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(p+ 1)-ALGEBRA FOR A SUPER p-BRANE:THE NAMBU BRACKET REFORMULATIOND. Kamani *Physi
s Department, Amirkabir University of Te
hnology (Tehran Polyte
hni
)15875-4413, Tehran, IranRe
eived O
tober 14, 2010We express the 
ovariant a
tions of a super p-brane and the 
orresponding equations of motion, in �at and
urved superspa
es, in terms of the Nambu (p+1)-bra
kets. These bra
kets make the (p+1)-algebra stru
tureof a super p-brane manifest. For the �at superspa
e, this re
onstru
tion of the a
tion also allows reformulatingit in terms of two sets of di�erential forms.1. INTRODUCTIONRe
ent studies reveal that M2-branes have a de-s
ription in terms of a 3-algebra, a generalization ofLie algebras based on an antisymmetri
 triple prod-u
t stru
ture [1℄. 3-algebra relations have played animportant role in the 
onstru
tion of the worldvolumetheories of multiple M2-branes, whi
h have attra
ted
onsiderable attention [1, 2℄. Various aspe
ts of the3-algebra 
an be seen in [2℄ and the referen
es therein.But the 
orresponden
e of the 2-algebra to the stringtheory and of the 3-algebra to the M-theory 
an beunderstood from the dimensions of the string world-sheet and membrane worldvolume. This implies thatthe des
ription of the super p-brane theory may requirea (p+ 1)-algebra stru
ture.Here, we 
onsider the important subje
t of the 
on-stru
tion of worldvolume theories for multiple p-branes.Re
ently, this subje
t re
eived mu
h attention due tothe dis
overy of its relation to the multiple algebras.These algebras are de�ned in terms of multiple 
om-mutators. Their 
lassi
al approximation is given bythe well-known Nambu multiple bra
kets. Therefore,to expli
itly formulate the brane a
tion in terms of themultiple algebras, the �rst step would be to rewritethe brane a
tion in terms of the Nambu bra
kets. TheNambu n-bra
kets are a way for realizing the Lie n-al-gebra [3℄, whi
h was developed by Filippov [4℄.In Ref. [5℄, it was demonstrated that the (super-symmetri
) p-brane a
tion is invariant under (p+ 1)-di-mensional di�eomorphisms. In other words, there is anin�nite-dimensional volume-preserving algebra of super*E-mail: kamani�aut.a
.ir

p-branes. In this paper, we reformulate the super p-bra-ne 
ovariant a
tion and the 
orresponding equations ofmotion, in the �at and 
urved superspa
es, in termsof the Nambu (p + 1)-bra
kets. Be
ause the Nambu(p+1)-bra
kets are generators of the (p+1)-dimensionaldi�eomorphisms, this reformulation reveals the abovesymmetry more expli
itly. However, this reformulationrepresents the super p-branes based on the (p+ 1)-al-gebra.In fa
t, there are some advantages in reformula-ting the membrane theory in terms of the 3-algebra.The same advantages also appear in reformulating thep-brane theory in terms of the (p + 1)-algebra. In ad-dition, this re
onstru
tion may provide a method forquantizing the theory. Beside, for the �at superspa
e,this re
onstru
tion of the a
tion also allows reformula-ting it in terms of two sets of di�erential forms.This paper is organized as follows. In Se
. 2, we re-
onstru
t a 
ovariant, (p + 1)-algebra based a
tion fora super p-brane in �at superspa
e. In Se
. 3, we refor-mulate the super p-brane a
tion in 
urved superspa
ein terms of the (p+1)-algebra. In Se
. 4, quantizabilityof the theory is dis
ussed. Se
tion 5 is devoted to the
on
lusions.2. THE SUPER p-BRANE IN FLATSUPERSPACE, BASED ON THE(p+ 1)-ALGEBRA2.1. The a
tionFor the (p+1)-algebra des
ription of a super p-branepropagating in the D-dimensional �at spa
etime, webegin with the known a
tion910



