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ANALYSIS OF THE ZEEMAN EFFECTON THE ENERGY SPECTRUM IN GRAPHENESSze-Shiang Feng a*, Mogus Mo
hena baPhysi
s Department, Wright State University, Dayton, OH 45435bPhysi
s Department, Florida A & M University, Tallahassee, FL 32307Re
eived November 19, 2010An analysis of the Zeeman e�e
t with a strong external magneti
 �eld on the energy spe
trum in graphene ispresented. In general, the Hamiltonian of graphene in applied ele
tri
 and magneti
 �elds is not of SO(1,2)invarian
e even in the nearest-neighbor approximation be
ause of the Zeeman 
oupling. But an approximateSO(1,2) invarian
e 
an be obtained when the applied magneti
 �eld is very strong. This approximate invarian
e
an be used to relate the energy stru
ture of graphene in the presen
e of both ele
tri
 and magneti
 �elds to thatwhen there is only magneti
 �eld. Therefore, it 
an help explain the re
ently found quantum Hall 
ondu
tan
e(4q2=h)L for L = 0; 1.Graphene has been one of the major fo
i in physi
sbe
ause of its simple latti
e stru
ture and linear dis-persion relation near the Fermi level [1�3℄ when onlynearest-neighbor hopping is taken into a

ount. Ithas be
ome a new testbed not only for 
ondensedmatter physi
s but also for quantum �eld theory andmathemati
al physi
s [4; 5℄. The physi
al properties ofgraphene in external �eld, su
h as the quantum Halle�e
t (both integer and fra
tional [6�11℄), spin quan-tum Hall e�e
t [12℄, transport theory [13; 14℄, super
on-du
ting [15℄ and magneti
 
on�nement [16℄ are underintensive study. E�e
ts of next-nearest-neighbor hop-ping have also been studied [17℄. It is widely re
ognizedthat the integer quantum Hall 
ondu
tan
e is�xy = 4e2h �L+ 12� ;where L = 0; 1; : : : [1℄. Although disorder and the 4-foldsymmetry breaking may be used to explain the re
entlyfound quantum Hall stru
tures n = 0;�1;�4 [18�22℄,a uni�ed explanation is still 
alled for and the simplestru
ture of previous formula for �sy still deserves asimple and fundamental explanation. Not surprisingly,the quantum Hall plateaus at n = �2, �6, �10 ingraphenes 
an be explained by using the Landau levelsof a spinless parti
le in an external magneti
 �eld andthe (1 + 2) Lorentz invarian
e of the massless Dira
*E-mail: sze-shiang.feng�wright.edu

