 is only more
prominent in scenario No. 1.
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(5.9) and (5.13); from now on, the nonleading effects
due to logarithmic factors like z, ~ 2, are ignored):

—pole
_q—’l<<1—>r<<rl:

/J/qhh
{z; exp <—
3N. N,

~ ex T ——
p( 14[)0 Nl_Nc

g, \ 1/ (Vi)
14b,

) <1. (5.16)

We trace the behavior of the direct and dual theo-
ries in the whole interval r; < r < 17).

As regards the direct theory (see Sec. 5.1), its
regime and all hierarchies in the mass spectrum re-

main the same for any value of r < 1, i.e., the pole

—h
mass szle of the Q4,Q quarks becomes the largest

physical mass pg already at r < 1/(several), and so
on.
But this is not the case for the dual theory (see

Sec. 5.2). At r; < r < 1/(several), the pole mass ﬂf;?/e
of q’,@; quarks remains the largest physical mass:
N bo/N _
Ao Zoho \pgg Tho
—Ne Np /3N, —pole
X erNcN' 3N_z\fc Mh -~ Haq,1 (5.17)
Ag 0

Already this is sufficient, to see a qualitative difference
between the direct and dual theories. The hh-flavored
hadrons in the direct theory have the largest masses,
while the [[-flavored hadrons are the heaviest ones in
the dual theory.

We make some rough estimates in Sec. 5.2 at r > ry.

After integrating out the heaviest quarks q’,qi at the
~pole

Mgy >
and Nj, < %C dual quarks G;, ¢" (and mions M), and
with 53 = 3N, — Ny > 0. It is in the weak-coupling
logarithmic regime at 'y < p < ﬂf;?,le, where yy is the
highest mass scale in the remaining theory. The new
scale factor Ay of its gauge coupling can be found from

scale p ~ the dual theory remains with N, colors

=1 ﬂgolle 2 3N§ A;
bO In /{l = =3 ~pole
q (e 7b0 Mq,l

3N
~EXp | ———
Thobyg

7) For this, it is convenient to keep my, intact while m; is de-
creased, starting with m; = my,.

) < 1. (5.18)
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If (see below) r, < r, < r < 1/(several), then
iy = ﬂfl’f’}ie > A}, where ﬂg?}ie is the pole mass of ¢", g,
quarks, which are in the HQ phase (i.e., not yet hig-

gsed). Roughly, ;}Zofie ~T ;}Zolle, whence

-2

3N,
>1—=r>r,~exp| ——=
0%

~pole
a,h

Ag

) > . (5.19)

In the interval 7, < r < 1/(several), the mass spec-
trum of the dual theory is qualitatively not much dif-
ferent from the case r = 1 (see Sec. 4). The heaviest
are the [l-hadrons, then the hl-hadrons, then the hh-
hadrons, then gluonia, and, in addition, there are the
mions Mpp, Mp;, My with their masses

2 2

m mpmy m
M ~ —h, M ~ N M ~ _l’
p(Mhnp) o (M) o (M) o
where
po = 2ar(Ag, A5 )AY v/ Z2o A,
(Mg, 25°) ~ (A )" 3N > 1.

As r decreases further, a phase transition occurs
from the HQj phase to the Higgs, phase at r ~ ry,
i.e., after ﬂg?}ie > A becomes ﬂg?}ie < A} and the
quarks ¢",7, are higgsed®). But even then the ¢',G;
quarks remain the heaviest ones. And only when r be-
comes r < r; L rp, < 1, the gluon mass 1, ;, becomes
the largest and the mass spectrum of the dual theory

becomes that described above in this section.

6. DIRECT THEORY. UNEQUAL QUARK
MASSES, 3Nc/2 < Np < 3N,
bo/NF = 0(1), N; > N,

This section continues the preceding one, but we
forget about any dualizations in what follows and we
deal with the direct theory as it is, i.e., in variant a)
(see [6], Sec. 7). This means that after the heavy quarks

—
Qn,Q have been integrated out at pu = mffle, all par-

ticle masses in the lower-energy theory with N, col-
ors and N. < N; < 3N./2 lighter Ql,al quarks are
parametrically smaller than the scale Af, ~ m}”'® (see
(5.1)), and at p < Afy, the lower-energy theory enters

the strong-coupling regime with a(u < Ag) > 19,

8) As was argued in [12] (see Sec. 3 therein), the transition pro-
ceeds through the formation of a mixed phase in the threshold
region A /(several) < ﬂgf’,ﬁe < (several)Ay (i.e., ry/(several) <
< r < (several)ry, here).

9) Hereafter, to have definite answers, we use the anomalous
quark dimension 1 + vyo(Ng, Ne,a(p) > 1) = Ne/(Ngp — Ne),
and the strong coupling a(p) > 1 given in Eq. (7.4) in [6].

