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Ó�ÀÂÍÅÍÈß ÄËß �ÀÑÏ�ÅÄÅËÅÍÈÉ ÔÓÍÊÖÈÎÍÀËÎÂÎÒ Ò�ÀÅÊÒÎ�ÈÈ ÑËÓ×ÀÉÍÛÕ ÁËÓÆÄÀÍÈÉÂ ÍÅÎÄÍÎ�ÎÄÍÎÉ Ñ�ÅÄÅÂ. Ï. Øêèëåâ *Èíñòèòóò õèìèè ïîâåðõíîñòè Íàöèîíàëüíîé àêàäåìèè íàóê Óêðàèíû03164, Êèåâ, ÓêðàèíàÏîñòóïèëà â ðåäàêöèþ 6 àïðåëÿ 2011 ã.Â ðàìêàõ ìîäåëè ñëó÷àéíûõ ëîâóøåê ñ èñïîëüçîâàíèåì ïðèáëèæåíèÿ ñðåäíåãî ïîëÿ âûâåäåíî óðàâíåíèå,ïîçâîëÿþùåå âû÷èñëÿòü ðàñïðåäåëåíèå �óíêöèîíàëà îò òðàåêòîðèè ÷àñòèöû, ñîâåðøàþùåé ñëó÷àéíûåáëóæäàíèÿ ïî óçëàì íåîäíîðîäíîé ðåøåòêè. Ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ îáîáùåíèåì óðàâíåíèÿ Ôåé-íìàíà �Êàöà íà ñëó÷àé íåîäíîðîäíîé ñðåäû. Âûâåäåíî òàêæå îáðàòíîå óðàâíåíèå, â êîòîðîì â êà÷åñòâåíåçàâèñèìîé ïåðåìåííîé èñïîëüçóåòñÿ íå êîíå÷íîå ïîëîæåíèå ÷àñòèöû, à åå ïîëîæåíèå â íà÷àëüíûéìîìåíò âðåìåíè. Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ ïîëó÷åííûõ óðàâíåíèé ðàññìîòðåíà îäíîìåðíàÿ çà-äà÷à âû÷èñëåíèÿ ðàñïðåäåëåíèÿ âðåìåíè ïåðâîãî ïðîõîæäåíèÿ. Ïîêàçàíî, ÷òî ñðåäíèå âðåìåíà ïåðâîãîïðîõîæäåíèÿ äëÿ îäíîðîäíîé è íåîäíîðîäíîé ñðåä ñ îäèíàêîâûìè êîý��èöèåíòàìè äè��óçèè ñîâïà-äàþò, íî äèñïåðñèÿ ðàñïðåäåëåíèÿ äëÿ íåîäíîðîäíîé ñðåäû ìîæåò áûòü âî ìíîãî ðàç áîëüøå, ÷åì äëÿîäíîðîäíîé ñðåäû.1. ÂÂÅÄÅÍÈÅÅñëè x(t) ïðåäñòàâëÿåò ñîáîé òðàåêòîðèþ áðîó-íîâñêîé ÷àñòèöû, òî áðîóíîâñêèé �óíêöèîíàë îïðå�äåëÿåòñÿ êàê A = tZ0 U (x(�)) d�; (1)ãäå U(x) � çàäàííàÿ �óíêöèÿ, âèä êîòîðîé çàâè�ñèò îò ðàññìàòðèâàåìîé ïðîáëåìû. Ïîñêîëüêó òðà�åêòîðèÿ x(t) ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, �óíê�öèîíàë A òàêæå áóäåò ñëó÷àéíîé âåëè÷èíîé. Çàäà÷àçàêëþ÷àåòñÿ â âû÷èñëåíèè ðàñïðåäåëåíèÿ ýòîé ñëó�÷àéíîé âåëè÷èíû. Áðîóíîâñêèå �óíêöèîíàëû ïîÿâ�ëÿþòñÿ ïðè ðåøåíèè ìíîãèõ çàäà÷ â ðàçëè÷íûõ îá�ëàñòÿõ íàóêè. Íàïðèìåð, ïðè èçó÷åíèè êèíåòèêè õè�ìè÷åñêèõ ðåàêöèé âîçíèêàåò �óíêöèîíàë, ðàâíûéâðåìåíè ïðåáûâàíèÿ ÷àñòèöû â íåêîòîðîé îáëàñòè
 [1�4℄. Â ýòîì ñëó÷àå �óíêöèÿ U(x) ðàâíà åäè�íèöå ïðè x, ïðèíàäëåæàùåì 
, è íóëþ â ïðîòèâ�íîì ñëó÷àå. Ôóíêöèîíàëû ñ �óíêöèÿìè U(x) = xè U(x) = x2 ïðåäñòàâëÿþò èíòåðåñ äëÿ òåîðèèÿäåðíîãî ìàãíèòíîãî ðåçîíàíñà [5℄. Ñëó÷àé �óíêöèè*E-mail: shkilevv�ukr.net

U(x) = x2 ðàññìàòðèâàëñÿ òàêæå ïðè èçó÷åíèè äè�íàìèêè ðàñòóùåé ïîâåðõíîñòè [6℄.Èñïîëüçóÿ ìåòîä èíòåãðèðîâàíèÿ ïî òðàåêòîðè�ÿì, ïðåäëîæåííûé Ôåéíìàíîì, Êàö âûâåë óðàâíå�íèå â ÷àñòíûõ ïðîèçâîäíûõ, ðåøàÿ êîòîðîå ìîæíîíàéòè ðàñïðåäåëåíèå áðîóíîâñêîãî �óíêöèîíàëà ñïðîèçâîëüíîé ïîëîæèòåëüíîé �óíêöèåé U(x) [7℄:�G(x; p; t)�t = D�2G(x; p; t)�x2 � pU(x)G(x; p; t): (2)Çäåñü G(x; p; t) � ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðå�ìåííîé A �óíêöèè G(x;A; t), ðàâíîé ïëîòíîñòè âå�ðîÿòíîñòè òîãî, ÷òî â ìîìåíò âðåìåíè t ÷àñòèöà íà�õîäèòñÿ â òî÷êå x, à çíà÷åíèå �óíêöèîíàëà ðàâíîA; D � êîý��èöèåíò äè��óçèè. Âïîñëåäñòâèè ýòîóðàâíåíèå Ôåéíìàíà �Êàöà øèðîêî èñïîëüçîâàëîñüäëÿ âû÷èñëåíèÿ ðàñïðåäåëåíèé �óíêöèîíàëîâ ñ ðàç�ëè÷íûìè �óíêöèÿìè U(x) [8℄.Óðàâíåíèå (2) âûâåäåíî â ïðåäïîëîæåíèè, ÷òîñðåäà, â êîòîðîé ïðîõîäèò ïðîöåññ ñëó÷àéíûõ áëó�æäàíèé, ÿâëÿåòñÿ îäíîðîäíîé. Îäíàêî ðåàëüíûåñðåäû âî ìíîãèõ ñëó÷àÿõ íåîäíîðîäíû. Âû÷èñëåíèþðàñïðåäåëåíèé �óíêöèîíàëîâ â íåîäíîðîäíûõ ñðå�äàõ ïîñâÿùåíû ðàáîòû [9; 10℄. Â ýòèõ ðàáîòàõ âûâî�äèòñÿ óðàâíåíèå, ðåøàÿ êîòîðîå ìîæíî íàéòè ðàñ�ïðåäåëåíèå �óíêöèîíàëà äëÿ îòäåëüíîé ðåàëèçàöèè195 13*



