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s, University of TorontoM5S3G3, Ontario, CanadaÏîñòóïèëà â ðåäàêöèþ 14 �åâðàëÿ 2011 ã.Ïîëó÷åíî ÷åòûðåõïàðàìåòðè÷åñêîå ñåìåéñòâî àâòîìîäåëüíûõ ðåøåíèé óðàâíåíèÿ äâèæåíèÿ ïîâåðõíîñòèïî ñðåäíåé êðèâèçíå. Ïîêàçàíî, ÷òî ýòî ñåìåéñòâî óñòîé÷èâî ïî îòíîøåíèþ ê ìàëîé äå�îðìàöèè ¾ãèïåð-áîëè÷åñêîé¿ ïîâåðõíîñòè. Çà êîíå÷íûé èíòåðâàë âðåìåíè â ìîìåíò âðåìåíè t� îáðàçóåòñÿ îñîáàÿ òî÷êàñ èçìåíåíèåì òîïîëîãèè ïîâåðõíîñòè. �åøåíèå ïðîäîëæåíî çà îñîáóþ òî÷êó. Íàéäåíà ñâÿçü ïàðàìåòðîâ,îïèñûâàþùèõ ¾ãèïåðáîëè÷åñêóþ¿ ïîâåðõíîñòü äî è ïîñëå èçìåíåíèÿ òîïîëîãèè ïîâåðõíîñòè. Èññëåäî-âàí ÷àñòíûé ñëó÷àé, êîãäà íåâîçìóùåííàÿ ïîâåðõíîñòü � öèëèíäð. Öèëèíäðè÷åñêàÿ ïîâåðõíîñòü ñëàáîíåóñòîé÷èâà îòíîñèòåëüíî âîçìóùåíèÿ â âèäå ¾øèðîêîé øåéêè¿. Íà êîíå÷íîì ýòàïå ðàçâèòèÿ øåéêè, êî-ãäà åå ïîïåðå÷íûé ðàçìåð ìíîãî ìåíüøå ðàäèóñà öèëèíäðà íà áîëüøèõ ðàññòîÿíèÿõ îò øåéêè, äâèæåíèåïîâåðõíîñòè â øèðîêîé îáëàñòè â îêðåñòíîñòÿõ øåéêè îïèñûâàåòñÿ óíèâåðñàëüíûì äâóõïàðàìåòðè÷å-ñêèì ñåìåéñòâîì àâòîìîäåëüíûõ ðåøåíèé. Ýòè ðåøåíèÿ óñòîé÷èâû îòíîñèòåëüíî ìàëûõ âîçìóùåíèéïîâåðõíîñòè.1. ÂÂÅÄÅÍÈÅÂ ïîñëåäíåå âðåìÿ àêòèâíî èññëåäóåòñÿ îáðàçî�âàíèå òî÷å÷íûõ îñîáåííîñòåé â íåëèíåéíûõ óðàâíå�íèÿõ ðàçëè÷íîãî âèäà. Â ÷àñòíîñòè èññëåäóþòñÿ ðå�àêöèîííî-äè��óçèîííûå óðàâíåíèÿ âèäà [1℄Ut ��U = ~f(U): (1)Ê èõ ÷èñëó îòíîñèòñÿ óðàâíåíèå Àëëåíà �Êàíà [2; 3℄:Ut = "�U + "�1U(1� U2); (2)àêòèâíî èñïîëüçóåìîå â �èçèêå òâåðäîãî òåëà (ñì.ññûëêó â [1℄). Â óðàâíåíèè (2) " > 0 � ìàëûé ïà�ðàìåòð. Óðàâíåíèå (2) âîçíèêàåò, â ÷àñòíîñòè, ïðèèññëåäîâàíèè äâèæåíèÿ ãðàíèöû ðàçäåëà äâóõ �àçïðè óñëîâèè, ÷òî ñâîáîäíàÿ ýíåðãèÿ åäèíèöû îáú�åìà åñòü ÷åòíàÿ �óíêöèÿ äàëüíåãî ïàðàìåòðà ïîðÿä�êà [2℄. Ýòî óðàâíåíèå åñòü àíàëîã âðåìåííîãî óðàâíå�*E-mail: ov
�itp.a
.ru**I. M. Sigal

íèÿ �èíçáóðãà �Ëàíäàó äëÿ âåùåñòâåííîãî ïàðàìåò�ðà ïîðÿäêà. Â íåì íåò çàêîíîâ ñîõðàíåíèÿ. Â óðàâ�íåíèÿõ âèäà (1) âîçíèêàþò îñîáûå òî÷êè, ñâÿçàííûåñ èçìåíåíèåì òîïîëîãèè ãðàíèöû ðàçäåëà �àç. Â îä�íîìåðíîì ñëó÷àå óðàâíåíèå (2) èìååò ðåøåíèå òèïà¾êèíê¿: U = th� x"p2� : (3)Â òðåõìåðíîì ñëó÷àå ñóùåñòâóþò ðåøåíèÿ óðàâíå�íèÿ (2), òàêèå ÷òî íà ïîâåðõíîñòè f(x; y; z; t) = 0�óíêöèÿ U = 0 è ïðè óäàëåíèè îò ïîâåðõíîñòèíà ðàññòîÿíèå d > " �óíêöèÿ U èìååò çíà÷åíèÿU = �1 (ñ ðàçëè÷íûìè çíàêàìè ïî ðàçíûå ñòîðîíûîò ïîâåðõíîñòè). Â îáëàñòè çíà÷åíèé ðàäèóñîâ êðè�âèçíû ïîâåðõíîñòè R1;2 � " óðàâíåíèå ñâîäèòñÿ êáîëåå ïðîñòîìó, îïèñûâàþùåìó äâèæåíèå ïîâåðõíî�ñòè f = 0 ñî ñêîðîñòüþ, ïðîïîðöèîíàëüíîé ñðåäíåéêðèâèçíå.1218



ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011 Äâèæåíèå ïî ñðåäíåé êðèâèçíå ãèïåðáîëè÷åñêîé ïîâåðõíîñòè2. Ó�ÀÂÍÅÍÈß ÄËß ÔÓÍÊÖÈÈ f Â�ÅÆÈÌÅ R1;2� "Â îáëàñòè R1;2 � " ðåøåíèå óðàâíåíèÿ (2) èùåìâ âèäå U = th� f"p2jrf j�+ U1; (4)ãäå jrf j = p(rf)2, U1 � ìàëàÿ ïîïðàâêà ê ïåðâî�ìó ÷ëåíó â ïðàâîé ÷àñòè �îðìóëû (4). Ïîäñòàâëÿÿýòî âûðàæåíèå äëÿ �óíêöèè U â �îðìóëó (2), ïî�ëó÷èì ïîñëå íåñëîæíûõ âû÷èñëåíèé óðàâíåíèå äëÿ�óíêöèè f :�f�t = "��f � (rfr)(rf)22(rf)2 � : (5)Óðàâíåíèå (5) äîëæíî âûïîëíÿòüñÿ íà ïîâåðõíîñòèf = 0. Óðàâíåíèå (5) åñòü óðàâíåíèå äâèæåíèÿ ïîñðåäíåé êðèâèçíå ïîâåðõíîñòè f = 0. Äåòàëè âûâî�äà óðàâíåíèÿ (5) èçëîæåíû â Ïðèëîæåíèè. Óðàâíå�íèå (5) èìååò òî÷íûå ðåøåíèÿ:f = r2 � a(t); �a�t = �4" äëÿ ñ�åðû;f = �2 � a(t); �a�t = �2" äëÿ öèëèíäðà: (6)3. Ï�ÎÁËÅÌÀ ÑÒÀÁÈËÜÍÎÑÒÈÖÈËÈÍÄ�È×ÅÑÊÎÉ ÏÎÂÅ�ÕÍÎÑÒÈ ÂÏ�ÅÄÅËÅ R1;2� "�àññìîòðèì âîçìóùåíèå öèëèíäðè÷åñêîé ïî�âåðõíîñòè âèäàf = �2 � a+ C(t)a 
os(�z)sin(�z)! ; �a�t = �2": (7)Ïîäñòàâëÿÿ âûðàæåíèå (7) äëÿ �óíêöèè f â �îðìó�ëó (5), â ëèíåéíîì ïðèáëèæåíèè ïîëó÷èì äëÿ êîý���èöèåíòà C(t) óðàâíåíèå1C �C�t = �1a �a�t � "�2: (8)�åøåíèå óðàâíåíèÿ (8) åñòüC(t) = C(t0)a(t) exp(�"�2(t� t0)): (9)Èç óðàâíåíèé (7), (9) ñëåäóåò, ÷òî öèëèíäðè÷åñêàÿïîâåðõíîñòü ñëàáî íåóñòîé÷èâà ïî îòíîøåíèþ îáðà�çîâàíèÿ ñòÿãèâàþùèõñÿ ¾øååê¿.

4. ÀÂÒÎÌÎÄÅËÜÍÛÅ �ÅØÅÍÈßÓ�ÀÂÍÅÍÈÉ ÄÂÈÆÅÍÈßÏÎÂÅ�ÕÍÎÑÒÈ ÏÎ Ñ�ÅÄÍÅÉÊ�ÈÂÈÇÍÅ�åøåíèå óðàâíåíèÿ (5) èìååò âèäf = A�2 � z2 � a+ �; (10)ãäå êîý��èöèåíòû fA; ag � �óíêöèè âðåìåíè, à�óíêöèÿ � = �(z; t). Ïîäñòàâëÿÿ âûðàæåíèå (10)äëÿ �óíêöèè f â óðàâíåíèå (5) ïîëó÷èì1A �A�t [z2 + a� �℄� �a�t + ���t == 2"8>>><>>>:A� 1 + 12 �2��z2 ++ z2�1� 12z ���z�2 �A+ 1� 12 �2��z2�A(z2 + a� �) + z2�1� 12z ���z�2 9>>>=>>>; : (11)Ïîëàãàÿ â óðàâíåíèè (11)�A�t = 0; �a�t = �2"(A� 1);�(z; t) = a~�(�); � = pA+ 1pAa z; (12)ïîëó÷èì óðàâíåíèå äëÿ �óíêöèè ~�, çàâèñÿùåé ëèøüîò îäíîé ïåðåìåííîé �:(A� 1)�12� � ~��� � ~�� = 12 A+ 1A �2 ~���2 ++�2 �1� A+ 12A� � ~����2�1� 12A �2 ~���2�1+ AA+1�2�~�+ �2A+1 �1�A+12A� � ~����2 : (13)Ïðè �!1 èç óðàâíåíèÿ (13) íàõîäèì~� = � 1A� 1 +G�2 ++ A2(A� 1)2�1� GA� 1�2 + : : : ;�4 � A+ 12(A� 1)2�1� GA��1� A+ 1A G� ; (14)
êîý��èöèåíò G åñòü ñâîáîäíûé ïàðàìåòð ðåøåíèÿ.Òàêèì îáðàçîì àâòîìîäåëüíûå ðåøåíèÿ îáðàçóþòòðåõïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé fA;G; t�g,ãäå t� � ñâîáîäíûé ïàðàìåòð â ðåøåíèè óðàâíå�íèÿ (12) äëÿ êîý��èöèåíòà a1219 12*



Þ. Í. Îâ÷èííèêîâ, È. Ì. Ñèãàë ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011a = 2"(t� � t): (15)Ñóùåñòâóåò åùå îäèí ñêðûòûé ïàðàìåòð ñåìåéñòâààâòîìîäåëüíûõ ðåøåíèé � z0, ñâÿçàííûé ñî ñäâè�ãîì ïî îñè z (z ! z � z0). Ïðè � ! 0 �óíêöèÿ ~�ðàçëàãàåòñÿ â ðÿä ïî ñòåïåíÿì z:~� = �� �A(A� 1)A+ 1 �2 � A6(1� �)(A + 1) �� (1 + �(A� 1))2�1 + �(A� 1)A+ 1 �4�+ : : : ; (16)êîý��èöèåíò � â �îðìóëå (16) åñòü �óíêöèÿ ïàðà�ìåòðà G; � = �(G). Â òî÷êå t� ïðîèñõîäèò èçìåíå�íèå òîïîëîãèè ïîâåðõíîñòè f : îäíîïîëîñòíûé ãèïåð�áîëîèä ïðè t < t� ïðåâðàùàåòñÿ â äâóõïîëîñòíûéãèïåðáîëîèä ïðè t > t�.