ÆÝÒÔ, òîì 139, âûï. 5, 2011 (p+ 1)-algebra for a super p-brane : : :Sp = Tp Z dp+1�(L1 + L2); (1)L1 = 12(p+ 1)!��1h��1 ;��2 ; : : : ;��p+1i ��h��1 ;��2 ; : : : ;��p+1i � 12�;L2 = � 2(p+ 1)!�i1:::ip+1Bi1:::ip+1 : (2)The Lagrangian L1 is of the S
hild type [6℄, i. e.,an auxiliary s
alar �eld � is introdu
ed to take thesquare root of the Nambu�Goto a
tion. L2 is theWess�Zumino Lagrangian. The degrees of freedomare the spa
etime 
oordinates X�, the Majoranaspinor �, and the s
alar �eld �. The indi
es �1,�2; : : : ; �p+1 2 f0; 1; : : : ; D � 1g belong to the spa
e-time, while i1; i2; : : : ; ip+1 2 f0; 1; : : : ; pg indi
ate thep+ 1 dire
tions of the brane worldvolume. The world-volume 
oordinates are �i. The Dira
 matri
es are de-noted by ��. The spa
etime metri
 is��� = diag(�1; 1; : : : ; 1):The brane tension is given by the 
onstant Tp.The variable ��i is de�ned as��i = �iX� � i�����i�; (3)whi
h is a supersymmetry invariant pull-ba
k. In ad-dition, we de�neh��1 ;��2 ; : : : ;��p+1i == �i1i2:::ip+1��1i1 ��2i2 : : :��p+1ip+1 ; (4)whi
h is totally antisymmetri
.2.2. Equations of motion and symmetriesThe equations of motion have been extra
ted in [5℄.Be
ause we want to express them in terms of theNambu bra
kets, we write them expli
itly. For the�elds �, X�, and �, the equations of motion are��p�g = 0;�i(p�ggij��j )� ip�g(�1)p(p+1)=2 ���i�� ���ij��j� = 0;[1� (�1)p�℄�i�i� = 0; (5)where gij = ��i ��j ��� (6)

is the indu
ed metri
. The determinant of this metri
is denoted by g = det gij , whi
h isg = 1(p+ 1)! h��1 ; : : : ;��p+1ih��1 ; : : : ;��p+1i: (7)In addition, the matri
es �i, �ij , and � are de�ned as�i = gij����j ;�ij = gikgjl�����k��l ;� = (�1)(p�2)(p�5)=4(p+ 1)!p�g ��1:::�p+1h��1 ; : : : ;��p+1i: (8)The matrix � satis�es �2 = 1. We see in what followsthat the equations of motion have expressions in termsof the (p+ 1)-algebra.In addition to the worldvolume di�eomorphism in-varian
e, the a
tion is also invariant under the trans-formationsÆ� = "; ÆX� = i�"���; Æ� = 0; (9)andÆ�� = [1 + (�=p�g)�℄�(�); Æ�X� = i����Æ��;Æ�� = 4i�gij��i �j �����(�): (10)The supersymmetry parameters " and � are spinors ofthe D-dimensional spa
etime. The former is 
onstantand the latter is lo
al.By removing the auxiliary �eld � through its equa-tion of motion � = p�g, the Lagrangian L1 redu
es tothe Nambu�Goto formL01 = �q� det(��i ��j ���): (11)This Lagrangian also has a Polyakov expressionL001 = �12p�h[hij��i ��j ��� � (p� 1)℄; (12)where the independent auxiliary �eld hij is the intrinsi
worldvolume metri
 with h = dethij . This is a 
onve-nient alternative form for L1. The equation of motionfor hij , extra
ted from (12), ishij = ��i ��j ��� :After eliminating hij through its equation of motion,Lagrangian (12) also redu
es to (11). Therefore, 
lassi-
ally, L1, L01, and L001 are equivalent. However, L2 andthe form (12) of L1 de�ne the Green�S
hwarz a
tionfor the super p-brane.911