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 141, âûï. 1, 2012íåîäíîðîäíîé ñðåäû. Äëÿ ïîëíîãî ðåøåíèÿ çàäà÷èïîñëå íàõîæäåíèÿ ýòîãî ðàñïðåäåëåíèÿ íåîáõîäèìîïðîâåñòè óñðåäíåíèå ïî àíñàìáëþ êîí�èãóðàöèé. Âîáùåì ñëó÷àå ðåøåíèå ýòîé çàäà÷è ïðåäñòàâëÿåò ñî�áîé ñëîæíóþ ïðîáëåìó, ïîýòîìó àâòîðû âûïîëíèëèóñðåäíåíèå äëÿ ÷àñòíîé ìîäåëè Ñèíàÿ. Íî ýòà ìî�äåëü ÿâëÿåòñÿ âåñüìà ñïåöè�è÷åñêîé è ñëàáî îòðà�æàåò ñâîéñòâà ðåàëüíûõ íåîäíîðîäíûõ ñðåä. Â ÷àñò�íîñòè, íåêîòîðûå âåëè÷èíû, âû÷èñëåííûå â ðàìêàõýòîé ìîäåëè, íå óäîâëåòâîðÿþò òðåáîâàíèþ ñàìî�óñðåäíåíèÿ, ò. å. èçìåíÿþòñÿ â øèðîêèõ ïðåäåëàõïðè ïåðåõîäå îò îäíîãî îáðàçöà ê äðóãîìó [9; 10℄.Â äàííîé ðàáîòå ïðîáëåìà âû÷èñëåíèÿ ðàñïðå�äåëåíèÿ �óíêöèîíàëà äëÿ íåîäíîðîäíîé ñðåäû ðàñ�ñìàòðèâàåòñÿ â ðàìêàõ ìîäåëè ñëó÷àéíûõ ëîâóøåê.Ñ èñïîëüçîâàíèåì ïðèáëèæåíèÿ ñðåäíåãî ïîëÿ âûâî�äÿòñÿ óðàâíåíèÿ, ðåøàÿ êîòîðûå ìîæíî íàéòè îêîí�÷àòåëüíûå ðàñïðåäåëåíèÿ �óíêöèîíàëîâ, íå òðå�áóþùèå äàëüíåéøåãî óñðåäíåíèÿ ïî êîí�èãóðàöè�ÿì. �àññìàòðèâàåòñÿ òîëüêî ñëó÷àé ïîëîæèòåëüíîé�óíêöèè U(x). Ïåðåõîä ê ïðîèçâîëüíîé �óíêöèèòðåáóåò âíåñåíèÿ â ðàññóæäåíèÿ íåñóùåñòâåííûõ èç�ìåíåíèé, à èìåííî: ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðå�ìåííîé A äîëæíî áûòü çàìåíåíî ïðåîáðàçîâàíèåìÔóðüå. Òîãäà â îêîí÷àòåëüíûõ óðàâíåíèÿõ âìåñòîïåðåìåííîé p (p > 0) áóäåò �èãóðèðîâàòü ïåðåìåí�íàÿ �ip (�1 < p <1), ãäå i� ìíèìàÿ åäèíèöà [11℄.Ïîëó÷åííûå óðàâíåíèÿ ïîçâîëÿþò èçó÷àòü âëèÿíèåíåîäíîðîäíîñòè íà ðàñïðåäåëåíèÿ �óíêöèîíàëîâ îòòðàåêòîðèè ñëó÷àéíûõ áëóæäàíèé.2. ÌÈÊ�ÎÑÊÎÏÈ×ÅÑÊÈÅ Ó�ÀÂÍÅÍÈßÌû èíòåðåñóåìñÿ âû÷èñëåíèåì ðàñïðåäåëåíèÿ�óíêöèîíàëà (1) â òîì ñëó÷àå, êîãäà äâèæåíèå ÷àñ�òèöû, òðàåêòîðèÿ êîòîðîé �èãóðèðóåò ïîä çíàêîìèíòåãðàëà, îïèñûâàåòñÿ óðàâíåíèåì�Pn(t)�t =Xm WnmPm(t)�Xm WmnPn(t); (3)ãäå Pn(t) � âåðîÿòíîñòü òîãî, ÷òî â ìîìåíò âðåìå�íè t ÷àñòèöà íàõîäèòñÿ â óçëå n; Wmn � ñêîðîñòü, ñêîòîðîé ÷àñòèöà ïåðåõîäèò èç óçëà n â óçåë m.Âûâîä óðàâíåíèé äëÿ ðàñïðåäåëåíèé �óíêöèî�íàëà áóäåò ñîñòîÿòü èç äâóõ ýòàïîâ. Íà ïåðâîìýòàïå ïîëó÷èì ñîîòâåòñòâóþùèå óðàâíåíèþ (3) ìè�êðîñêîïè÷åñêèå óðàâíåíèÿ (ïðÿìîå è îáðàòíîå) îò�íîñèòåëüíî �óíêöèé Gn(A; t) è Hn(A; t). ÔóíêöèÿGn(A; t) ðàâíà ñîâìåñòíîé âåðîÿòíîñòè òîãî, ÷òî âìîìåíò âðåìåíè t ÷àñòèöà íàõîäèòñÿ â óçëå n, à çíà�÷åíèå �óíêöèîíàëà ðàâíî A. Ôóíêöèÿ Hn(A; t) ðàâ�

íà âåðîÿòíîñòè òîãî, ÷òî â ìîìåíò âðåìåíè t çíà�÷åíèå �óíêöèîíàëà ðàâíî A ïðè óñëîâèè, ÷òî â íà�÷àëüíûé ìîìåíò âðåìåíè ÷àñòèöà íàõîäèòñÿ â óçëån. Íà âòîðîì ýòàïå ïðîâåäåì óñðåäíåíèå ìèêðîñêî�ïè÷åñêèõ óðàâíåíèé ïî àíñàìáëþ êîí�èãóðàöèé. Âðåçóëüòàòå áóäóò ïîëó÷åíû óðàâíåíèÿ îòíîñèòåëüíîóñðåäíåííûõ ïëîòíîñòåé ðàñïðåäåëåíèé �óíêöèîíà�ëà G(r; A; t) è H(r; A; t), ãäå r � ïðîñòðàíñòâåííàÿêîîðäèíàòà.Íà ïåðâîì ýòàïå íà ðåøåòêó óçëîâ, íà ðàçìåð�íîñòü ïðîñòðàíñòâà, â êîòîðîå ïîãðóæåíà ðåøåòêà,è íà ñêîðîñòè Wmn íå íàêëàäûâàåòñÿ íèêàêèõ îãðà�íè÷åíèé.Çàïèøåì óðàâíåíèå (3) â ýêâèâàëåíòíîé �îðìåóðàâíåíèé ñëó÷àéíûõ áëóæäàíèé ñ íåïðåðûâíûìâðåìåíåì [12℄:�n(t) =Xm qnm tZ0  m(�)�m(t� �) d� ++Xm qnm m(t)P 0m; (4)Pn(t) = tZ0 	n(�)�n(t� �) d� +	n(t)P 0n ; (5)ãäå �n(t) � âåðîÿòíîñòü òîãî, ÷òî ÷àñòèöà ïðè�áûâàåò â óçåë n â ìîìåíò âðåìåíè t;  m(t) == vm exp(�vmt) � �óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíèîæèäàíèÿ äëÿ óçëà m; vm = PnWnm � ñóììàð�íàÿ ñêîðîñòü, ñ êîòîðîé ÷àñòèöà ïîêèäàåò óçåë m;qnm = Wnm=vm � âåðîÿòíîñòü òîãî, ÷òî ÷àñòèöà,ñîâåðøàþùàÿ ñêà÷îê èç óçëà m, ïîïàäàåò â óçåë n;	m(t) = 1� tZ0  m(�) d�� �óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè âûæèâàíèÿ äëÿóçëà m; P 0m � âåðîÿòíîñòü òîãî, ÷òî â íà÷àëüíûéìîìåíò âðåìåíè ÷àñòèöà íàõîäèòñÿ â óçëå m.Âíà÷àëå ïîëó÷èì ïðÿìîå óðàâíåíèå. Ñëåäóÿðàáîòå [11℄, ïåðåéäåì îò óðàâíåíèé (4), (5) êóðàâíåíèÿì îòíîñèòåëüíî ðàñïðåäåëåíèÿ �óíêöèî�íàëà Gn(A; t):�n(A; t) =Xm qnm tZ0  m(�)�m(A��Um; t��) d�++Xm qnm m(t)P 0mÆ(A� tUm); (6)196