Hamiltonian [23℄. Be
ause simple use of the Landaulevels disregards the Zeeman energy, whi
h is not neg-ligible 
ompared with low-lying Landau levels, the Zee-man energy might explain some of the re
ently foundplateaus. In this work, we �nd that although the Zee-man energy breaks the SO(1,2) invarian
e in general,the system 
an still have an approximate invarian
ewhen the magneti
 �eld is strong enough, and the ap-proximate invarian
e 
an be used to relate the physi
sof one experimental 
on�guration to that of another.Following this line, we found that the newly observedquantum Hall plateaus (4q2=h)L for L = 0; 1 
an beattributed to the Zeeman energy.The dire
t latti
e of graphene is a superposition oftwo interpenetrated triangular latti
es �A, �B . Thegenerators of the latti
e �A are [24℄a1 = p3a 12 ; �p32 ! ;a2 = p3a 12 ; p32 ![24℄, where a � 1:42Å is the 
arbon�
arbon distan
e.The ve
torss1 = a(0;�1); s2 = a p32 ; 12! ; s3 = a �p32 ; 12!
onne
t ea
h site in the latti
e �A to its nearest neigh-bor sites in the latti
e �B . Unlike regular ele
tron317
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hena ÆÝÒÔ, òîì 140, âûï. 2 (8), 2011spin, the pseudospin in graphene represents the twosublatti
es and there is no magneti
 moment asso
i-ated. Hen
e the pseudospin does not 
ouple dire
tlyto the magneti
 �eld [6℄. We here 
onsider only thenearest-neighbor tight-binding HamiltonianH0 = �tX� Xr2�A 3Xi=1 �Ay�(r)B�(r+ si) ++ By�(r+ si)A�(r)� ; (1)where � is pseudospin index and t is the uniform hop-ping 
onstant. In the presen
e of an applied magneti
�eld B and an ele
tri
 �eld E = �r', the Zeemanenergy and Coulomb energy should be in
luded:HZ = �B "Xr2�AB � Ay(r)�A(r) ++ Xr2�B B �By(r)�B(r)# ; (2)HC = q "Xr2�A '(r)Ay(r)A(r) ++ Xr2�B '(r)By(r)B(r)# ; (3)where �B = jej~2meis the Bohr magneton. In momentum spa
e, we haveak = 1pN� Xr2�A e�ik�rA(r)and bk = 1pN� Xr2�B e�ik�rB(r);where N� is the number of latti
e points of the sublat-ti
e �A (or �B). Introdu
ing two-
omponent spinors k = (ak; bk)T ;  yk = (ayk; byk);  k�1 = ak�; k�2 = bk�; � = �1allows linearizing H0 near the two Dira
 points K�.Considering K+, we haveH =Xp �yp(vF� � p+ �BB)�p ++Xp �yp(vF� � p� �BB)�p +HC : (4)

Using the 
-matri
es 
� = (�3; i�2; i�1) and in
orpo-rating the U(1) gauge invarian
e, we write the Hamil-tonian asH = Z d2x��(x)[~vF 
 � ��ir� q~A�+ �BB
0 ++ q
0'℄�(x) + Z d2x ��(x) �� [~vF
 � ��ir� q~A�� �BB
0 + q
0'℄�(x): (5)Let x� = (x0;x) = (vF t; x; y); A� = (A0;A):Setting D� = �� + i q~A�; A0 = 'vF ;we haveL = �yi~�t� �H = ��(x)(i~ 6D + gB
0)�(x) ++ ��(x)(i~ 6D � gB
0)�(x); (6)where g = �B=vF . The U(1) gauge invarian
e is pre-served, but the Lorentz SO(1,2) invarian
e is broken bythe Zeeman term. Be
ause�"�����A�
� = B
0 + 1vF Ex
2 � 1vF Ey
1 (7)we 
an write B
0 � �"�����A�
� (8)for jEj � vF jBj, and in this 
ase,L = Z d3xh��(x)(i~ 6D � g"�����A�
� )�(x) ++ ��(x)(i~ 6D + g"�����A�
� )�(x)i; (9)whi
h shows the (1+2) Lorentz invarian
e. The 
urrentis j� = � ÆLÆA� = q��
�� + q��
�� ++ g"�����(��
��)� g"�����(��
��): (10)We �rst 
onsider a 
onstant applied magneti
 �eld.In this 
ase, ' = 0 and we want to 
al
ulate the grand
anoni
al partition fun
tionZ = Tr e��K ;where K = H � �N:318



ÆÝÒÔ, òîì 140, âûï. 2 (8), 2011 Analysis of the Zeeman e�e
t on the energy : : :The Dira
 equation ish~vF� � ��ir� q~A�+ �BB � �i � = K�; (11)whi
h is written as the se
ond order equation��DiDi + q~B�3� � = (K � �BB + �)2~2v2F �: (12)Using standard Landau levels (assuming qB = jqBj),we have(K � �BB + �)2 = ~v2F 2qB(`+ 1=2� sz); (13)when
eK`;sz = �~vFr2 q~B(`+ 1=2� sz) + �BB � �: (14)The partition fun
tion isZ = Ỳ;sz[1 + e��K`;sz ℄�L ; (15)where �L = jqBj2�~