5. ÏÎÂÅ�ÕÍÎÑÒÜ f Â ÎÁËÀÑÒÈ t > t�Â îáëàñòè t > t� �óíêöèþ f ìîæíî âûáðàòü ââèäå, àíàëîãè÷íîì �îðìóëàì (10), (12):f = D�2 � z2 + (�a)~�(~�); (17)ãäå D åñòü íåêîòîðàÿ êîíñòàíòà, �(�a)=�t = 4"D,~� = pD(D + 1)p�a �: (18)Èñïîëüçóÿ �îðìóëû (17), (18), äëÿ �óíêöèè ~� ïîëó�÷àåì ñëåäóþùåå óðàâíåíèå:~�� ~�2 �~��� = D + 12 8>>>><>>>>: 12~� �~�� ~� + 12 �2~���2  1 + ~�+ ~�2D + 1!� ~�2D + 1 �1 + D + 12~� �~�� ~��21 + �2D + 1 + ~�+ DD + 1�2�1 + D + 12~� �~�� ~��2 9>>>>=>>>>; : (19)Ïðè ~�!1 èç óðàâíåíèÿ (19) íàõîäèì~� = ~G~�2 + 12[�1 + ~G(D + 1)℄ ++ 18(1 +GD) [G(D + 1) + 1℄ 1�2 ;�4 � D + 18(1 +GD) : (20)Â îáëàñòè ~� ! 0 �óíêöèÿ ~� òàêæå ðàçëàãàåòñÿ âðÿä ïî ñòåïåíÿì ~�2:~� = �1 + �1D + 1 ~�2 ++ 1+ �18(D + 1) �1 + �1DD + 1� ~�4 + : : : ; (21)êîý��èöèåíò �1 â �îðìóëå (21) åñòü �óíêöèÿ ïà�ðàìåòðà ~G, �1 = �1( ~G). Êîíñòàíòû fA;G;D; ~Gg â�îðìóëàõ (10), (14), (17), (20) ñâÿçàíû ìåæäó ñîáîéïðîñòûìè ñîîòíîøåíèÿìè, âûòåêàþùèìè èç ñîâïà�äåíèÿ ãëàâíûõ ÷ëåíîâ è ïåðâîé ïðîèçâîäíîé ïî âðå�ìåíè îò �óíêöèè �2(z; t) äî è ïîñëå òîïîëîãè÷åñêîãîïåðåõîäà:�2 = z2A �1� A+ 1A G�+ 2"(t� � t); t < t�;�2 = z2D(1 + (D + 1) ~G) � 2"(t� t�); t > t�: (22)

Óðàâíåíèÿ (22) äàþò ëèøü îäíó ñâÿçü ìåæäó ïàðà�ìåòðàìè fA;Gg è fD; ~Gg:1A �1� A+ 1A G� = 1D �1 + (D + 1) ~G� : (23)Âòîðàÿ ñâÿçü ìåæäó ïàðàìåòðàìè fA;Gg è fD; ~Ggìîæåò áûòü ïîëó÷åíà èç ðàññìîòðåíèÿ îáëàñòè âðå�ìåí jt� � tj � ". Â ýòîì èíòåðâàëå âðåìåíè �óíê�öèÿ U íå îïèñûâàåòñÿ óðàâíåíèÿìè (4), (5) â îáëà�ñòè f�2; z2g � "2. Â îáëàñòè çíà÷åíèé ïåðåìåííûõfjt� t�j � "; (�2; z2) � "2g äëÿ íàõîæäåíèÿ �óíêöèèU ñëåäóåò èñïîëüçîâàòü èñõîäíûå óðàâíåíèÿ Àëëå�íà �Êàíà (2). Ñøèâêà ýòîãî ðåøåíèÿ ñ àâòîìîäåëü�íûì â îáëàñòè f�2; z2g � "2 ïîçâîëÿåò íàéòè âòîðóþñâÿçü ìåæäó ïàðàìåòðàìè fA;Gg è fD; ~Gg. Ýòà ïðî�áëåìà â äàííîé ðàáîòå ðàññìàòðèâàòüñÿ íå áóäåò.6. Ï�ÎÁËÅÌÀ ÑÒÀÁÈËÜÍÎÑÒÈ �ÅØÅÍÈÉÏðåäïîëîæèì, ÷òî f0 � ðåøåíèå óðàâíåíèÿ (5).�åøåíèÿ óðàâíåíèÿ (5), áëèçêèå ê f0, èùåì â âèäåf = f0 + f1; jf1j � jf0j: (24)Ïðè âûïîëíåíèè óñëîâèÿ (24) �óíêöèÿ f1 óäîâëå�òâîðÿåò óðàâíåíèþ1220



ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011 Äâèæåíèå ïî ñðåäíåé êðèâèçíå ãèïåðáîëè÷åñêîé ïîâåðõíîñòè�f1�t = "n�f1 � 1(rf0)2 [(rf0)r(rf0 � rf1)�� (rf0 � rf1)(rf0)2 (rf0 � r(rf0)2) ++ 12(rf1 � r(rf0)2)℄o: (25)�àññìîòðèì ïðîáëåìó óñòîé÷èâîñòè àâòîìîäåëüíîãîðåøåíèÿ â îáëàñòè t < t�. Â ýòîì ñëó÷àå �óíêöèÿf0 äàåòñÿ óðàâíåíèÿìè (10), (12):f0 = �2 � 1A [z2 + a� a~�℄: (26)Ôóíêöèþ f1 èùåì â âèäåf1 = �C0(z; t): (27)Èç �îðìóë (26), (27) íàõîäèìrf1 = �0;��C0�z � ;rf0 = 2��;� 1A �z � a2 � ~��z�� ;(rf0rf1) = 2A �C0�z �z � a2 � ~��z� ;(rf0)2 = 4 �2 + 1A2 �z � a2 � ~��z�2! : (28)
Èñïîëüçóÿ �îðìóëû (26)�(28), ïîñëå íåñëîæíûõ âû�÷èñëåíèé ïðèâåäåì óðàâíåíèå (25) äëÿ �óíêöèèC0(z; t) ê âèäó�C0�t = "A(z2 + a� a�)�� ��z 0BBB� 1A(z2+a�a~�)+�z�a2 � ~��z�2 �C0�z 1CCCA : (29)Ïåðåõîäÿ â óðàâíåíèè (29) ê íîâûì ïåðåìåííûì(� = zrA+ 1Aa ; a) ; (30)ïîëó÷èì� 2(A� 1)a�C0�a + (A� 1)��C0�� == A+ 1A �A�2 + (A+ 1)� (A+ 1)~���� ��� ("(A�2 + (A+ 1)� (A+ 1)~�) ++ ��� A+ 12A � ~����2# �C0�� ) : (31)

�åøåíèå óðàâíåíèÿ (31) èùåì â âèäåC0(�; a) = �(a)F (�): (32)Ïîäñòàâëÿÿ âûðàæåíèå (32) äëÿ �óíêöèè C0 â �îð�ìóëó (31), ïîëó÷èì2(A� 1)a��(a)�a = ��(a);A+ 1A �A�2 + (A+ 1)� (A+ 1)~���� ��� 0�"A�2+(A+1)�(A+ 1)~� ++ ��� A+ 12A � ~����2#�1 �F��1A�� (A� 1)��F�� = ��F: (33)Ïåðâîå èç óðàâíåíèé (33) ëåãêî ðåøàåòñÿ è äàåò� = �0 exp�� �2(A� 1) ln�a0a �� ;ãäå f�0; a0g � çíà÷åíèå �óíêöèè f�; ag ïðè t = t0.Ëåãêî âèäåòü, ÷òî F = 
onst � ñîáñòâåííàÿ �óíê�öèÿ îïåðàòîðà â ëåâîé ÷àñòè óðàâíåíèÿ (33), ñîîò�âåòñòâóþùàÿ ñîáñòâåííîìó çíà÷åíèþ �1 = 0. Äëÿäàëüíåéøåãî èññëåäîâàíèÿ ñïåêòðà óäîáíî ñäåëàòüñòàíäàðòíîå ïðåîáðàçîâàíèå è ïåðåéòè ê �óíêöèè~F , ðàâíîé F = ~F exp0� �Z0 d�1�(�1)1A ; (34)ãäå�(�) = A(A � 1)2(A+ 1) �� �266641 + ��� A+ 12A � ~����2A�2 +A+ 1� (A+ 1)~�37775++ (A+1)���A+12A � ~�����1� 12A �2 ~���2�A�2+A+1�(A+1)~�+���A+12A � ~����2 : (35)1221



Þ. Í. Îâ÷èííèêîâ, È. Ì. Ñèãàë ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011Â ðåçóëüòàòå òàêîãî ïðåîáðàçîâàíèÿ óðàâíåíèå äëÿñïåêòðà ñòàíîâèòñÿ ñàìîñîïðÿæåííûì ñ íåêîòîðûìâåñîâûì ìíîæèòåëåì�2 ~F��2 + ~F � ���� � �2� = � �A ~FA+ 1 �� 266641 + ��� A+ 12A � ~����2A�2 +A+ 1� (A+ 1)~�37775 : (36)�àçëè÷íûå ñîáñòâåííûå �óíêöèè (n;m) îïåðàòîðà âëåâîé ÷àñòè óðàâíåíèÿ (36) îðòîãîíàëüíû ñ âåñîâûììíîæèòåëåì, îïðåäåëÿåìûì ïðàâîé ÷àñòüþ óðàâíå�íèÿ (36):1Z�1 d� ~Fn ~Fm0BBB�1+ ���A+12A � ~����2A�2+A+1�(A+1)~�1CCCA = 0;n 6= m: (37)Ëåãêî ïðîâåðèòü, ÷òî �óíêöèÿ ~F1, ðàâíàÿ~F1 = exp0�� �Z0 d�1�(�1)1A ; (38)åñòü ñîáñòâåííàÿ �óíêöèÿ îïåðàòîðà â ëåâîé ÷àñòèóðàâíåíèÿ (36), ñîîòâåòñòâóþùàÿ ñîáñòâåííîìó çíà�÷åíèþ �1 = 0. Ïîñêîëüêó �óíêöèÿ ~F1 íå èìååò íó�ëåé, âñå îñòàëüíûå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðàâ óðàâíåíèè (36) ïîëîæèòåëüíû. Ïðåäïîëîæèì, ÷òîâ ìîìåíò âðåìåíè t = t0 èìååòñÿ ìàëîå âîçìóùå�íèå �(z) àâòîìîäåëüíîãî ðåøåíèÿ f0 ñ ïàðàìåòðàìèft�; A;Gg:f(t = t0 + Æ) = f0(t0; t�; A;G) + �(z): (39)Ó÷èòûâàÿ, ÷òî ïðîñòðàíñòâî àâòîìîäåëüíûõ ðåøå�íèé îáðàçóåò ÷åòûðåõïàðàìåòðè÷åñêîå ñåìåéñòâî,èùåì ðåøåíèå óðàâíåíèÿ (5) â îáëàñòè t > t0 â âèäåf = f0(t��; A�; G�; z � z0) + Æf: (40)Èç �îðìóë (39), (40) íàõîäèìÆf = �(z)�ÆA�f0�A�ÆG�f0�G�Æt� �f0�t�+z0 �f0�z ;t = t0: (41)Ìàêñèìàëüíî áûñòðàÿ ñõîäèìîñòü ðåøåíèÿ ê àâ�òîìîäåëüíîìó äîñòèãàåòñÿ ïðè îáðàùåíèè â íóëüf1; 2; 3; 5g ãàðìîíèê ðàçëîæåíèÿ â ðÿä ïî áàçèñóf ~Fng âåëè÷èíû