ÆÝÒÔ, òîì 141, âûï. 1, 2012 Óðàâíåíèÿ äëÿ ðàñïðåäåëåíèé �óíêöèîíàëîâ : : :Gn(A; t) = tZ0 	n(�)�n(A� �Un; t� �) d� ++	n(t)P 0nÆ(A� tUn): (7)Çäåñü �n(A; t) � âåðîÿòíîñòü òîãî, ÷òî â ìîìåíò âðå�ìåíè t ÷àñòèöà ïðèáûâàåò â óçåë n è ïðè ýòîì çíà÷å�íèå �óíêöèîíàëà ðàâíî A; Un � çíà÷åíèå �óíêöèèU â óçëå n. Ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè óðàâíå�íèÿ (6) ñîîòâåòñòâóåò ñèòóàöèè, ïðè êîòîðîé ÷àñòè�öà â íåêîòîðûé ìîìåíò âðåìåíè t � � ïðèáûâàåò âíåêîòîðûé óçåë m è çàòåì â ìîìåíò âðåìåíè t ñîâåð�øàåò ñêà÷îê â óçåë n. Ïîñêîëüêó ÷àñòèöà â òå÷åíèåâðåìåíè � íàõîäèòñÿ â óçëå m, çíà÷åíèå �óíêöèîíà�ëà â ìîìåíò âðåìåíè t áóäåò ðàâíî A, åñëè â ìîìåíòâðåìåíè t� � îíî ðàâíî A� �Um. Âòîðîå ñëàãàåìîåñîîòâåòñòâóåò ñèòóàöèè, ïðè êîòîðîé ÷àñòèöà â íà�÷àëüíûé ìîìåíò âðåìåíè íàõîäèòñÿ â óçëå m è âìîìåíò âðåìåíè t ñîâåðøàåò ñâîé ïåðâûé ñêà÷îê âóçåë n. Ïîñêîëüêó ÷àñòèöà âñå âðåìÿ íàõîäèòñÿ âóçëå m, çíà÷åíèå �óíêöèîíàëà â ìîìåíò âðåìåíè táóäåò ðàâíî A, åñëè â ìîìåíò âðåìåíè t = 0 îíî ðàâ�íî A� tUm. Â óðàâíåíèè (7) ïåðâîå ñëàãàåìîå ñîîò�âåòñòâóåò ñèòóàöèè, ïðè êîòîðîé ÷àñòèöà â ìîìåíòâðåìåíè t � � ñîâåðøàåò ñêà÷îê â óçåë n è îñòàåò�ñÿ â ýòîì óçëå. Âòîðîå ñëàãàåìîå ñîîòâåòñòâóåò ñè�òóàöèè, ïðè êîòîðîé ÷àñòèöà â íà÷àëüíûé ìîìåíòâðåìåíè íàõîäèòñÿ â óçëå n è îñòàåòñÿ â ýòîì óçëåâïëîòü äî ìîìåíòà âðåìåíè t.Óðàâíåíèÿ (6), (7) èìåþò âèä óðàâíåíèé ñëó÷àé�íûõ áëóæäàíèé ñ íåïðåðûâíûì âðåìåíåì. Îäíàêîóñðåäíÿòü óäîáíåå óðàâíåíèÿ, çàïèñàííûå â âèäåîñíîâíîãî êèíåòè÷åñêîãî óðàâíåíèÿ. Ïîýòîìó ïðå�îáðàçóåì ýòè óðàâíåíèÿ ñîîòâåòñòâóþùèì îáðàçîì.Îáîçíà÷èì ëàïëàñ-îáðàç �óíêöèè �n(A; t) ïðè äâîé�íîì ïðåîáðàçîâàíèè A ! p, t ! s ÷åðåç �n(p; s).Çàìåòèì, ÷òî1Z0 exp(�Ap)�m(A� �Um; t) dA = exp(�p�Um)�� 1Z��Um exp(�A�p)�m(A�; t) dA� == exp(�p�Um)�m(p; t):Çäåñü èñïîëüçîâàí òîò �àêò, ÷òî ïðè A < 0 �óíê�öèÿ �m(A; t) = 0. Ñîâåðøàÿ ïðåîáðàçîâàíèÿ Ëàïëà�ñà íàä óðàâíåíèÿìè (6) è (7) ïî ïåðåìåííûì A è t,ïîëó÷èì

�n(p; s) =Xm qnm m(s+ pUm)�m(p; s) ++Xm qnm m(s+ pUm)P 0m; (8)Gn(p; s) = 	n(s+pUn)�n(p; s)+	n(s+pUn)P 0n : (9)Èñêëþ÷åíèå èç óðàâíåíèÿ (8) ïåðåìåííîé �n(p; s)äàåò óðàâíåíèå îòíîñèòåëüíî Gn(p; s):(s+ pUn)Gn(p; s)� P 0n ==Xm WnmGm(p; s)�Xm WmnGn(p; s): (10)Â õîäå ïðåîáðàçîâàíèé áûë ó÷òåí êîíêðåòíûé âèä�óíêöèé  n è 	n. Ïåðåõîäÿ îò ïåðåìåííîé s ê �è�çè÷åñêîìó âðåìåíè, ïîëó÷àåì ïðÿìîå ìèêðîñêîïè÷å�ñêîå óðàâíåíèå, ïîäëåæàùåå óñðåäíåíèþ:�Gn(p; t)�t =Xm WnmGm(p; t)��Xm WmnGn(p; t)� pUnGn(p; t): (11)Îáðàòíîå óðàâíåíèå, ñîîòâåòñòâóþùåå óðàâíåíè�ÿì (4), (5), èìååò ñëåäóþùèé âèä:Hn(A; t) =Xm qmn tZ0  n(�)Hm(A��Un; t��) d�++	n(t)P 0nÆ(A� tUn): (12)Â äàííîì ñëó÷àå â íà÷àëüíûé ìîìåíò âðåìåíè ÷à�ñòèöà ñ âåðîÿòíîñòüþ, ðàâíîé åäèíèöå, íàõîäèòñÿâ óçëå n, ïîýòîìó P 0n = 1. Ñìûñë ýòîãî óðàâíåíèÿñîñòîèò â ñëåäóþùåì. ×àñòèöà, íàõîäÿùàÿñÿ â íà�÷àëüíûé ìîìåíò âðåìåíè â óçëå n, â èíòåðâàëå âðå�ìåíè (0; t) ëèáî ïåðåéäåò â êàêîé-ëèáî äðóãîé óçåëm, ëèáî îñòàíåòñÿ â óçëå n. Ïîýòîìó âåðîÿòíîñòüHn(A; t) ìîæíî ïðåäñòàâèòü â âèäå ñóììû ñîîòâåò�ñòâóþùèõ âåðîÿòíîñòåé. Åñëè ÷àñòèöà â èíòåðâàëåâðåìåíè (�; � + d�) ïåðåõîäèò â óçåë m, òî ñîîòâåò�ñòâóþùåå ñëàãàåìîå áóäåò èìåòü âèäqmn n(�) d� Hm(A� �Un; t� �):Åñëè ÷àñòèöà âñå âðåìÿ îñòàåòñÿ â óçëå n, òî ñëàãà�åìîå áóäåò ðàâíî	n(t)Hn(A� tUn; 0):Ïðè çàïèñè âíåèíòåãðàëüíîãî ÷ëåíà â ïðàâîé ÷àñòèóðàâíåíèÿ ó÷òåí òîò �àêò, ÷òî Hn(A; 0) = Æ(A). Ñî�âåðøàÿ ïðåîáðàçîâàíèÿ Ëàïëàñà ïî ïåðåìåííûì Aè t, ïîëó÷àåì197