6 ZKIOT®, Beim. 1
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This lower-energy theory is assumed to be in the

HQ phase (see footnote 3), and the pole mass of @y, @l

quarks is
m;lnole 3 ml(u — A,Q) B A,Q 7Q
Al - Al =r pole -
Q Q m
mpole
— —Al’ = p(Ni=Ne)/Ne 1, r<1,
Q (6.1)
by =3N.—N;, 1 H=——,
0 1 + 'YQ Nl — Nc
Nryg —by  3N.— 2N,
v= = .
N, N; — N,
The coupling a (u = m"*") is large:
Al Y
a+(,u = m;)ole) = ( onle) =
Ho= 1y
1\ (BNe=2Ny)/Ne
= (;) >1. (6.2)

Hence, after integrating out all the Ql,al quarks as
heavy ones at ju = mf"le, we are left with the pure
SU(N.) YM theory, but in the strong-coupling regime.
This is somewhat unusual, but there is no contradic-
tion because this perturbative strong coupling regime
with ay () > 1 is realized in a restricted interval
of scales only, Ayy < pu < mfmle < Ay Tt fol-
lows from the NSVZ g-function [8] that the coupling

ay (@ > Ayar) > 1 is then given by
>3

= Qa (,U/ = mpOlE) —)\YM = —AYM
+ 1 AQ AQ

N N, 1/3Ne
s Mh
(AQ> <AQ> ] ’
Ay v

pole
l

pole

ole =m
aYM(:u:mfl):<'u)\ !
YM

(6.3)

— p(3Ne=2ND/3Ne o 1

ay mr(Ayar < p < mP)

3 3
[ N
mf"’le> - <AYM> 7
and it now decreases from ayn(p = mfwle) > 1 to
ayp(pu ~ Ayyr) ~ 1 as pu decreases, after which the
nonperturbative effects become essential.
Therefore, decreasing the scale p from p = mfwle

to i < Ayar, integrating out all gauge degrees of free-
dom except the one whole field S ~ W2, and using the

— aYM(,U — m;loole) (
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VY form for the superpotential of S [10], we obtain the
standard gluino condensate, (S) = A} ;.
To verify the self-consistency, we have to estimate

the scale 14 of the possible higgsing of Ql,al quarks.
This estimate is given by

Ngzyl ~ (N = Ngl)(@l_Ql>u:ugz ~ (mfole)2 >
@ZQW:W = @ZQW:AQ X

%&)WWF par |
Ao Ay

- 3
<§lQl>u:AQ AY—M

1 __ ___pole
Ap =my,

Mgl

at(p = pg) = (

Therefore, as usually happens in this scenario No. 2
in the strong-coupling region, yiy; and m} °le are para-
metrically the same, and this is “a point of tension”.

As before, we assume that i, = mP”/(several), and

hence the Ql,Ql quarks are not higgsed and the HQ,
phase is self-consistent.

All quarks of the direct theory are in the HQ phase
(and are therefore confined, but the string tension is
small in comparison with quark masses, \/o ~ Ay <
< mP'* <« mP°'). The mass spectrum then includes
1) a large number of heavy hh-flavored mesons with
the mass scale ~ m?”* < Ag; 2) a large number of
hybrid hl-mesons and baryons By, By with the same
mass scale ~ mP”; 3) a large number of ll-flavo-
red mesons and baryons Bj, B; with the mass scale
~ my ole « mz"le; and, finally, 4) gluonia, which are
the lightest, with their mass scale ~ Ay < mf"le.

7. DIRECT AND DUAL THEORIES. EQUAL
QUARK MASSES, N, < Np < 3N,/2,
Nl > Nc

As regards the direct theory, this case is obtained
from the one in the preceding section by a simple
change of notation. The quark pole masses are

ole
g _ @ < AQ )7@ _
Ao Ag \mq =mq(p=127q)
1/(14+7¢)
- <@> (Y
Ag

while the gluon masses due to a possible higgsing of
quarks are

82

_ An\”
121~ 0 = 1) @y 0l = pigr) = (—Q) ,
Mgl
L Nrvyg —bo
N, ’

o . AN
Q@ = @@mna (%) 12
Q
It follows from (7.2) that
(o)
Ao T\ Ao Ao 73)
1 _Ne-Ne 2NNy
1+ N 9= Nr N,
and, as previously, we assume that mgle = (several) iy

and the quarks are not higgsed but confined (see foot-
note 3). After all quarks are integrated out as heavy
ones at p = mg’le, we are left with the SU(N,.) YM
theory in the strong-coupling regime and with the scale
factor Ay < mg’le of its gauge coupling, and so on.