Æf exp0�� �Z0 �(�1)d�11A���t=t0 :Åñëè �(z) ÿâëÿåòñÿ ÷åòíîé �óíêöèåé z, òî ñêî�ðîñòü ñõîäèìîñòè îïðåäåëÿåòñÿ ñîáñòâåííûì çíà÷å�íèåì �7, åñëè æå �(z) ñîäåðæèò íå÷åòíóþ êîìïîíåí�òó, òî ñêîðîñòü ñõîäèìîñòè îïðåäåëÿåòñÿ ñîáñòâåí�íûì çíà÷åíèåì �4. Îòñþäà íàõîäèì çíà÷åíèÿ âåëè�÷èí fÆt�; ÆA; ÆG; z0g:1Z�1 d���(z)�ÆA�f0�A�ÆG�f0�G�Æt� �f0�t�+z0�f0�z ��� exp0�� �Z0 �(�1)d�11A��0BBB�1+ ���A+12A � ~����2A�2+(A+1)�(A+1)~�1CCCA f ~F1;2;3;5g = 0;t = t0; z =r AaA+ 1�����t=t0 : (42)Äëÿ îöåíêè âåëè÷èíû �n âîñïîëüçóåìñÿ êâàçèêëàñ�ñè÷åñêèì ïðèáëèæåíèåì äëÿ ñïåêòðà. Â ñîîòâåò�ñòâèè ñ îáùèìè ïðàâèëàìè [4℄ èùåì ðåøåíèå óðàâ�íåíèÿ (36) â âèäå~F = exp�i Z Pd�� ; (43)ãäå ¾èìïóëüñ¿ P óäîâëåòâîðÿåò óðàâíåíèþ�P 2 + i�P�� +� ���� � �2� = � �AA+ 1(1 + g); (44)ãäå g = ��� A+12A � ~����2A�2 +A+ 1� (A+ 1)~�: (45)�åøåíèå óðàâíåíèÿ (44) èùåì â âèäåP = P0+P1; P 20 = � �AA+1(1+g)+ ������2� ;P1 = i2 ��P lnP0: (46)1222



ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011 Äâèæåíèå ïî ñðåäíåé êðèâèçíå ãèïåðáîëè÷åñêîé ïîâåðõíîñòèÏóñòü ��0 � òî÷êè ïîâîðîòà (P0(�0) = 0). Òîãäà,â ñîîòâåòñòâèè ñ ïðàâèëîì êâàíòîâàíèÿ Áîðà �Çîì-ìåð�åëüäà [4℄, ðàññòîÿíèå Æ� ìåæäó ñîñåäíèìè óðîâ�íÿìè îïðåäåëÿåòñÿ èç óðàâíåíèÿÆ� �0Z��0 �P0�� d� = �: (47)Ïðè áîëüøèõ çíà÷åíèÿõ �, èñïîëüçóÿ �îðìóëû (14),(35), (46), ïîëó÷àåìg = 1A �1� A+ 1A G�� A+ 1A(A� 1) 1�2 ;� = A� 12 �1� GA��+ 12� ;P 20 = �(A�G)A �� (A� 1)(A�G)2A �2 �2: (48)Ïîäñòàâëÿÿ âûðàæåíèå (48) äëÿ âåëè÷èíû P0 â �îð�ìóëó (47) è ïîëàãàÿ� = x�0; �0 =r�(A �G)A 2A(A� 1)(A�G) ;ïîëó÷èì ïðèáëèæåííîå çíà÷åíèå ðàññòîÿíèÿ Æ�ìåæäó áëèæàéøèìè óðîâíÿìèÆ�A� 1 1Z�1 dxp1� x2 = �; Æ� = A� 1: (49)7. ÎÑÎÁÀß ÒÎ×ÊÀ: ÖÈËÈÍÄ�Çíà÷åíèå ïàðàìåòðà G = A=(A+1) ÿâëÿåòñÿ îñî�áîé òî÷êîé. Ïðè òàêîì çíà÷åíèè G ðåøåíèå óðàâíå�íèÿ (13) äëÿ �óíêöèè ~� åñòü~� = AA+ 1�2 � 1A� 1 ; a = 2"(A� 1)(t� � t): (50)Ïîâåðõíîñòü â ýòîì ñëó÷àå ïðåâðàùàåòñÿ â öèëèíäð�2 = ~a(t) = 2"(t� � t): (51)Â ìîìåíò âðåìåíè t = t0 ñëàáî âîçìóùàåì öèëèíäðè�÷åñêóþ ïîâåðõíîñòü (51) (ñì. (8), (9)). Ïðè t > t0âîçìóùåííàÿ ïîâåðõíîñòü îïðåäåëÿåòñÿ âûðàæåíè�åì (ñì. (8), (9))�2 = ~a(t)� ~a(t0) 1Z�1 d�2�C�(t0)�� exp(i�z) exp ��"�2(t� t0)� : (52)