D. Kamani ÆÝÒÔ, òîì 139, âûï. 5, 20112.3. The a
tion based on the (p+ 1)-algebraThe Nambu (p + 1)-bra
ket of the variables�1; : : : ; �p+1 is de�ned byf�1; : : : ; �p+1gNB = �i1:::ip+1�i1�1 : : : �ip+1�p+1: (13)Therefore, in terms of the Nambu bra
kets, Eq. (4)takes the formh��1 ;��2 ; : : : ;��p+1i = fX�1 ; X�2 ; : : : ; X�p+1gNB�� i(p+ 1)���f(�[�1�)�; X�2 ; : : : ; X�p+1℄gNB ++p(p+1)2 ������f(�[�1�)�; (��2�)� ; X�3 ; : : : ; X�p+1℄gNB�� ip(p2�1)6 ������ ��
f(�[�1�)�; (��2�)� ; (��3�)
X�4 ; : : :: : : ; X�p+1℄gNB + : : :+ ip+1(�1)(p+1)(p+2)=2���1 �� ���2 : : : ���p+1f(��1�)�1 ; (��2�)�2 ; : : :: : : ; (��p+1�)�p+1gNB = p+1Xn=0" p+1n ! �� in(�1)n(n+1)=2 �� ���1 ���2 : : : ���nf(�[�1�)�1 ; (��2�)�2 ; : : :: : : ; (��n�)�n ; X�n+1 ; : : : ; X�p+1℄gNB# ; (14)where the bra
ket [�1; : : : ; �p+1℄ indi
ates the antisym-metrization of the indi
es.Substituting Eq. (14) in equations of motion (5) andthe Lagrangian L1, we obtain the (p + 1)-algebra ex-pressions of them. The expli
it form of L1 isL1 = 12(p+1)!��1 p+1Xn=0 p+1Xm=0" p+1n ! p+1m ! �� im+n(�1)(m+n)(m+n+1)=2���1 : : : ���n ���1 : : : ���m �� f(�[�1�)�1 ; : : : ; (��n�)�n ; X�n+1 ; : : : ; X�p+1℄gNB ��f(�[�1�)�1 ; : : : ; (��m�)�m ; X�m+1 ; : : : ; X�p+1℄gNB#�� 12�: (15)In fa
t, the B-�eld 
an be expressed in terms of theX� and � as [7℄Bi1i2:::ip+1 = 12�����1:::�p�ip+1� " pXr=0 ir+1 p+1r+1 ! �� (����1�i1�) : : : (����r�ir�)��r+1ir+1 : : :��pip # ; (16)

where � = (�1)(p�1)(p+6)=4:After eliminating the 
oe�
ients Bi1i2:::ip+1 , the La-grangian L2 be
omesL2 = � �(p+ 1)!�i1:::ip+1 ����1:::�p�ip+1� �� " pXr=0 ir+1 p+ 1r + 1 ! (����1�i1�) : : :: : : (����r�ir�)��r+1ir+1 : : :��pip # : (17)Similarly to L1, the Lagrangian L2 in terms of theNambu bra
kets has the expansionL2 = � 1(p+ 1)! pXr=0 p�rXm=0" p+ 1r + 1 ! p� rm ! �� ip�m+1(�1)Kr;m ���1 : : : ���r ���r+m+1 : : : ���p ���p+1 �� f(��1�)�1 ; : : : ; (��r�)�r ; X�r+1 ; : : : ; X�r+m ;(��r+m+1�)�r+m+1 ; : : : ; (��p�)�p ;(��1:::�p�)�p+1gNB# ; (18)whereKr;m = p+ 14(p� 1)(p+ 6) ++ 12[r(r � 1) + (p� r �m)(p+ r �m+ 1)℄: (19)Let ZM = (X�; ��) denote 
oordinates of the tar-get spa
e of the super p-brane. The worldvolume formBi1:::ip+1 is a pull-ba
k, i. e.,Bi1:::ip+1 = �i1ZM1 : : : �ip+1ZMp+1BMp+1:::M1 ; (20)where BMp+1:::M1 are 
omponents of a (p + 1)-formpotential in the superspa
e. Therefore, an other(p+ 1)-algebra expression of L2 isL2 == � 2(p+ 1)!fZM1 ; : : : ; ZMp+1gNBBMp+1:::M1 : (21)A

ording to (15), (18), and (21), all the deriva-tives have been absorbed in the Nambu (p+1)-bra
kets.Hen
e, the (p+ 1)-algebra stru
ture is made manifest.2.4. The a
tion in terms of di�erential formsThe (p + 1)-algebra des
ription of a super p-braneallows writing the a
tionSp = S(1)p + S(2)p912