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 141, âûï. 1, 2012Hn(p; s) =Xm qmn n(s+ pUn)Hm(p; s) ++	n(s+ pUn): (13)Ïðîâîäÿ àëãåáðàè÷åñêèå ïðåîáðàçîâàíèÿ, ïðèõîäèìê óðàâíåíèþ(s+ pUn)Hn(p; s)� 1 =Xm WmnHm(p; s)��Xm WmnHn(p; s): (14)Ïåðåõîäÿ îò ïåðåìåííîé s ê �èçè÷åñêîìó âðåìå�íè, ïîëó÷àåì îáðàòíîå ìèêðîñêîïè÷åñêîå óðàâíå�íèå, ïîäëåæàùåå óñðåäíåíèþ:�Hn(p; t)�t =Xm WmnHm(p; t)��Xm WmnHn(p; t)� pUnHn(p; t): (15)Äàííîå óðàâíåíèå îòëè÷àåòñÿ îò óðàâíåíèÿ (11),âî-ïåðâûõ, ïîðÿäêîì ðàñïîëîæåíèÿ èíäåêñîâ â ïåð�âîé ñóììå â ïðàâîé ÷àñòè, âî-âòîðûõ, ñìûñëîì èí�äåêñà ó �óíêöèèHn(p; t). Çäåñü èíäåêñ óêàçûâàåò íåóçåë, â êîòîðîì ÷àñòèöà íàõîäèòñÿ â ìîìåíò âðåìå�íè t, à óçåë, â êîòîðîì îíà íàõîäèëàñü â íà÷àëüíûéìîìåíò âðåìåíè.3. ÓÑ�ÅÄÍÅÍÍÛÅ Ó�ÀÂÍÅÍÈßÏðè óñðåäíåíèè óðàâíåíèé (11) è (15) áóäåì èñ�ïîëüçîâàòü ïðåäïîëîæåíèÿ ìîäåëè ñëó÷àéíûõ ëîâó�øåê. Áóäåì ñ÷èòàòü, ÷òî ñêîðîñòüWmn çàâèñèò òîëü�êî îò èñõîäíîãî óçëà: Wmn =Wn, à òàêæå, ÷òî ñêà÷�êè ñîâåðøàþòñÿ òîëüêî â áëèæàéøèå óçëû. �àçäå�ëèì âñþ ñîâîêóïíîñòü óçëîâ ðåøåòêè íà òèïû. Êîäíîìó òèïó áóäåì îòíîñèòü óçëû ñ îäèíàêîâûìèçíà÷åíèÿìè ñêîðîñòè vm (â ìîäåëè ñëó÷àéíûõ ëî�âóøåê vm = zWm, ãäå z � êîîðäèíàöèîííîå ÷èñëîðåøåòêè). Óñðåäíèì óðàâíåíèå (11) ïî òàêèì ðåàëè�çàöèÿì íåîäíîðîäíîé ñðåäû, äëÿ êîòîðûõ â òî÷êå ríàõîäèòñÿ óçåë �èêñèðîâàííîãî òèïà [13; 14℄. Óñðåä�íåííîå óðàâíåíèå ïðåäñòàâèì â âèäå��i(r; p; t)�t = NXj=1 �jvj Z �j(r0; p; t)�(jr � r0j) dr0 �� vi�i(r; p; t)� pU(r)�i(r; p; t);i = 1; 2; : : : ; N: (16)Çäåñü �i(r; p; t) � ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî âìîìåíò âðåìåíè t ÷àñòèöà íàõîäèòñÿ â óçëå i-ãî òèïà

â òî÷êå r, à çíà÷åíèå ïåðåìåííîé, ëàïëàñ-ñîïðÿæåí-íîé ê ïåðåìåííîé A, ðàâíî p; �j � äîëÿ óçëîâ j-ãîòèïà ñðåäè óçëîâ ðåøåòêè; �(jr0 � rj) dr0 � âåðîÿò�íîñòü òîãî, ÷òî â ýëåìåíòå îáúåìà dr0 â îêðåñòíîñòèòî÷êè r0 íàõîäèòñÿ óçåë, ñîñåäíèé ê óçëó, ðàñïîëî�æåííîìó â òî÷êå r; N � ÷èñëî òèïîâ óçëîâ.�àçëàãàÿ �óíêöèè �j(r0) â ðÿäû â îêðåñòíîñòèòî÷êè r, ïîäñòàâëÿÿ ïîëó÷åííûå ðàçëîæåíèÿ â (16)è óäåðæèâàÿ â ðàçëîæåíèè ÷ëåíû äî âòîðîãî ïîðÿä�êà âêëþ÷èòåëüíî, ïîëó÷èì��i(r; p; t)�t = NXj=1 �jvj ��j(r; p; t)+�2��j(r; p; t)	�� vi�i(r; p; t)� pU(r)�i(r; p; t);i = 1; 2; : : : ; N; (17)ãäå �2 = 16 Z (r � r0)2�(jr � r0j) dr0;� � îïåðàòîð Ëàïëàñà.Ââîäÿ âìåñòî âåðîÿòíîñòåé, îòíåñåííûõ ê êîëè�÷åñòâó óçëîâ, âåðîÿòíîñòè, îòíåñåííûå ê îáúåìó,Gi = �i�i�m, ãäå �m � êîëè÷åñòâî óçëîâ â åäèíèöåîáúåìà ñðåäû, ïðèâåäåì óðàâíåíèÿ (17) ê ñëåäóþùå�ìó âèäó:�Gi(r; p; t)�t = �viGi(r; p; t) + �iF (r; p; t)�� pU(r)Gi(r; p; t); i = 1; 2; : : : ; N; (18)ãäå F = NXj=1 vj �Gj + �2�Gj	 :Ñóììèðóÿ óðàâíåíèÿ (18), ïîëó÷èì óðàâíåíèå äëÿîáùåé ïëîòíîñòè âåðîÿòíîñòè:�G(r; p; t)�t = �2 NXj=1 vj�Gj(r; p; t)�� pU(r)G(r; p; t); (19)ãäå G(r; p; t) = NXi=1 Gi(r; p; t)� ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî â ìîìåíò âðåìå�íè t ÷àñòèöà íàõîäèòñÿ â òî÷êå r, à çíà÷åíèå ïåðå�ìåííîé, ëàïëàñ-ñîïðÿæåííîé ê ïåðåìåííîé A, ðàâ�íî p.198



ÆÝÒÔ, òîì 141, âûï. 1, 2012 Óðàâíåíèÿ äëÿ ðàñïðåäåëåíèé �óíêöèîíàëîâ : : :×òîáû èñêëþ÷èòü èç ðàññìîòðåíèÿ âåëè÷èíûGi(r; p; t), ïåðåéäåì â óðàâíåíèÿõ (18), (19) îò �è�çè÷åñêîãî âðåìåíè ê ïåðåìåííîé Ëàïëàñà s:sGi(r; p; s)� �iG(r; p; 0) = �viGi(r; p; s) ++ �iF (r; p; s)� pU(r)Gi(r; p; s);i = 1; 2; : : : ; N; (20)sG(r; p; s)�G(r; p; 0) == �2 NXj=1 vj�Gj(r; p; s)� pU(r)G(r; p; s): (21)Çäåñü �i � âåðîÿòíîñòü òîãî, ÷òî â íà÷àëüíûé ìî�ìåíò âðåìåíè ÷àñòèöà íàõîäèòñÿ â óçëå i-ãî òèïà.Ïîñêîëüêó â íà÷àëüíûé ìîìåíò âðåìåíè ÷àñòèöà íà�õîäèòñÿ â çàäàííîé òî÷êå, à çíà÷åíèå �óíêöèîíàëàðàâíî íóëþ, ò. å.G(r; A; 0) = Æ(r � r0)Æ(A);âåëè÷èíàG(r; p; 0) áóäåò ðàâíà Æ(r�r0). Èñêëþ÷åíèåâåëè÷èí Gi(r; p; s) äàåòsG(r; p; s)� Æ(r � r0) == �2� [�1 (s+ pU(r))G(r; p; s)℄ ++ �2� [�2 (s+ pU(r)) Æ(r � r0)℄�� pU(r)G(r; p; s); (22)ãäå �1(s) = s (s)1�  (s) ; �2(s) = '(s)�  (s)1�  (s)� äâå �óíêöèè ïàìÿòè,'(s) = NXi=1 �ivivi + s� �óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè îæèäàíèÿ ïåð�âîãî ñêà÷êà,  (s) = NXi=1 �ivivi + s� �óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè îæèäàíèÿ âòî�ðîãî è ïîñëåäóþùèõ ñêà÷êîâ. Ïåðåõîäÿ îáðàòíî ê�èçè÷åñêîìó âðåìåíè, îêîí÷àòåëüíî ïîëó÷èì�G(r; p; t)�t = �2�24 tZ0 exp (�pU(r)(t� �)) �� �1(t� �)G(r; p; �) d�35 ++ �2� [exp (�pU(r)t)�2(t)Æ(r � r0)℄�� pU(r)G(r; p; t): (23)