is the Landau degenera
y per unit area. For B = 1T,we have �L � 2:4 � 1014=m2. The grand 
anoni
althermo-potential is�� = �LX̀Xsz ln[1 + e��K`;sz ℄: (16)For � = 0, we have the energy levelsK`;sz = �~vFr2 q~B(`+ 1=2� sz) + �BB: (17)Corresponding to the �eld �, we haveK`;sz = �~vFr2 q~B(`+ 1=2� sz)� �BB; (18)and therefore the energy levels are symmetri
 under+ $ �. Therefore, if graphene is undoped, the Fermilevel is still at � = 0. We suppose that �BB > 0. Care-ful analysis shows that negative levels 
ome from boththe � and � �elds ([A℄ denotes the integer part of A),� : K`;1=2 : �BB � ~jvF jr2 q~B`; ` = � �2BB2q~v2F �+ 1; : : : ;1; (19)� : K`;�1=2 : �BB � ~jvF jr2 q~B(`+ 1); ` = � �2BB2q~v2F � ; : : : ;1; (20)
� : K`;1=2 : 8>>><>>>: ��BB + ~jvF jr2 q~B`; ` = 0; 1; : : : ; � �2BB2q~v2F � ;��BB � ~jvF jr2 q~B`; ` = 1; 2; : : : ;1; (21)

� : K`;�1=2 : 8>>><>>>: ��BB + ~jvF jr2 q~B(`+ 1); ` = 0; 1; : : : ; � �2BB2q~v2F �� 1;��BB � ~jvF jr2 q~B(`+ 1); ` = 0; 1; 2; : : :1: (22)For t = 3:033 eV, vF = 3ta=2~ � 106 m/s. De�ningB0 := 2qv2F~�2B ;we have B0 � 1:1 � 106 T. For laboratory �eld B � 10 T, it therefore follows that [B=B0℄ = 0. Hen
e, for the ��eld, the negative K`;1=2 levels aresz = 1=2 : � �BB � ~jvF jr2 q~B`; ` = 1; : : : ;1; (23)319
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hena ÆÝÒÔ, òîì 140, âûï. 2 (8), 2011and the negative K`;�1=2 levels aresz = �1=2 : � �BB � ~jvF jr2 q~B(`+ 1); ` = 0; : : : ;1: (24)For the � �eld, the negative K`;1=2 levels aresz = 1=2 : 8><>: ��BB; ` = 0;��BB � ~jvF jr2 q~B`; ` = 1; 2; : : : ;1; (25)and the negative K`;�1=2 levels aresz = �1=2 : � ��BB � ~jvF jr2 q~B(`+ 1); ` = 0; 1; 2; : : :1: (26)It follows that the levels�BB � ~jvF jr2 q~B`; ` = 1; : : : ;1;and the levels��BB � ~jvF jr2 q~B`; ` = 1; 2; : : : ;1are doubly degenerate (apart from the Landau degen-era
y). We 
annot have an in�nite number of �llednegative levels, and hen
e a 
ut-o� is ne
essary. Wesuppose that among the levels�BB � ~jvF jr2 q~B`; ` = Lu1 : : : ; Ll1are �lled, and among the levels��BB � ~jvF jr2 q~B`; ` = Lu2 ; : : : Ll2are �lled. If ��BB is also �lled, then at T = 0 K,N = �L �2(Ll1�Lu1+1)+2(Ll2�Lu2+1)+1� == 2�L�L1 + L2 + 12� ; (27)