Ïðåäïîëîæèì, ÷òî âîçáóæäåíèå ïîâåðõíîñòè â ìî�ìåíò âðåìåíè t = t0 áûëî ïëàâíûì, ò. å. ñóùåñòâåí�íû çíà÷åíèÿ � < ~a(t0). Â ýòîì ñëó÷àå ïî÷òè íà âñåìèíòåðâàëå âðåìåíè âïëîòü äî ìîìåíòà âðåìåíè t1,òàêîãî ÷òî ~a(t1) = ~a(t0)Æ�2; (53)ãäå Æ�2(t0) � âîçìóùåíèå êâàäðàòà ðàäèóñà öèëèí�äðè÷åñêîé ïîâåðõíîñòè â ìîìåíò âðåìåíè t0, ðàâíîåÆ�2(t0) = 12� 1Z�1 d�C�(t0); (54)âîçìóùåíèå öèëèíäðè÷åñêîé ïîâåðõíîñòè ìàëî èñïðàâåäëèâî óðàâíåíèå (52). Èç �îðìóëû (52) ñëåäó�åò, ÷òî ñàìî âîçìóùåíèå íå ðàñòåò âî âðåìåíè. Ïåðå�õîä ê íåëèíåéíîìó ðåæèìó îïðåäåëÿåòñÿ óìåíüøå�íèåì ãëàâíîãî ÷ëåíà.Òåì ñàìûì ïðîöåññ ñõëîïûâàíèÿ öèëèíäðè÷å�ñêîé ïîâåðõíîñòè ðàñïðåäåëÿåòñÿ íà òðè ýòàïà:ïåðâûé ýòàï � âîçìóùåíèå ìàëî è îïðåäåëÿåòñÿ�îðìóëîé (52); âòîðîé ýòàï � íåëèíåéíûé ðåæèìt1 < t < t2. Ìîìåíò âðåìåíè t2 íàõîäèòñÿ èç óñëî�âèÿ, ÷òî a(t2) ñòàíîâèòñÿ ÷èñëåííî áîëüøå êâàäðàòàðàäèóñà øåéêè R2(t2). Ìû ïðåäïîëîæèì, ÷òî â ìî�ìåíò âðåìåíè t2 óðàâíåíèå ïîâåðõíîñòè åñòü�2(t2) = F(z); (55)ãäå �óíêöèÿ F(z) â øèðîêîì èíòåðâàëå ïî z ÿâëÿåò�ñÿ ïî÷òè êâàäðàòè÷íîé ïàðàáîëîé, è íà êðàþ ýòîãîèíòåðâàëà F(z) � F(0). Ïðåäïîëîæèì òàêæå, ÷òîíå÷åòíàÿ êîìïîíåíòà �óíêöèè F(z) ìàëà.Ïðåæäå ÷åì ïåðåéòè ê ðàññìîòðåíèþ òðåòüåãîýòàïà, íà êîòîðîì ïðîèñõîäèò èçìåíåíèå òîïîëîãèèïîâåðõíîñòè, èçó÷èì äåòàëüíî àâòîìîäåëüíûå ðåøå�íèÿ â îáëàñòè çíà÷åíèé ïàðàìåòðà G, òàêèõ ÷òîG = AA+ 1(1� 
); 0 < 
 � 1: (56)Â ýòîé îáëàñòè çíà÷åíèé ïàðàìåòðà G �óíêöèÿ ~�ïðåäñòàâèìà â âèäå~� = AA+ 1(1� 
)�2 � 1A� 1 + Æ ~�; jÆ ~�j � 1: (57)Ïîäñòàâëÿÿ âûðàæåíèå (57) äëÿ �óíêöèè ~� â óðàâ�íåíèå (13), ïîëó÷èì�2Æ ~���2 � 2A(A� 1)A+ 1 �12��Æ ~��� � Æ ~�� == � 2A
A+ 1� 11 + 
(A� 1)A+ 1 �2 : (58)1223



Þ. Í. Îâ÷èííèêîâ, È. Ì. Ñèãàë ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011�åøåíèÿ ẑ1;2 îäíîðîäíîãî óðàâíåíèÿ (58) ñóòü [5℄ẑ1 = A+ 1A [Y 2 � 1℄;ẑ2 = � exp�Y 24 � JmD�3(iY ); (59)ãäå Y =pA(A � 1)=(A+ 1)�; D�3 � �óíêöèÿ ïà�ðàáîëè÷åñêîãî öèëèíäðà� JmD�3(iY ) = 12 exp�Y 24 ��� 1Z0 dx x2e�x2=2 sin(xY ): (60)�åøåíèå óðàâíåíèÿ (58), óäîâëåòâîðÿþùåå óñëîâèþÆ ~�! 0 ïðè �!1; (61)ëåãêî íàõîäèòñÿ ñ èñïîëüçîâàíèåì �îðìóë (59), (60)è ðàâíîÆ ~� = 
A� 1��(Y 2�1) 1ZY dY1R(Y1)1 + 
AY 21 +exp�Y 22 ���R(Y ) 1ZY dY1(Y 21 � 1) exp��Y 212 ��; (62)ãäå R(Y ) = 1Z0 dx x2 exp��x22 � sin(xY ): (63)Èç �îðìóë (16), (62), (63) íàõîäèì� = � 1� 
A� 1 : (64)Îêîí÷àòåëüíî, èñïîëüçóÿ �îðìóëû (57), (62), ïðèâå�äåì óðàâíåíèå äëÿ ïîâåðõíîñòè (26) ê âèäó�20 = aA� 1�1 + 
AY 2� 
A��(Y 2�1) 1ZY dY1R(Y1)1+ 
AY 2 ++ exp�Y 22 �R(Y ) 1ZY dY1(Y 21 � 1)�� exp��Y 212 ���: (65)Àâòîìîäåëüíûå ðåøåíèÿ, îïðåäåëÿåìûå �îðìó�ëîé (65), îáðàçóþò òðåõïàðàìåòðè÷åñêîå ñåìåéñòâîðåøåíèé, çàâèñÿùåå îò ïàðàìåòðîâ ft��; 
=A; z0g.