As regards the dual theory, its mass spectrum has
been described in [6] (see Sec. 7), and we only recall it
here briefly. The Lagrangian at i = Aq is taken in the

form

_ — - Te (MM
L = Tr(qTquwLﬁTe_Vﬁ) +%‘|
Q
2r  _ Tr(gMq) ]
+ | —= 5+ +Tr (moM , (74
g Ay AT men] (0

5=w,/321%, (M(u=AQ)) = M3,

(i = Ao) = Noa(u = Ag)/2r = O(1).
The dual quarks are in the HQ phase and are therefore
confined, and their pole masses are (from now on in
this section we neglect the logarithmic renormalization
factors z, and zas for simplicity)

PRl (M(p= Ag)) = M2, = (@Q(u = Ag))
2q(Ag, 1) A%

Ao
mg (Nrp—N¢)/Ne
Ag

After integrating out the dual quarks as heavy ones,
we are left with the dual gauge theory with N, colors
and with the scale factor (Az(M)) = Ay of its gauge
coupling, and with the frozen mion fields M. Finally,
integrating the dual gluons by means of the VY proce-
dure [10], we obtain the Lagrangian of mions

1/N.
det M
VR
Q

(7.6)

~

(7.5)

Z:[LI&«(MTM) + |-N.

A%

D

+ moTr M ,

F

<L Ay
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It describes the mions M with the masses

A2Q (AQ>(NF—Nc)/Nc
s ~m ~mg | —= ,
N Mz, < mq

mq < puyv K Ay

(7.7)

Clearly, there is no analog of these parametrically light
particles in the direct theory.

8. DIRECT AND DUAL THEORIES. UNEQUAL
QUARK MASSES, N, < Nr < 3N./2,
Nl > Nc

As regards the direct theory, the mass spectrum
in this case with r = my;/m; < 1 is not much dif-
ferent from the one in the preceding section. All
quarks are in the HQ phase, and the highest physi-
cal mass is the pole mass of h-quarks (see footnote 9,
Y+ = (2Ne — Np) /(N — N.)):

(8.1)

After integrating the Qh,ah quarks as heavy ones
at = meOle, the lower-energy theory remains with N,
colors and N, < N; < 3N,./2 l-quarks. The next inde-
pendent physical scale is the pole mass of the [-quarks

(y- = (2N, — Nl)/(Nl - N¢)):

. . . mpole -
pote __ — potey __ pote h
m)”" = (ml(u =m;"°) =rmj ) Tt —

l

pole

pole
- (m’ > = p(Ni=Ne)/Ne 1. (8.2)
h

. ___pole
Integrating the I-quarks as heavy ones at i = m,

leaves us with the SU(N.) YM theory in the strong-
coupling regime. The scale factor A}, of its gauge
coupling is determined from

pole 3 v+ pole V-

m Ag m
l _ h

Al - pole pole -
YM mh ml

1/3N.
S ALy = Ay = (Aggm,Nlmfjh) (8.3

where

_ 3N, —2Np

V 3N, —2N,
+ = NF_Nca

V.= ————— > V4.
N — N, M

To verify the self-consistency, we also estimate the
gluon masses due to the possible higgsing of the @,
and/or @; quarks. For the @), quarks,

2 viq =h
Hgi,n . (Ao \ T Q Q)
A2Q a+ (I’L - Mglyhf) - </J/gl7h) A2Q S
T+
c(latn) T St N1, (s
Q mp

and hence there is no problem, but for the (); quarks,
we now have

_l oLe
N Hgll (Q Q) - mf l
Ao A2Q Ao

NN N TR 6
=T As ( . )
Q
and this is also “a point of tension”. As before, we
assume that it is in favor of mP”¢, i.e., mP¢ =

= (several) fugy ;.

In the direct theory, all quarks are in the HQ phase
and the mass spectrum consists of a) a large num-
ber of hh- and hybrid hl-mesons and baryons with the
mass scale ~ m?”' ~ Ag (mpy/Ag)Nr—Na/Ne « Ao,
b) a large number of [l-mesons and baryons with the
mass scale ~ mPo¢ ~ mPoep(Ni=Ne)/Ne o ppole .
all quarks are weakly confined, i.e., the string ten-
sion /o ~ Ay is much smaller than their masses;
and c¢) gluonia, which are the lightest, with the masses
- AYM < m;lnole‘

In the dual theory with Lagrangian (7.4), there
are several regimes depending on the value of
r=my/my < 1.

i) at 1 = (mp/Ag)BNe2Nr)/2Nt < < 1, the hi-
erarchy of masses is given by i1 > pig,n > ug,, where
tg and pig, are the masses of dual quarks and u;‘l is
the gluon mass due to the possible higgsing of ¢, g,
quarks (all logarithmic renormalization effects are ne-
glected here and below in this section for simplicity):

pole

Foo  Pad =pes(p="48q) _ (QQi(n=Ag)) _
Ao Ao A%
(NFch)/Nc
_ [(Ni=No/N. (ﬂ)
Ag ’

6*
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ole
Hon  Hah = pgn(p=Aq) _
Aq Aq
_ (@uQn(n=1q)) _
A
(Nrp—Nec)/Ne
= pNi/Ne (@> (8.7
Aq

MZ[ ~VI{@nan)l = VmiAq.