×òîáû íàéòè ðàñïðåäåëåíèå �óíêöèîíàëà (1), íóæ�íî ðåøèòü ýòî óðàâíåíèå, ïðîèíòåãðèðîâàòü íàéäåí�íóþ �óíêöèþ G(r; p; t) ïî êîîðäèíàòå è ñîâåðøèòüîáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà p! A.Ïðè p = 0 �óíêöèÿG(r; 0; t) = 1Z0 G(r; A; t) dAñâîäèòñÿ ê G(r; t) � âåðîÿòíîñòè òîãî, ÷òî â ìîìåíòâðåìåíè t ÷àñòèöà íàõîäèòñÿ â òî÷êå r âíå çàâèñè�ìîñòè îò çíà÷åíèÿ �óíêöèîíàëà. Ñîîòâåòñòâåííî,óðàâíåíèå (23) ñâîäèòñÿ ê óðàâíåíèþ ñóáäè��óçèè:�G(r; t)�t = �2 tZ0 �1(t� �)�G(r; �) d� ++ �2�2(t)�Æ(r � r0): (24)Îòìåòèì äâå îñîáåííîñòè óðàâíåíèÿ (23), îòëè�÷àþùèå åãî îò óðàâíåíèÿ (2). Âî-ïåðâûõ, ýòî óðàâ�íåíèå íåëîêàëüíî ïî âðåìåíè, âî-âòîðûõ, âû÷èñëåí�íîå ñ åãî ïîìîùüþ ðàñïðåäåëåíèå �óíêöèîíàëà áó�äåò çàâèñåòü íå òîëüêî îò íà÷àëüíîé òî÷êè r0, íî èîò ïàðàìåòðîâ �i, ò. å. îò òîãî, ñ óçëîâ êàêîãî òèïàñòàðòóåò ÷àñòèöà. Â ñëó÷àå îäíîðîäíîé ñðåäû, êî�ãäà  (t) = '(t) = v exp(�vt), óðàâíåíèå (23), êàê èäîëæíî áûòü, ñâîäèòñÿ ê óðàâíåíèþ (2).Òåïåðü óñðåäíèì îáðàòíîå óðàâíåíèå (15). Âýòîì ñëó÷àå âûêëàäêè, â îñíîâíîì, ñîâïàäàþò ñ ïðå�äûäóùèìè. Óñðåäíåííîå óðàâíåíèå çàïèøåì ñëåäó�þùèì îáðàçîì:��i(r; p; t)�t = vi NXj=1 Z �j�j(r0; p; t)�(jr�r0j) dr0�� vi�i(r; p; t)� pU(r)�i(r; p; t);i = 1; 2; : : : ; N: (25)Çäåñü �i(r; p; t) � ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî âìîìåíò âðåìåíè t çíà÷åíèå ïåðåìåííîé, ëàïëàñ-ñî-ïðÿæåííîé ê ïåðåìåííîé A, ðàâíî p ïðè óñëîâèè,÷òî â íà÷àëüíûé ìîìåíò âðåìåíè ÷àñòèöà íàõîäèòñÿâ óçëå i-ãî òèïà â òî÷êå r. �àçëàãàÿ �óíêöèè �j(r0)â ðÿäû â îêðåñòíîñòè òî÷êè r, ïîëó÷èì��i(r; p; t)�t = vi NXj=1 �j ��j(r; p; t)+�2��j(r; p; t)	�� vi�i(r; p; t)� pU(r)�i(r; p; t);i = 1; 2; : : : ; N: (26)199



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 141, âûï. 1, 2012Ââîäÿ âìåñòî âåðîÿòíîñòåé, îòíåñåííûõ ê êîëè÷å�ñòâó óçëîâ, âåðîÿòíîñòè, îòíåñåííûå ê îáúåìó, Hi == �i�i�m, ïðèâåäåì óðàâíåíèÿ (26) ê âèäó�Hi(r; p; t)�t = �viHi(r; p; t) + �iviF (r; p; t)�� pU(r)Hi(r; p; t); i = 1; 2; : : : ; N; (27)ãäå F = H + �2�H; H(r; p; t) = NXi=1 Hi(r; p; t):Ñóììèðóÿ óðàâíåíèÿ (27), ïîëó÷èì óðàâíåíèå äëÿîáùåé ïëîòíîñòè âåðîÿòíîñòè:�H(r; p; t)�t = � NXj=1 vjHj(r; p; t) ++ NXj=1 �jvjF (r; p; t)� pU(r)H(r; p; t): (28)×òîáû èñêëþ÷èòü èç ðàññìîòðåíèÿ âåëè÷èíûHi(r; p; t), ïåðåéäåì â óðàâíåíèÿõ (26), (27) îò �è�çè÷åñêîãî âðåìåíè ê ïåðåìåííîé Ëàïëàñà s:sHi(r; p; s)� �i = �viHi(r; p; s) ++ �iviF (r; p; s)� pU(r)Hi(r; p; s);i = 1; 2; : : : ; N; (29)sH(r; p; s)� 1 = � NXj=1 vjHj(r; p; s) ++ NXj=1 �jvjF (r; p; s)� pU(r)H(r; p; s): (30)Çäåñü ó÷òåí òîò �àêò, ÷òî â íà÷àëüíûé ìîìåíòâðåìåíè ÷àñòèöà íàõîäèòñÿ â òî÷êå r, ò. å., ÷òîH(r; p; 0) = 1. Èç óðàâíåíèÿ (29) íàõîäèìHi(r; p; s) = �is+pU+vi+ �ivis+pU+vi F (r; p; s);i = 1; 2; : : : ; N: (31)Èñïîëüçóÿ ýòî ñîîòíîøåíèå, ïîëó÷àåìNXj=1 �jvjF (r; p; s)� NXj=1 vjHj(r; p; s) == �'(s+ pU)H(r; p; 0) + s (s+ pU)F (r; p; s): (32)

Ñóììèðóÿ ðàâåíñòâà (31) è âûðàæàÿ èç ïîëó÷åííîãîñîîòíîøåíèÿ H(r; p; s), íàõîäèì, ÷òîH(r; p; s) = �(s+ pU)1�  (s+ pU) ++  (s+ pU)1�  (s+ pU) �2�H(r; p; s); (33)ãäå �(s) = NXi=1 �is+ vi :Ïîäñòàâëÿÿ âûðàæåíèÿ (32) è (33) â (30), ïðèõîäèìê óðàâíåíèþ îòíîñèòåëüíî �óíêöèè H(r; p; s):sH(r; p; s)� 1 = �2�1(s+ pU)�H(r; p; s)���2(s+ pU)� pUH(r; p; s): (34)Ïåðåõîäÿ ê �èçè÷åñêîìó âðåìåíè, ïîëó÷àåì�H(r; p; t)�t = �2 tZ0 exp (�pU(r)(t� �)) ���1(t� �)�H(r; p; �) d� �� exp (�pU(r)t)�2(t)� pU(r)H(r; p; t): (35)Ïî ñìûñëó îáðàòíîãî óðàâíåíèÿ ïðè p = 0 åìóäîëæíà óäîâëåòâîðÿòü �óíêöèÿH(r; 0; t) = 1Z0 H(r; A; t) dA;òîæäåñòâåííî ðàâíàÿ åäèíèöå. Îäíàêî, åñëè �óíê�öèÿ �2(t) îòëè÷íà îò íóëÿ, òî ïðè p = 0 �óíêöèÿH(r; 0; t) = 1 íå óäîâëåòâîðÿåò óðàâíåíèþ (35). Ýòîîçíà÷àåò, ÷òî óðàâíåíèå (35) ñïðàâåäëèâî òîëüêîïðè ðàâíîé íóëþ �óíêöèè�2(t), ò. å. ïðè �i = �i. Òà�êèì îáðàçîì, îáðàòíîå óðàâíåíèå áóäåò âûãëÿäåòüñëåäóþùèì îáðàçîì:�H(r; p; t)�t = �2 tZ0 exp (�pU(r)(t� �)) ���1(t� �)�H(r; p; �) d� � pU(r)H(r; p; t): (36)Ïðåèìóùåñòâî ýòîãî óðàâíåíèÿ ïåðåä óðàâíåíèåì(23) ñîñòîèò â òîì, ÷òî íàéäåííóþ ñ åãî ïîìîùüþ�óíêöèþ H(r; p; t) íå íóæíî èíòåãðèðîâàòü ïî êîîð�äèíàòå. Ñ äðóãîé ñòîðîíû, íåäîñòàòêîì ýòîãî óðàâ�íåíèÿ ÿâëÿåòñÿ òîò �àêò, ÷òî åãî ìîæíî èñïîëüçî�âàòü òîëüêî â òåõ ñëó÷àÿõ, êîãäà â íà÷àëüíûé ìî�ìåíò âðåìåíè ÷àñòèöà ïîïàäàåò íà óçëû ðàçíîãî òè�ïà ñëó÷àéíûì îáðàçîì (ò. å. ïðè �i = �i).200