where L1 = Ll1 � Lu1 + 1; L2 = Ll2 � Lu2 + 1:If ��BB is not �lled, i. e., � < ��BB, thenN = �L �2(Ll1 � Lu1 + 1) + 2(Ll2 � Lu2 + 1)� == 2�L(L1 + L2): (28)The physi
s near K� makes an equal 
ontribution.The magnetization isM = �B(N� �N�); (29)where N� =Xp h�yp�pi; N� =Xp h�yp�pi: (30)The thermo-potential for the � �elds should be regu-larized. The sum in the se
ond term in the followingformula a
tually extends not to in�nity but only L1:� ���L = ln [1 + expf�(�� �BB)g℄ + 2 1X̀=1 ln �1 + exp����� ~vFr2 q~B`� �BB���++ 2 L1X̀=1 ln �1+exp����+ ~vFr2 q~B`� �BB��� : (31)With hNi = ��1 � lnZ�� = ���1 ���� ;320
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t on the energy : : :we havehNi� = �L 2664 11 + expf�(�BB � �)g + 2 1X̀=1 11 + exp��(~vFr2 q~B`+ �BB � �)� ++ 2 L1X̀=1 11 + exp����~vFr2 q~B`+ �BB � ���3775 : (32)Similarly,hNi� = �L 2664 11 + expf�(��BB � �)g + 2 1X̀=1 11 + exp��(~vFr2 q~B`� �BB � �)� ++ 2 L2X̀=1 11 + exp��(�~vFr2 q~B`� �BB � �)�3775 : (33)At zero temperature, � = 0, and we havehNi = hNi� + hNi� = �L[1 + 2(L1 + L2)℄; (34)and the manetizationM = �L�B(2L1 � 2L2 � 1): (35)Sin
e L1 = L2; L2 + 1;we have M = ��L�B :An intensive dis
ussion of pseudospin paramagnetismin graphene was given in [25℄ very re
ently.We next 
onsider perpendi
ular magneti
 and ele
t-ri
 �elds with jEj � vF jBj. In this 
ase, we 
an usethe approximate SO(1,2) invarian
e and the above re-sults. We suppose that the system �0 is moving with avelo
ity v relative to the system �. For v = (v; 0), theSO(1,2) transformation isA0� = �� �A� ; (36)�� � = 0B� 
 ��
 0��
 
 00 0 1 1CA ; (37)where � = vvF ; 
 = 1p1� �2 :

We have E0y = �
vB; B0z = 
B;when
e v = �E0yB0z :Therefore,j00 = 
j0; jx0 = �
�j0 = 
 E0yvFB0z j0in �. We note that j� = q(vF �; j): (38)The Hall 
ondu
tan
e is�0xy = 
vFB0z j0 = q2h (2L+ 1); (39)if ��BB is �lled or�0xy = 
vFB0z j0 = q2h 2L; (40)if ��BB is not �lled, where L = L1 +L2. The physi
snear K� makes equal 
ontribution, we hen
e�0xy = 
vFB0z j0 == 8>><>>: 4q2h �L+ 12� ; ��BB is �lled,4q2h L; ��BB is not �lled. (41)8 ÆÝÒÔ, âûï. 2 (8) 321



Sze-Shiang Feng, Mogus Mo
hena ÆÝÒÔ, òîì 140, âûï. 2 (8), 2011The above SO(1,2) transformation breaks down whenv � vF , i. e. when jE0y j � vF jB0zj. The magneti
 mo-ment 
urrentj�s = �B(vF (�� � ��); j� � j�) (42)is then given byjx0s = (�
�)vFM = �B qE0yh : (43)So far, the sequen
e of Hall 
ondu
tan
e�xy = 4q2h �L+ 12�has been observed; we here predi
t the existen
e of thesequen
e �xy = 4q2h L;the re
ently observed L = 0; 1 being just part of thissequen
e [22℄. A

ording to above analysis, the �llingof Zeeman levels makes the di�eren
e.To summarize, we dis
ussed the Hamiltonian andenergy levels of graphene in general 
onstant externalele
tri
 and magneti
 �elds. The systems is not SO(1,2)Lorentz invariant when the Zeeman energy is taken intoa

ount. But when the magneti
 �eld is strong enough,the SO(1,2) Lorentz invarian
e is well preseved. Usingthe symmetry, we predi
ted a sequen
e�xy = 4e2h Land explained the re
ently observed Hall 
ondu
tan
e�xy = 4e2h L; L = 0; 1;whi
h is an indi
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