This hierarchy shows that all dual quarks are in the
HQ phase and not higgsed.
i) at ry = (myp/Ag)BNe2NF)/2INi=Ne) < < py
(mp/Ag)BNe=2Nr)/2Ni - the hierarchy of masses is
given by jpg; > ,uZl > pig,n- This shows that g, ¢
quarks are in the HQ phase and are the heaviest ones,
while g, ¢n quarks are higgsed. The phase transition
of q;, ¢n quarks from the HQ, phase to the Higgs,,
phase occurs in the region r ~ ry.

iii) at r < ry = (mp/Ag)B3Ne=2NF)/2(Ni=Ne) ' the

hierarchy of masses is given by ) > g1 > pig,n- Here,

75, qn quarks are higgsed and ,ugl is the highest mass,
while the g, ¢ quarks are lighter and are in the HQ
phase.

We now give some details.

i) After the heaviest dual [-quarks are integrated
out at p1 < pg,, a theory remains with N, colors and
Np, < N, quarks @, ¢, (and mions M), and with the
scale factor of its gauge coupling

(AL = AR M. By = (3N — Ny) > 0,

A! bo/Ne - (Tl)QNI/NC
Hg,h \r

Hence, after integrating g, ¢n quarks as heavy ones
with masses j,n, > Aj and gluons through the VY
procedure, we obtain the Lagrangian of mions

(8.8)
< 1.

1

A%

— (det M
+ —NC< e
Ag

L= Tr (MTM)| +

D

1/N.
) +Tr(moM)| . (8.9)
F

It describes mions M with the masses

mszA2Q

<Ayy, i, j=1nh (8.10)

AY

ii) The first step of integrating out the heaviest
[-quarks with masses f,,; is the same. But now, at
r2 < r < 71, the next physical mass is Ji,, > A;
due to higgsing of dual h-quarks, with N, = N, — N},
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and formation of N7 nions Npj. After integrating out
the heavy higgsed gluons and their superpartners with
masses fi,; , ~ /MnAg, and unhiggsed gluons through
the VY procedure, the Lagrangian of the remaining de-
grees of freedom takes the form

+2Te\/ NS, Nun | +

D

1/(Ni=N)
_I_
)>

(Mpp — My My M) +

_[momn
- |2l

det M[l
Ag’ det (—Nhh/AQ

+ —(N[ —Nc) (

1
—Tr N,
+ Ao hh

+ Tr (mu My + mpMpp)

F

(8.11)

From this, the masses of mions My, My, hybrids M,
My, and nions Ny, are

(Mnn) ~ (Npn) ~ /muAq ~ Ty s

(Min) ~ u(3ty) ~ TN
p\Mip) ~ UM pp) ~ >
AT, (8.12)
2272
mlAQ
(M) ~
A3y

iii) The heaviest particles in this region r < ry are
higgsed gluons and their superpartners, with masses
Tgin ~ /mnAg. After these particles are integrated

out, W; = N;— N, dual colors and V; flavors with active
unhiggsed colors remain and the regime at u <7z, , is
IR free logarithmic, Z:) = 3W; — N; = 2N; — 3N, < 0.
In this theory, the next independent physical scale is
given by the mass fi,; of the N; active [-quarks with
unhiggsed colors.

The masses of 2N; N, hybrid mions My, + M, and
2NN}, nions Njp+ Ny, (these are the dual I-quarks that
have higgsed colors) are determined mainly by their
common mass term in the superpotential:

M) M
Lpypr & |:I‘I' <M> + Tr (NlTthh)

+
2
AQ

D

+ {(mhAQ)l/2 Tr <MK7;V”L>]F (8.13)

and hence their masses are

(M) ~ p(Min) ~ p(Nni) ~ p(Nin) ~ Trgrp- (8.14)

Passing to lower scales and integrating out first the ac-
tive [-quarks as heavy ones with masses p,,; and then
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the unhiggsed gluons through the VY procedure, we
obtain

Tr (MlTleLM;[thh)

L
2
AQ

+2Tr N;EhNhh +

D

1/(Ni=N.)
)

(8.15)

det M[l
Ag’det (—Nhh/AQ)

+ _(Nl - Nc) (

Tr (Ny, M
1~(+th) + Tr (my My + mp Mpp)

Finally, the masses are given by

W(Nun) ~ p(Mhn) ~ Tgp ~ VmuAq,

(8.16)
p(Mu) ~miAG /AT -

9. DIRECT THEORY. UNEQUAL QUARK
MASSES, N. < Np < 3N./2, Nty < N.—1

In this regime, at r my/my < 1, the highest
physical scale ppg is determined by the gluon masses

g1, that arise due to higgsing of the Ql,al quarks!®):

N2l,l AQ vy
Ag—2Q ~ [a+(u=ugu) = <E> ] x
L@ (u) ot (@Q) _
AL\ Ag Ag A%
(ML) ARy (1)“““”” y
A2Q mlA2Q r

< 1.