ÆÝÒÔ, òîì 141, âûï. 1, 2012 Óðàâíåíèÿ äëÿ ðàñïðåäåëåíèé �óíêöèîíàëîâ : : :4. Â�ÅÌß ÏÅ�ÂÎ�Î Ï�ÎÕÎÆÄÅÍÈßÇàäà÷ó î ïåðâîì ïðîõîæäåíèè ãðàíèöû îáëàñ-òè ìîæíî ðåøèòü íåïîñðåäñòâåííî, èñïîëüçóÿ óðàâ�íåíèå, îïèñûâàþùåå ñëó÷àéíûå áëóæäàíèÿ ÷àñòè�öû. Â ðàìêàõ ðàññìàòðèâàåìîé çäåñü ìîäåëè òà�êèì óðàâíåíèåì ÿâëÿåòñÿ óðàâíåíèå (24). Åñëè âêà÷åñòâå îáëàñòè âçÿòü èíòåðâàë (�l; l) è ïðåäïîëî�æèòü, ÷òî ÷àñòèöà ñòàðòóåò èç òî÷êè x = 0, òî ýòîóðàâíåíèå ñëåäóåò äîïîëíèòü íà÷àëüíûì óñëîâèåìG(x; 0) = Æ(x) è ãðàíè÷íûìè óñëîâèÿìè G(�l; t) == G(l; t) = 0. Ýòó æå çàäà÷ó ìîæíî ðåøèòü ñ èñïîëü�çîâàíèåì âûâåäåííûõ â ïðåäûäóùåì ðàçäåëå óðàâ�íåíèé (23) è (36). Ïðè ýòîì â êà÷åñòâå �óíêöèè U(x)íóæíî âçÿòü �óíêöèþ [11; 15℄U(x) = ( 0; jxj < l;1; jxj > l: (37)Ïîñëå íàõîæäåíèÿ �óíêöèè H(x; p; t) íóæíî âîñ�ïîëüçîâàòüñÿ ñîîòíîøåíèåì ÊàöàPrftf < tg = 1� limp!1H(0; p; t);ãäå tf � âðåìÿ ïåðâîãî ïðîõîæäåíèÿ [11; 15℄. Â ëåâîé÷àñòè ýòîãî ñîîòíîøåíèÿ ñòîèò èíòåãðàëüíàÿ �óíê�öèÿ ðàñïðåäåëåíèÿ âðåìåíè ïåðâîãî ïðîõîæäåíèÿ.

Ñëåäîâàòåëüíî, ïëîòíîñòü ðàñïðåäåëåíèÿ áóäåò ðàâ�íà ��t Prftf < tg:Ôóíêöèþ H(0; p; t) ìîæíî íàéòè ëèáî ñ ïîìîùüþîáðàòíîãî óðàâíåíèÿ, ëèáî ïóòåì ðåøåíèÿ ïðÿìîãîóðàâíåíèÿ ñ íà÷àëüíûì óñëîâèåì G(x; p; 0) = Æ(x) èïîñëåäóþùåãî èíòåãðèðîâàíèÿ íàéäåííîé �óíêöèèG(x; p; t) ïî êîîðäèíàòå. Òàêèì îáðàçîì, íàõîäÿ ðå�øåíèå ðàçëè÷íûìè ñïîñîáàìè, ìû ñìîæåì óáåäèòü�ñÿ â ñîãëàñîâàííîñòè ïîëó÷åííûõ óðàâíåíèé.Ñîâåðøèì ïðåîáðàçîâàíèå Ëàïëàñà ïî ïåðåìåí�íîé t íàä îäíîìåðíûì àíàëîãîì óðàâíåíèÿ (24):sG(x; s) � Æ(x) = �2�1(s)�2G(x; s)�x2 ++ �2�2(s)�2Æ(x)�x2 : (38)�åøåíèå ýòîãî óðàâíåíèÿ áóäåì èñêàòü â âèäåG(x; s) = G1(x; s) +  (s)� '(s)s (s) Æ(x); (39)ãäåG1(x; s) = 8>>><>>>: C1 exp�x�r s�1(s) �+ C2 exp��x�r s�1(s) � ; x > 0;C2 exp�x�r s�1(s) �+ C1 exp��x�r s�1(s) � ; x < 0: (40)Äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ C1, C2 èìååì ãðà�íè÷íîå óñëîâèå G1(l; s) = 0 (41)(ïðè âûïîëíåíèè óñëîâèÿ (41) óñëîâèå G1(�l; t) = 0óäîâëåòâîðèòñÿ àâòîìàòè÷åñêè). Êðîìå òîãî, ïîä�ñòàâëÿÿ (39) â (38) è èíòåãðèðóÿ îò �0 äî +0, ïî�ëó÷àåì åùå îäíî óñëîâèå:�2�1(s)" �G1(x; s)�x ����x=+0 � �G1(x; s)�x ����x=�0# == �'(s) (s) : (42)�åøåíèåì óðàâíåíèé (41) è (42) ÿâëÿþòñÿ âåëè÷èíûC1 = �C2B2;C2 = '(s) [1�  (s)℄2�s 2(s) r�1(s)s 11 +B2 ;

ãäå B = exp�� l� r s�1(s) � :Ôóíêöèÿ âûæèâàíèÿ ðàâíà èíòåãðàëó îò G(x; s):P (s) = lZ�l G(x; s) dx:Ïîäñòàâëÿÿ ñþäà âûðàæåíèå äëÿ G(x; s), ïîëó÷àåìP (s) =  (s)� '(s)s (s) + '(s)s (s) 1� 2B +B21 +B2 : (43)Âðåìÿ ïåðâîãî ïðîõîæäåíèÿ ñâÿçàíî ñ �óíêöèåé âû�æèâàíèÿ ñîîòíîøåíèåìf(t) = � ��t P (t);201



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 141, âûï. 1, 2012èëè â ïðîñòðàíñòâå èçîáðàæåíèé Ëàïëàñà � f(s) == 1�sP (s). Îòñþäà íàõîäèì ïðåîáðàçîâàíèå Ëàïëà�ñà âðåìåíè ïåðâîãî ïðîõîæäåíèÿ:f(s) = '(s) (s) h�1� l�r s�1(s) � : (44)Òåïåðü íàéäåì ðåøåíèå ýòîé çàäà÷è ñ èñïîëüçî�âàíèåì ïðÿìîãî óðàâíåíèÿ (22). Åñëè �óíêöèÿ U(x)çàäàåòñÿ âûðàæåíèåì (37), òî ýòî óðàâíåíèå ïðèîá�
ðåòàåò âèäsG(x; p; s)� Æ(x) = �2�1(s)�2G(x; p; s)�x2 ++�2�2(s)�2Æ(x)�x2 ; jxj < l;sG(x; p; s) = �2�1(s+ p)�2G(x; p; s)�x2 �� pG(x; p; s); jxj > l: (45)
�åøåíèå áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:G(x; p; s) = 8>>><>>>: G2(x; p; s) +  (s)� '(s)s (s) Æ(x); jxj < l;C0(p) exp��jxj� r s+ p�1(s+ p) � ; jxj > l; (46)ãäå G2(x; p; s) = 8>>><>>>: C1(p) exp�x� r s�1(s) �+ C2(p) exp��x� r s�1(s) � ; x > 0;C2(p) exp�x� r s�1(s) �+ C1(p) exp��x� r s�1(s) � ; x < 0: (47)Äëÿ îïðåäåëåíèÿ êîý��èöèåíòîâ C0, C1, C2 èìååìñîîòíîøåíèå (42) (ñ çàìåíîé G1(x; s) íà G2(x; p; s)),à òàêæå óñëîâèÿ â òî÷êå x = l:� [�1(s+ pU)G(x; p; s)℄�x ����x=l+0 �� � [�1(s+ pU)G(x; p; s)℄�x ����x=l�0 = 0; (48)�1(s+ pU)G(x; p; s)jx=l+0 ���1(s+ pU)G(x; p; s)jx=l�0 = 0: (49)(Ýòè óñëîâèÿ ïîëó÷àþòñÿ ïóòåì äâóêðàòíîãî èíòå�ãðèðîâàíèÿ óðàâíåíèÿ (22) â ïðåäåëàõ îò x = l � 0äî x = l + 0.) Ïîäñòàâèì âûðàæåíèå äëÿ �óíêöèèG(x; p; s) â (48) è (49):C0(p)� p(s+ p)�1(s+ p) exp�� l� r s+p�1(s+p) � == ps�1(s)� �C2(p)B � C1(p)B�1� ; (50)C0(p)�1(s+ p) exp�� l� r s+ p�1(s+ p) � == �1(s) �C1(p)B + C2(p)B�1� : (51)Êîìáèíèðóÿ ýòè óðàâíåíèÿ, ïîëó÷èì