Äëÿ ñåìåéñòâà ðåøåíèé (57), (62) �óíêöèÿ � (óðàâ�íåíèå 35) â ãëàâíîì ïðèáëèæåíèè ïî 
 îïðåäåëÿåòñÿâûðàæåíèåì � = A(A � 1)2(A+ 1) �: (66)Â ýòîì ïðèáëèæåíèè ñîáñòâåííûå çíà÷åíèÿ �n èñîáñòâåííûå �óíêöèè ~Fn ðàâíû:�n = (A� 1)(n� 1); ~Fn = Dn�1(Y );Y =rA(A � 1)A+ 1 �; (67)ãäåDn(Y ) � �óíêöèè ïàðàáîëè÷åñêîãî öèëèíäðà [5℄D0(Y ) = exp ��Y 2=4� ; D1(Y ) = Y D0(Y );D2(Y ) = (Y 2 � 1)D0(Y );D3(Y ) = (Y 3 � 3Y )D0(Y );D4(Y ) = (Y 4 � 6Y 2 + 3)D0(Y ): (68)Ïðè ïðåäïîëîæåíèÿõ, ñäåëàííûõ ðàíåå îòíîñèòåëü�íî �óíêöèè F(z), â ñåìåéñòâå �óíêöèé (65) ñóùå�ñòâóåò àâòîìîäåëüíàÿ �óíêöèÿ, ñëàáî îòëè÷àþùàÿ�ñÿ îò F(z) â øèðîêîì èíòåðâàëå, â êîòîðîì F(z)ÿâëÿåòñÿ ïî÷òè êâàäðàòè÷íîé ïàðàáîëîé.Âî âñåì èíòåðâàëå âðåìåí t2 � t � t�� íàèëó÷øååïðèáëèæåíèå ðåøåíèÿ (5) ñ íà÷àëüíûì óñëîâèåì(55) â ìîìåíò âðåìåíè t2 äîñòèãàåòñÿ äëÿ �óíêöèè�0 èç ñåìåéñòâà (65) ñ ïàðàìåòðàìè ft��; 
=A; Æz0g,óäîâëåòâîðÿþùèìè óñëîâèÿì1Z�1 dY exp��Y 24 � ~F1;2;3(Y )	 = 0; (69)ãäå	 = F  Yr a(t2)A� 1 !��0 �t��; 
A ; (Y�ÆY0)� ;t = t2: (70)Ñêîðîñòü óáûâàíèÿ ïîïðàâî÷íûõ ÷ëåíîâ ê àâ�òîìîäåëüíîìó ðåøåíèþ îïðåäåëÿåòñÿ ñîáñòâåííûìçíà÷åíèåì �5, åñëè �óíêöèÿ F(z) � ÷åòíàÿ îòíîñè�òåëüíî z, èëè ñîáñòâåííûì çíà÷åíèåì �4, åñëè �óíê�öèÿ F(z) ñîäåðæèò ìàëóþ íå÷åòíóþ êîìïîíåíòó.1224



ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011 Äâèæåíèå ïî ñðåäíåé êðèâèçíå ãèïåðáîëè÷åñêîé ïîâåðõíîñòè8. ÇÀÊËÞ×ÅÍÈÅÍàìè ïîëó÷åíî è èññëåäîâàíî ÷åòûðåõïàðàìåò�ðè÷åñêîå ñåìåéñòâî àâòîìîäåëüíûõ ðåøåíèé, îïè�ñûâàþùèõ äâèæåíèå ïî ñðåäíåé êðèâèçíå. Ê òàêî�ìó óðàâíåíèþ ñâîäèòñÿ, íàïðèìåð, óðàâíåíèå Àëëå�íà �Êàíà, øèðîêî èñïîëüçóåìîå â ìåõàíèêå ñïëîø�íûõ ñðåä ïðè èññëåäîâàíèè äâèæåíèÿ ãðàíèö ìåæ�äó �àçàìè [2℄. �åàëüíûå �èçè÷åñêèå îáúåêòû äëÿòàêîãî èññëåäîâàíèÿ � íåîäíîðîäíûå ñèñòåìû [6℄,ñïëàâû. Ïðè äâèæåíèè ãðàíèö ìåæäó �àçàìè âîç�ìîæíî èçìåíåíèå òîïîëîãèè ïîâåðõíîñòè ðàçäåëà. Âðåçóëüòàòå çà êîíå÷íîå âðåìÿ â ðåøåíèè óðàâíåíèÿäâèæåíèÿ ïîâåðõíîñòè ïî ñðåäíåé êðèâèçíå âîçíè�êàåò îñîáàÿ òî÷êà. Íàéäåíî ïðîäîëæåíèå ðåøåíèÿçà ýòó îñîáóþ òî÷êó.Ïîëó÷åíà ñâÿçü ïàðàìåòðîâ, îïèñûâàþùèõ ïî�âåðõíîñòü äî è ïîñëå èçìåíåíèÿ òîïîëîãèè. Ïîêà�çàíî, ÷òî äëÿ ïîëíîé ñøèâêè ðåøåíèé íåîáõîäèìîðàññìàòðèâàòü èñõîäíûå óðàâíåíèÿ Àëëåíà �Êàíàâáëèçè òî÷êè èçìåíåíèÿ òîïîëîãèè jt� t�j � ".Ïîêàçàíî, ÷òî öèëèíäðè÷åñêàÿ ïîâåðõíîñòü ñëà�áî íåóñòîé÷èâà è â øèðîêîì èíòåðâàëå âðåìåíèft1; t�g, òàêîì ÷òî (t��t0)� (t��t1), ãäå t0 � ìîìåíòâðåìåíè âîçìóùåíèÿ öèëèíäðè÷åñêîé ïîâåðõíîñòè,âîçìóùåíèå öèëèíäðè÷åñêîé ïîâåðõíîñòè îñòàåòñÿñëàáûì. Èññëåäîâàíî äâèæåíèå ñëàáîâîçìóùåííîéöèëèíäðè÷åñêîé ïîâåðõíîñòè âïëîòü äî òî÷êè èçìå�íåíèÿ åå òîïîëîãèè.Îòìåòèì, ÷òî ñàìî âîçìóùåíèå íå ðàñòåò âî âðå�ìåíè, è ïåðåõîä ê íåëèíåéíîìó ðåæèìó ñâÿçàí ñóìåíüøåíèåì âî âðåìåíè êâàäðàòà ðàäèóñà öèëèí�äðè÷åñêîé ïîâåðõíîñòè íà áîëüøèõ ðàññòîÿíèÿõ îò¾øåéêè¿.�àáîòà îäíîãî èç àâòîðîâ (Þ. Í. Î.) âûïîë�íåíà ïðè �èíàíñîâîé ïîääåðæêå EOARD (ãðàíò�097006) è â ðàìêàõ ïðîãðàììû SIMTEX (ãðàíò�246937); à äðóãîãî (È. Ì. Ñ.) � NSERC (ãðàíò�A7601). Ï�ÈËÎÆÅÍÈÅÏóñòü f = 0 � óðàâíåíèå ïîâåðõíîñòè, íà êîòî�ðîé âåëè÷èíà U = 0. Ïðåäïîëîæèì, ÷òî ðàäèóñûêðèâèçíû ïîâåðõíîñòè R1;2 óäîâëåòâîðÿþò óñëîâèþR1;2 � ": (71)Èùåì ðåøåíèå óðàâíåíèÿ (2) â ýòîì ñëó÷àå â âèäå