(Nrp—Nc)/Ne
) (9.1)

o

Aq

The lower-energy theory includes N, = N, — N; un-
broken colors, 2N; N}, scalar hybrids II; 4+ II;;, (these

are the Qp and @h quarks with higgsed colors), Np,

. —h .
flavors of active Qp,Q quarks with unbroken colors,

10) Here and below, the value of 7 is taken to be not too small,
such that pg; < Ag. At r so small that pg; > Ag, the

quarks Ql,al are higgsed in the logarithmic weak-coupling re-
gion (as in scenario No. 1 in [7]), and the form of the RG flow is
different, but the regime is qualitatively the same for j4; ;| < Ag
or fig11 > Ag, and nothing happens as p4;,; overshoots Ag in
scenario No. 2 considered here. Everywhere below, we neglect
the additional dependence of Kéhler terms on the quantum pion
fields wf/Méh (originating from the dependence on w/Mlch of the
quark renormalization factor zq (1, T, 11;;)), because this would
affect the particle mass values with nonparametric factors O(1)
only.
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and, finally, N7 pions II;; , (II;;) = <@lQl> = (M. )%
Their Lagrangian at p < ug; takes the form (with all
fields normalized at i = Ag)

L= |:ZQT1" HLH”-}-ZQTI‘}L (QTer-FG 6_‘7@) +

+ zoTr (HLH}L[ + H;th”L) + .. :| . +

2 N
+ |:—A—7TS+m[TrHu +
a(p)

+ mpTrp QQ + mpTr thﬂlh] ,
F

(9.2)

where V are the SU(N,) gluons and &(p) is their gauge
coupling (with the pions IIj; sitting down inside). The
dots in D-terms denote residual interactions. It is as-
sumed that they play no essential role for what follows.
The quark renormalization factor due to the perturba-
tive evolution in the interval of scales g1 < p < Ag
is

Hgl,l s
2 = 2Q(Ag, gr1) = (Ag—> <1,
Q

Y+ = (2Nc - NF)/(NF - NC)-

All pion fields, Iy, I}, and I, are frozen and
do not evolve any more at pu < jpgy . The num-
bers of colors and flavors have already changed in the
threshold region jig;/(several) < p < (several)pg,
Np = Np = Np =N, = N, N. = N, = N, — N},
while the coupling & (i) does not change essentially and
remains ~ a(u = pigr,;) > 1. Therefore, the new quark
anomalous dimension 7_ (Nc, NF = Nj,a > 1) and the
new B—function have the form

da(p)

din g~ —v_a(p),

_ Npy_—by 3N, —2Np

- N. Ng-N,
N (9.3)
= +—m,

bo = 3N, — Np = by — 2N,

2N, - Np _ N;
L L v

Depending on the value of NF/NC, the lower-energy
theory is in different regimes. We consider only two
cases below.

i) 1 < Np/N,. < 3/2. In this case, v_ > 0, and
hence the coupling a(u) continues to increase with de-
creasing p, but more slowly than before.
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The next physical scale is given by the pole mass of

—h
the active Qp, Q) quarks:

m;zole _ |:mh(,u = Nghl) _ mp (AQ )’Y+] y
Aq Aq Ag \1giy
Mgl 1 - mbete
X 9% - L =<, 9.4
(mf;ﬂe) Hgl,i ( )
m;zole NN my (Np—N¢)/N. AYM
L — - >> .
Aq Aq Aq

After integrating out these @y, @h quarks as heavy ones
at g = mb*, we are left with the SU(N,) YM theory
in the strong-coupling regime ay p(u = szle) > 1
(and pions). The scale of its gauge coupling Ay =
= (A (Ty)) is determined from

pole

m
vl = ) = (2
Ay mr

Ag \"* -
(—Q) (%) — AYM = AYM- (95)

Hgl,l my,

3
> = a(p = mP'®) =

Finally, tracing the fate of pions II; and applying
the VY procedure at u < Ay, we obtain the La-
grangian

L:{ZQTI« H;rll'[ll—i—zQTr(HLHM—FHLLH”L)] +
D

Ag’ det my, 1/ (Ne=No)
N.—N) | =———
+ ( l) ( det H” > +

+ myTr II;; + my, Tr I, 10, (9.6)

F

From this, the masses of II;, II;,, and II;; are

I _ I ~ Y- pole

() = p(hp) ~ 7= my=c, ©.7)