C1(p)B + C2(p)B�1 =s s�1(s)(s+ p)�1(s+ p) �� �C2(p)B � C1(p)B�1� : (52)Íàñ èíòåðåñóåò ðåøåíèå ïðè p!1. Ïîñêîëüêó ïîä�êîðåííîå âûðàæåíèå â ýòîì ïðåäåëå ðàâíî íóëþ,óñëîâèå (52) ñâîäèòñÿ ê óñëîâèþ�C1(1)B + C2(1)B�1� = 0: (53)Òàêèì îáðàçîì, �óíêöèÿ G(x;1; s) â èíòåðâàëå(�l; l) óäîâëåòâîðÿåò òîìó æå óðàâíåíèþ è òåì æåíà÷àëüíîìó è ãðàíè÷íûì óñëîâèÿì, ÷òî è �óíêöèÿG(x; s) (39). Ïðè jxj > l �óíêöèÿ G(x;1; s) ðàâíàíóëþ:limp!1�exp� l � jxj� r s+ p�1(s+ p) � �� �1(s)�1(s+ p) �C1(p)B + C2(p)B�1�� = 0: (54)Ñëåäîâàòåëüíî, èíòåãðàë1Z�1 G(x;1; s) dxðàâåí âûðàæåíèþ (43), à ðàñïðåäåëåíèå âðåìåíèïåðâîãî ïðîõîæäåíèÿ ñîâïàäàåò ñ (44).Îáðàòíîå óðàâíåíèå â ðàññìàòðèâàåìîì ñëó÷àåçàïèøåòñÿ êàê202



ÆÝÒÔ, òîì 141, âûï. 1, 2012 Óðàâíåíèÿ äëÿ ðàñïðåäåëåíèé �óíêöèîíàëîâ : : :sH(x; p; s)� 1 = 8>><>>: �2�1(s)�2H(x; p; s)�x2 ; jxj < l;�2�1(s+ p)�2H(x; p; s)�x2 � pH(x; p; s); jxj > l: (55)�åøåíèå áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:H(x; p; s) =8>>><>>>: C1(p) h�x� r s+ p�1(s+ p) �+ 1s ; jxj < l;C0(p) exp��jxj� r s+ p�1(s+ p) �+ 1s+ p ; jxj > l: (56)Êîý��èöèåíòû C0, C1 íàõîäÿòñÿ èç óñëîâèé íåïðå�ðûâíîñòè �óíêöèé H(x; p; s) è �H(x; p; s)=�x â òî÷�êå x = l:C0(p) exp�� l� r s+ p�1(s+ p) �+ 1s+ p == C1(p) h� l� r s+ p�1(s+ p) �+ 1s ; (57)� C0(p)r s+ p�1(s+ p) exp�� l� r s+ p�1(s+ p) � == C1(p)r s+ p�1(s+ p) sh� l� r s+ p�1(s+ p) � : (58)Èíòåðåñóþùàÿ íàñ �óíêöèÿ H(0;1; s) îêàçûâàåòñÿðàâíîé 1s �1� h�1� l� r s�1(s) �� :Îòñþäà íàõîäèì ðàñïðåäåëåíèå âðåìåíè ïåðâîãîïðîõîæäåíèÿ:f(s) = h�1� l� r s�1(s) � : (59)Äàííîå âûðàæåíèå ïîëó÷àåòñÿ èç âûðàæåíèÿ (44)ïðè '(s) =  (s), ò. å. ïðè �i = �i. Òàêèì îáðàçîì,â ðàññìîòðåííîì ñëó÷àå îáðàòíîå óðàâíåíèå òàê æå,êàê è ïðÿìîå óðàâíåíèå, äàåò ïðàâèëüíûé ðåçóëüòàò.Ïîñìîòðèì, êàê ñèëüíî ìîæåò ïîâëèÿòü íåîäíî�ðîäíîñòü ñðåäû íà ðàñïðåäåëåíèå âðåìåíè ïåðâîãîïðîõîæäåíèÿ. Âîçüìåì ðåøåòêó ñ äâóìÿ òèïàìè óç�ëîâ. Ôóíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè îæèäàíèÿ áó�äåò èìåòü ñëåäóþùèé âèä: (s) = �1v1s+ v1 + �2v2s+ v2 : (60)Ñîîòâåòñòâóþùàÿ �óíêöèÿ ïàìÿòè çàïèøåòñÿ êàê�1(s) = 1� 1 + a�s1 + �s ; (61)

ãäå � = �1=v1 + �2=v2 � ñðåäíåå âðåìÿ ïðåáû�âàíèÿ ÷àñòèöû â óçëå ðåøåòêè, � = 1=(v1v2�) �õàðàêòåðíîå âðåìÿ óñòàíîâëåíèÿ ðàâíîâåñíîãî ðàñ�ïðåäåëåíèÿ ÷àñòèö ïî óçëàì ðàçíûõ òèïîâ, a == �(�1v1 +�2v2) � áåçðàçìåðíûé ïàðàìåòð. Ìîìåí�òû âðåìåíè ïåðâîãî ïðîõîæäåíèÿ âûðàæàþòñÿ ÷å�ðåç �óíêöèþ f(s) ñëåäóþùèì îáðàçîì:mk = (�1)k dkf(s)dsk ����s=0 : (62)Ïðèâåäåì âûðàæåíèÿ äëÿ äâóõ ïåðâûõ ìîìåíòîâ,ñîîòâåòñòâóþùèõ ñëó÷àþ '(s) =  (s). Ïåðâûé ìî�ìåíò, ò. å. ñðåäíåå âðåìÿ ïåðâîãî ïðîõîæäåíèÿ, íåçàâèñèò îò ïàðàìåòðîâ a è � :m1 = �l22�2 : (63)Ýòî îçíà÷àåò, ÷òî ñðåäíåå âðåìÿ ïåðâîãî ïðîõîæäå�íèÿ äëÿ íåîäíîðîäíîé ñðåäû áóäåò òàêèì æå, êàê èäëÿ îäíîðîäíîé ñðåäû ñ êîý��èöèåíòîì äè��óçèè,ðàâíûì ðàâíîâåñíîìó êîý��èöèåíòó äè��óçèè äëÿíåîäíîðîäíîé ñðåäû (�2=�). Äèñïåðñèÿ ðàñïðåäåëå�íèÿ (D = m2 �m21) âûðàæàåòñÿ ÷åðåç ïàðàìåòðû �,a è � ñëåäóþùèì îáðàçîì:D = �2l44�4 �1 + 92(a� 1)��2�l2 � : (64)Äëÿ îäíîðîäíîé ñðåäû ñîîòâåòñòâóþùàÿ âåëè÷èíàðàâíà �2l4=4�4. Ïîñêîëüêó ïðè çàäàííîé âåëè÷èíå �ïàðàìåòðû a è � ìîãóò ïðèíèìàòü ñêîëü óãîäíî áîëü�øèå çíà÷åíèÿ, äèñïåðñèÿ ðàñïðåäåëåíèÿ äëÿ íåîäíî�ðîäíîé ñðåäû ìîæåò áûòü âî ìíîãî ðàç áîëüøå, ÷åìäèñïåðñèÿ äëÿ îäíîðîäíîé ñðåäû ñ òåì æå êîý��è�öèåíòîì äè��óçèè.203