U = U0 + U1; jU1j � jU0j;U0 = th f"p2 ((rf)2)1=2! : (72)Èç �îðìóëû (72) íàõîäèì�U0�t = 1"p2 
h2 f"p2 ((rf)2)1=2! ��(�f�t 1((rf)2)1=2 � f2 1((rf)2)3=2 ��t (rf)2) ;�U0�r = 1"p2 
h2 f"p2 ((rf)2)1=2! ��(�f�r 1((rf)2)1=2 � f2 1((rf)2)3=2 ��r (rf)2) ;�2U0�r2 = 1"p2 
h2 f"p2 ((rf)2)1=2! ��� 1((rf)2)1=2 �2f�r2 � �f�r 1((rf)2)3=2 ��r (rf)2 ++ 34 f((rf)2)5=2 � ��r (rf)2�2 �� f2 ((rf)2)3=2 �2�r2 (rf)2��� sh f"p2 ((rf)2)1=2!"2 
h3 f"p2 ((rf)2)1=2! �� "�f�r 1((rf)2)1=2 � f2 ((rf)2)3=2 ��r (rf)2#2 : (73)Äëÿ ïîñëåäíåãî ÷ëåíà â �îðìóëå (2) íàõîäèì âûðà�æåíèå1" (1� U20 )U0 = 1" sh f"p2 ((rf)2)1=2!
h3 f"p2 ((rf)2)1=2! : (74)Ïðàâàÿ ÷àñòü ëèíåàðèçîâàííîãî óðàâíåíèÿ (2) èìå�åò íóëåâóþ ìîäó 1= 
h2 ��="p2�, ãäå � � êîîðäèíàòàâäîëü íîðìàëè ê ïîâåðõíîñòè, îòñ÷èòàííàÿ îò òî÷�êè èõ ïåðåñå÷åíèÿ. Ïîäñòàâëÿÿ �îðìóëû (72)�(74)1225



Þ. Í. Îâ÷èííèêîâ, È. Ì. Ñèãàë ÆÝÒÔ, òîì 140, âûï. 6 (12), 2011â óðàâíåíèå (2) è ñîõðàíÿÿ ëèíåéíûå ïî U1 ÷ëåíû,ïîëó÷èì óðàâíåíèå äëÿ U1, ïðàâàÿ ÷àñòü êîòîðîãîîïðåäåëÿåòñÿ �óíêöèåé U0. Íàëè÷èå íóëåâîé ìîäûïðèâîäèò ê ñëåäóþùåìó óñëîâèþ ðàçðåøèìîñòè ýòî�ãî óðàâíåíèÿ:1Z�1 d� �"p2�
h4� �"p2���f�t � " ��2f�r2 �� 1(rf)2 ��f�r ��r (rf)2��� 2"� �"p2��� th� �"p2� 1(rf)2 �f�r ��r (rf)2� = 0: (75)Óðàâíåíèå (75) äîëæíî âûïîëíÿòüñÿ íà ïîâåðõíîñòèf = 0. Ó÷èòûâàÿ, ÷òî1Z�1 dx x shx
h5 x = 14 1Z�1 dx
h4 x; (76)

ïðèâåäåì óðàâíåíèå (75) ê âèäó (5):�f�t = "��f � (rfr)(rf)22(rf)2 � ; f = 0: (77)ËÈÒÅ�ÀÒÓ�À1. Jens Eggers and Mar
o A. Fontelos, Nonlinearity 22,R1 (2009).2. S. Allen and J. W. Cahn, A
ta. Metall. 27, 1084 (1979).3. M. Kowal
zyk, Ann. Mat. Pura Appl. 184, 17 (2005).4. Ë. Ä. Ëàíäàó, Å. Ì. Ëè�øèö, Êâàíòîâàÿ ìåõàíèêà,Ôèçìàòãèç, Íàóêà, Ìîñêâà (1963).5. È. Ñ. �ðàäøòåéí, È. Ì. �ûæèê, Òàáëèöû èíòåãðà�ëîâ, ñóìì, ðÿäîâ è ïðîèçâåäåíèé, Ôèçìàòãèç, Ìîñê�âà (1962).6. J. W. Cahn and J. E. Hillard, J. Chem. Phys. 28, 258(1958).
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