(M) ~mi/z2q ~ rp(In).
To check the self-consistency, i.e., that the active

Qn, @h quarks are indeed in the HQ phase and are not
higgsed, we estimate the possible value of the gluon
mass gl h:

. ) < )V_]
2 A Q Hgl,l

~ |a = l7h = — _— X
Hgl,h { (1 Igi,h) (Mm,l) Lot

Q" Q) pmins (98)

<ug!,t>7+ (Ngl,h>7_ .
A gl
— Hgl,h ~ meOle, (9.9)

<§th>U:Mgl,h
AS

_ Tﬂgl,l
Ag
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as could be expected. This is “the standard point of
tension” in scenario No. 2.

ii) 3/2 < Np/N. < 3. In this case, v_ < 0,
and hence the RG flow is reversed and the coupling
a(p) starts to decrease with decreasing p at o < pgrs,
approaching its fixed-point value a. < 1 from above
(unless it stops before at p = m?°®). Until a(u) > 1,
it behaves as

—V_
. u
a1 < Hots) = as (1 = pd) (—) -
Hgl,l

A l/+ v_
(_Q) (L) Cuo<0. (9.10)
Mgl 1 1%

It therefore decreases to ~ 1 at p ~ Ay,

A A
a(Ao) ~ 1 == ~ <—"Ag“> :
]\? Q (9.11)
A = Ail,\ > 1
2Nr — 3N,

pole

We first consider the case mj =~ > Ag. The value

of meOle is then given by (9.4), and this requires

pole

my " =gy > Ao —

A-1>0
- (M> <r<1. (9.12)
Ag

Then the running of a(p) stops at a(mb”) > 1,
and hence this coupling does not enter the conformal
regime. The situation is here similar to those de-

scribed above in item i. The active quarks Qh,ah
decouple at p < mP”, and the SU(N.) YM the-
ory (and pions) remains in the strong coupling regime,
aYM(u) = (,u/AYM)3 >1lat Ayvy < < mzole7 etc.
It can be dealt with as before in item 1i.

The new regime is realized for the parameter val-
ues such that mf;’le < Ao, but still pg; < Ag. In
this case, as the scale p decreases below g < Ag,
the large but decreasing coupling a(u > Ag) > 1
crosses unity at pu = Ag and becomes a(u < Ag) < 1,
and the theory enters the conformal regime, but with
a(p) approaching its fixed-point value a. < 1 from
above. The self-consistency of this regime then re-
quires very specific behavior of the quark anoma-
lous dimension #(u) Y_(Np,Ne,a(p)) in the re-
gion Ao, when the decreasing a(u) under-
shoots unity. Qualitatively, the behavior has to be
as follows: a) 4(u) stays nearly intact at its value
(2N, —Ng)/(Np —N,) < by/Np, as far as the coupling
remains large, a(u > Ag) > 1; b) 9(u) changes rapidly

~
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in the threshold region Aq/(several) < p < (several)Ag.
It begins to increase at pu = (several)Ay and crosses
the value EO/NF just at the point u = Ag, where a(u)
crosses unity, such that the S-function remains smooth
and nonzero and does not change sign; ¢) 4(u) con-
tinues to increase at u < Ag and reaches its maximal
positive value at u = Ag/(several), and then begins
to decrease with further decreasing i, approaching its
limit value (equal to bo / Nr at by > 0 or zero at by < 0)
from above at u < Ag. It would be useful to confirm
this very specific behavior of 4(u) independently. But
once this is accepted, we can trace the lower-energy
behavior proceeding similarly to what we did for the
conformal regime (but additionally taking the presence
of pions which are remnants of the [-quarks higgsed
previously at the higher scale pg,; into account).

10. CONCLUSIONS

The mass spectra of the A = 1 SQCD with SU(N,)
colors and N flavors of light quarks @Q, Q@ (with masses
0 < m; < Ag) have been described above, within
dynamical scenario No. 2. This scenario implies that
quarks can be in two different phases only: the HQ
phase where they are confined, or the Higgs phase. Be-
sides, we have compared this (direct) theory with its
Seiberg dual variant [1, 4], which contains SU(Np—N,)
dual colors, N dual quarks ¢,q, and N7 additional
mesons M (mions).

As was shown above, in those regions of the pa-
rameter space where an additional small parameter is
available (this is 0 < by/Np = (3N, — Np)/Np < 1 at
the right end of the conformal window or its dual ana-
log 0 < EO/NF = (2Np—3N,.)/Nr < 1 at the left end),
there are parametrical differences in the mass spectra
of the direct and dual theories, and therefore they are
clearly not equivalent. In fact, this implies that even
when both by/Nr ~ by/Nr ~ 1, there are no reasons
for these two theories to become exactly the same!l).