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 141, âûï. 1, 20125. ÎÁÑÓÆÄÅÍÈÅÂûâåäåííûå â äàííîé ðàáîòå óðàâíåíèÿ àíà�ëîãè÷íû óðàâíåíèÿì, ïîëó÷åííûì â ðàáîòàõ[11; 16; 17℄. Â ýòèõ ðàáîòàõ óðàâíåíèÿ âûâîäÿòñÿ âðàìêàõ ìîäåëè ñëó÷àéíûõ áëóæäàíèé ñ íåïðåðûâ�íûì âðåìåíåì (ÑÁÍÂ). Ïðè ýòîì �óíêöèÿ ðàñïðå�äåëåíèÿ âðåìåíè îæèäàíèÿ çàäàåòñÿ â âèäå  (t) // t�(1+�). Òàêîé âûáîð ñîîòâåòñòâóåò ñòåïåííîé çà�âèñèìîñòè ñðåäíåêâàäðàòè÷íîãî ñìåùåíèÿ ÷àñòèöîò âðåìåíè: hx2i / t�. Îäíàêî âî ìíîãèõ ñëó÷àÿõýêñïåðèìåíòàëüíûå çàâèñèìîñòè hx2i(t) íå îïèñû�âàþòñÿ ïðîñòîé ñòåïåííîé �óíêöèåé. Â ÷àñòíîñòè,íà áîëüøèõ âðåìåíàõ îáû÷íî ïðîèñõîäèò ïåðåõîäê êëàññè÷åñêîé ëèíåéíîé çàâèñèìîñòè [18�20℄. Â òà�êèõ ñëó÷àÿõ íóæíî ââîäèòü áîëåå ñëîæíûå �óíêöèèðàñïðåäåëåíèÿ âðåìåíè îæèäàíèÿ. Â ðàìêàõ ìîäå�ëè ÑÁÍÂ âèä ýòèõ �óíêöèé ìîæåò áûòü îïðåäåëåíòîëüêî ýìïèðè÷åñêèì ïóòåì, ïîýòîìó ïîëó÷àþùèå�ñÿ óðàâíåíèÿ áóäóò ñîäåðæàòü ïàðàìåòðû ñ íåÿñíûì�èçè÷åñêèì ñìûñëîì. Â ýòîì ñîñòîèò íåäîñòàòîêïîäõîäà, îñíîâàííîãî íà �åíîìåíîëîãè÷åñêîé ìîäå�ëè ÑÁÍÂ.Â äàííîé ðàáîòå óðàâíåíèÿ âûâîäÿòñÿ â ðàì�êàõ êîíêðåòíîé ìèêðîñêîïè÷åñêîé ìîäåëè. Ôóíêöèÿðàñïðåäåëåíèÿ âðåìåíè îæèäàíèÿ â ýòîé ìîäåëè âû�ðàæàåòñÿ ÷åðåç õàðàêòåðèñòèêè íåîäíîðîäíîé ñðå�äû. Ïàðàìåòðû ïîëó÷åííûõ óðàâíåíèé èìåþò ÿñ�íûé �èçè÷åñêèé ñìûñë, ÷òî ïîçâîëÿåò èçó÷àòü âëè�ÿíèå íåîäíîðîäíîñòè íà ðàñïðåäåëåíèÿ �óíêöèîíà�ëîâ.Èñïîëüçîâàííûé â äàííîé ðàáîòå ñïîñîá óñðåäíå�íèÿ ìèêðîñêîïè÷åñêèõ óðàâíåíèé ïðèâîäèò ê âûðà�æåíèþ äëÿ �óíêöèè ðàñïðåäåëåíèÿ âðåìåíè îæèäà�íèÿ, êîòîðîå ðàíåå áûëî ïðåäëîæåíî â ðàáîòå [21℄ (s) = NXi=1 �1v1v1 + s :Â ðàáîòàõ [22; 23℄ áûëî ïîêàçàíî, ÷òî ýòî âûðàæåíèåïîëó÷àåòñÿ ïðè èñïîëüçîâàíèè ïðèáëèæåíèÿ Õàðò-ðè. Òàêèì îáðàçîì, ñïîñîá óñðåäíåíèÿ, èñïîëüçîâàí�íûé â äàííîé ðàáîòå, ýêâèâàëåíòåí ïðèáëèæåíèþÕàðòðè, êîòîðîå ÿâëÿåòñÿ ïðîñòåéøèì íåòðèâèàëü�íûì ïðèáëèæåíèåì. Î òî÷íîñòè ýòîãî ïðèáëèæå�íèÿ â ïðèìåíåíèè ê ðàññìàòðèâàåìûì çäåñü çàäà�÷àì çàðàíåå ñóäèòü òðóäíî. Â îäíîìåðíîì ñëó÷àå,ïî-âèäèìîìó, îíî áóäåò äîâîëüíî ãðóáûì [24; 25℄. Âòî æå âðåìÿ, â òðåõìåðíîì ñëó÷àå îíî ìîæåò áûòüâïîëíå óäîâëåòâîðèòåëüíûì [25℄. Èçâåñòíî, ÷òî âðàìêàõ ìîäåëè ñëó÷àéíûõ ëîâóøåê ýòî ïðèáëèæå�íèå äàåò ïðàâèëüíûå ïðåäåëüíûå çíà÷åíèÿ êîý��è�öèåíòà äè��óçèè [26℄:limt!0D(t) = �2 NXi=1 �ivi; limt!1D(t) = �2 NXi=1 ��iv�1i ��1 :

ËÈÒÅ�ÀÒÓ�À1. A. H. Gandjbakhhe and G. H. Weiss, Phys. Rev. E 61,6958 (2000).2. A. Bar-Haim and J. Klafter, J. Chem. Phys. 109, 5187(1998).3. N. Agmon, J. Chem. Phys. 81, 3644 (1984).4. D. S. Grebenkov, Phys. Rev. E 76, 041139 (2007).5. D. S. Grebenkov, Rev. Mod. Phys. 79, 1077 (2007).6. G. Foltin, K. Oerding, Z. Raz, R. L. Workman, andR. P. K. Zia, Phys. Rev. E 50, R639 (1994).7. M. Ka, Trans. Amer. Math. So. 65, 1 (1949).8. S. N. Majumdar, Curr. Si. 89, 2076 (2005).9. S. N. Majumdar and A. Comtet, Phys. Rev. Lett. 89,060601 (2002).10. S. Sabhapandit, S. N. Majumdar, and A. Comtet,Phys. Rev. E 73, 051102 (2006).11. S. Carmi, L. Turgeman, and E. Barkai, arXiv:ond-mat/1004.0943.12. B. Berkowitz, A. Cortis, M. Dentz, and H. Sher, Rev.Geophys. 44, RG2003 (2006).13. Â. Ï. Øêèëåâ, ÆÝÒÔ 135, 403 (2009).14. Â. Ï. Øêèëåâ, ÆÝÒÔ 136, 984 (2009).15. M. Ka, in Seond Berkeley Symposium on Mathema-tial Statistis and Probability, Berkeley, USA (1951),p. 189.16. L. Turgeman, S. Carmi, and E. Barkai, Phys. Rev.Lett. 103, 190201 (2009).17. S. Carmi, L. Turgeman, and E. Barkai, J. Stat. Phys.141, 1071 (2010).18. M. Dentz, A. Cortis, H. Sher, and B. Berkowitz, Adv.Water Resoures 27, 155 (2004).19. R. T. Sibatov and V. V. Uhaikin, arXiv:ond-mat//1008.3969.20. M. S. Mommer and D. Lebiedz, SIAM J. Appl. Math.70, 112 (2009).21. H. Sher and M. Lax, Phys. Rev. B 7, 4502 (1973).22. M. Lax and H. Sher, Phys. Rev. Lett. 39, 751 (1977).23. T. Odagaki and M. Lax, Phys. Rev. B 24, 5284 (1981).24. V. M. Kenkre, Z. Kalay, and P. E. Parris, Phys. Rev.E 79, 011114 (2009).25. I. M. Sokolov, S. B. Yuste, J. J. Ruiz-Lorenzo, andK. Lindenberg, Phys. Rev. E 79, 051113 (2009).26. J. W. Haus and K. W. Kehr, Phys. Rep. 150, 264(1987).204