Besides, as was shown in Sec. 5, unavoidable in-
ternal inconsistencies of the Seiberg duality can be
traced in variant “b”, i.e., “confinement without fla-
vor chiral symmetry breaking” (this implies that at
N. < Np < 3N./2, the direct quarks and gluons
form a large number of massive hadrons with masses

1) But to see the possible differences more clearly, it is insuffi-
cient in this case to make rough estimates of particle masses as
has been done in this paper. One has either to resolve the mass
spectra in more detail or to calculate some Green’s functions in
both theories and to compare them. At present, it is unclear how
to do this.
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~ Ag, while new light composite particles with masses
pi < Ag appear, described by the dual theory)'?.
This agrees with some general arguments presented
previously in Sec. 7 in [6] that the duality in the vari-
ant “b” cannot be realized (it is also worth recalling
that those arguments were not related with the use of
scenario No. 1 with the diquark condensate).

As regards the mass spectra of the direct theory in
this scenario No. 2, their main features are as follows
(for bo/Np = O(1); see Sec. 2 for by/Np < 1).

1) In all the cases considered, there is
large number of gluonia with masses ~ Ay
= (Ag’ detmg)t/3Ne,

2) When all quark masses are equal, they are (most
probably) in the HQ phase (i.e., not higgsed but con-
fined, the string tension being /o ~ Ayy), for the
whole interval N, < Np < 3N., and hence form a
large number of various hadrons with the mass scales

a

a) ~ miy'* ~ Ayy at 3N./2 < Np < 3N, and
b) ~ mgole ~ AQ(77’LQ/AQ)(NF_N“)/NC > Ayarat Ne. <

< Np < 3N./2. There are no additional lighter pions
71'{ with masses i, < mg’le, for all N, < Np < 3N.,.

3) The case with N; flavors of smaller masses
m; and N, = Np — N; flavors with larger masses
mp, 0 < my < mp < Ag, was also considered. When
N; > N,, all quarks are also in the HQ phase for all
N. < Np < 3N, and form a large number of hadrons
whose masses depend on their flavor content, but there
are no additional lighter pions.

4) Only when N; < N, the [-flavored quarks @, @l
are higgsed, SU(N,.) — SU(N, — N;), and there N}
lighter pions fll appear, while the heavier h-flavored

quarks Qh,ah always remain in the HQ phase. In
this case, the mass spectra and some new regimes with
unusual properties of the RG flow were presented in
Secs. 7-9.

We have considered not all possible regimes in this
paper, but only those that reveal some qualitatively
new features. We hope that if needed, the reader can
deal with other regimes using the methods in [6, 7] and
in this paper.

On the whole, the mass spectra have been obtained
in both dynamical scenarios for ' = 1 SQCD (No. 1
considered in [6, 7] and No. 2 considered in this paper).
Both scenarios are apparently possible, i.e., no un-
avoidable internal inconsistences are seen. Therefore,

12) Similar problems with this variant “b” can also be traced
in scenario No. 1 (but in this scenario, the differences between
the direct and dual theories are much more pronounced; see also
footnote 6).
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with our present very limited abilities to trace the
dynamics in more detail, it remains unclear which one
of the scenarios (if any) is correct. Time will show.
But in any case, the direct and dual theories are not
equivalent in both scenarios.

This work was supported in part by the Fede-
ral Program “Personnel of Innovative Russia” (Grant
No. 14.740.11.0082).

APPENDIX

The main purpose of this appendix is to show that
the choice A, ~ Ag used in the text is, in essence, most
favorable for the dual theory. But we first present a few
useful formulas.

The RG flow of the coupling in the region
e < < Ag, where ug < Ag is the highest physical
mass, is given by

NF a2
N. 1—a

da__ gay =

Th = (A0 = 70 (@),

Ag _ N g da(1 —a)
p NrJ a?(Ao—7q)’

A

In

b
0<A0:—0<<1,
F

N,
Nea(p)
2
ap = a(pp=Ag) = a.(l —9),
0<ik 1.

a, =a(p) = a. = Ao + O(A?),

Hence, using vo(a) ~ a, we obtain from (A.1) that for
sufficiently small u/Ag < 1,

alp) = a. (1 - 8c,,)

3a2 b2/3N2
K ~ [ H (A.2)
Ag Ag ’

< p < Ag.

~

€u

Expression (A.2) can even be used as a reasonable in-
terpolation in the whole interval pg < p < Ag. It
follows from (A.2) that a(u) approaches its fixed-point
value a, very slowly.

The RG flow of the quark Ké&hler term renor-

malization factor from zg(p = Ag) = 1 down to
zo(Ag, it < Ag) < 1is given by
dZQ
a) = )
Yq(a) dIn (A3)

1Q(a) = Ao = (ax —a) + O ((ax — a)?) ,
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! 1
n =
ZQ(AQMU)
Ne [ da(1—a) [yg(a) = Ao] + Ag
= A4
NF a2 AO _ 7@ Y ( )
u A\
2(Ag. < Ag) = <E) p L1,
e () [Ne (] o (as)
ay Nr \ ayuaa

~ oxp [0
~ exp 37 )

Clearly, the terms of the order of p ~ exp[(§d < 1)/Ay]
are nonleading in comparison with the terms
~ expl[(co ~ 1)/Ag], Ag < 1, which are traced
explicitly in the text (and we neglect such corrections
in the main text).

We now consider the region 0 < Ag = by/Np < 1.
Qualitatively, the value of the scale factor A, shows
the characteristic scale where the logarithmic behav-
ior of the dual gauge coupling @(u) = N.a(u)/2r of
the UV free dual theory at u > A, changes for the
conformal freezing. At scales p1 ~ A,, the coupling is
a(n ~ Ag) = O(1), the dual f-function is also O(1),
and hence the dual theory enters quickly into the con-
formal regime (unlike the weakly coupled direct the-
ory). We first consider the case A; > Ag (the case
Ay ~ Ag is considered in the main text). Then we can
start to deal with the dual theory at the lower reference
scale ~ Ag, where it is already deep in the conformal
regime, to mateh (M(u = Ag)) = (QQ(u = Ag)).
mo(p = Ag) = mo(p = Ag) etc., and to proceed
further exactly as in the text.

We now consider the case Ay, < Ag (for exam-
ple, A;/Ag ~ exp(—1/A2); we recall that Ay < 1,
although small, does not compete in any way with the
main small parameter mg/Ag; see footnote 1), such
that at p ~ Ag, the dual theory is still deep in the
logarithmic regime. In this case, in the interval of
scales A, < p1 < Ag, the direct and dual theories are
clearly different. By the definition of Ag, the direct
theory already entered sufficiently deep into the con-
formal regime, [a, — a(p)]/a. < & < 1 at p < Ag,
while the dual theory is still deep in the logarithmic
regime. We therefore consider lower energies ju ~ A,
where, by definition, even the dual theory entered suf-
ficiently deep into the conformal regime. At this scale,
some parameters of the direct theory are given by
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@@ =10) ~ (52) R

x (M2, =(QQ(1 = Aq))) ,

~
Mz,

(A.6)

AQ bg/NF
g =ma(n =4 = (32)  maln=Aq),
q

mq(n = AQ) Mz, = My, = Ay,

and therefore (3.1) at the scale u ~ A; < Ag has the
same form, with the normalizations: M(u = A,) =
= M2, and Tg(u = A,) = fig, while yy in (3.1) is
now rewritten as ji; = Zqu. After this, all calculations
are the same as in Sec. 3, with only notational changes.
The only point that deserves additional comment is the
explicit form of Ay (see (2.2) and (2.1)), which was
used in (3.3) and (3.4) for finding Z,. But it can be
seen from (A.6) that Ay, stays intact. The same can
be seen from an expression in [13] (see also review [3]
and the references therein) for the gluino condensate of
the direct theory in terms of the running scale u,

_ bO/NcmNF/NC 1 o [ — 1
(8) = kel ) e (). .
AN s
<S>:32ﬂ'2: YM>

which is valid from sufficiently large u down to pu =
= upg < Ag, where pp is the largest physical mass.
Now, taking u = Ag in (A.7), we can write (with our
exponential accuracy and neglecting § < 1 in compa-
rison with unity in a(p = Ag) = a.(l —J) = Ay
~ bo/3N,)

~
~

Afar 2 Ag/™ (mg = ma (i = Ag) N/ x

o () e (<25)]. s

On the other hand, taking u = A, in (A.7), we obtain

3N,
bo

Aar m AP/ (i = mo(n = 4q)) /™

PrlCartag) e ()] wo

Hence, instead of Ag and mg = mq(i = Ag) in (A.8),
Ay can equivalently be expressed through A, and
mg = mg(n =Ay) in (A.9).

Therefore, we obtain the same result: Zq =17, =
= exp(—N./bo), and at pt < Ay, all results for observab-
le masses in Sec. 3 will stay intact (with only notational
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changes). Nevertheless, in a sense, this variant with
Ay € Ag is worse for the dual theory in comparison
with Ay ~ Ag because both theories are additionally
not equivalent in the interval of energies A, < 1 < Ag.

We now consider the region 0 < by/Nr < 1 where
weakly coupled is the dual theory. Here, we can sim-
ply repeat all the above arguments to see that all the
results in Sec. 4 remain valid, except for a change of
notation as in (A.6) and the omission of the exponen-
tial factors in (A.8) and (A.9) in accordance with the
direct theory being strongly coupled here, a, = O(1).
The same applies to the results for observable masses
in Sec. 5, because all these can be expressed in terms
of Ay m and the appropriate powers of r = my /my, and
Zy = Zy = exp(—N./Thp).
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