ÆÝÒÔ, òîì 139, âûï. 5, 2011 (p+ 1)-algebra for a super p-brane : : :in the language of di�erential forms,S(1)p = Tp2 p+1Xn=0 p+1Xm=0( p+ 1n ! p+ 1m ! �� im+n(�1)(m+n)(m+n+1)=2 ZWV ��1A(m;n)9=;��Tp2 ZWV dp+1��;S(2)p = �Tp pXr=0 p�rXm=0( p+ 1r + 1 ! p� rm ! �� ip�m+1(�1)Kr;m ZWV C(r;m)9=; :
(22)

The di�erential (p+ 1)-forms are de�ned byA(m;n) = 1(p+ 1)! ��fY[�1 ; : : : ; Y�m ; X�m+1 ; : : : ; X�p+1℄gNB ��(dY �1 ^ : : : ^ dY �n ^ dX�n+1 ^ : : :: : : ^ dX�p+1)jWV ;C(r;m) = 1(p+ 1)! (dY �1 ^ : : : ^ dY �r ^^ dX�r+1 ^ : : : ^ dX�r+m ^ dY �r+m+1 ^ : : :: : : ^ dY �p ^ dZ�1:::�p)jWV ; (23)
where the restri
tion jWV means the pull-ba
k of thewedge produ
ts on the worldvolume of the super p-brane, e. g., dX�jWV = �iX�d�i:The variable Y � and the antisymmetri
 tensor Z�1:::�pare given by Y � = �����;Z�1:::�p = ����1:::�p�: (24)These wedge produ
ts de�ne di�erential (p+1)-forms.The 
omponents of these forms expli
itly have beengiven in terms of the 
oordinates fX�gSf��g. Theseforms do not have the pure bosoni
 part, i. e., they van-ish in the absen
e of the ��. Hen
e, they exist only forsuper branes.Be
ausefX�(� ;�1; : : : ; �p)g[f��(� ;�1; : : : ; �p)gare 
oordinates of the worldvolume of the super p-branein superspa
e, the a
tions S(1)p and S(2)p imply that thesuper p-brane is 
oupled to the potential formsfA(m;n)jm;n = 0; 1; : : : ; p+ 1g

and fC(r;m)jm = 0; 1; : : : ; p� r; r = 0; 1; : : : ; pg:In fa
t, only reformulating the super p-brane a
tion onthe basis of the (p+1)-algebra reveals these di�erentialforms.3. THE SUPER p-BRANE IN A CURVEDSUPERSPACEWe assume the target spa
e of the super p-braneto be a 
urved supermanifold with EAM (Z) as its 
or-responding supervielbeins. The A = a; � are thetangent-spa
e indi
es. Then the super p-brane a
tionis given byIp = �Tp Z dp+1��q� det(Eai Ebj�ab) ++ 2(p+ 1)!�i1:::ip+1EA1i1 : : : EAp+1ip+1 BAp+1:::A1� ; (25)where EAi = �iZMEAM (26)is the pull-ba
k of the supervielbeins EAM . The �eldBAp+1:::A1(Z) is a superspa
e (p + 1)-form potential.We note that due to the �-symmetry of the a
tion,only spe
ial values of p and D are allowed (see Ref. [8℄and the referen
es therein).In this a
tion, the (p+ 1)-algebra 
an also be intro-du
ed. Be
ausedet(Eai Ebj�ab) = 1(p+ 1)! hEa1 ; : : : ; Eap+1i ��hEa1 ; : : : ; Eap+1i;hEa1 ; : : : ; Eap+1i = �i1:::ip+1Ea1i1 : : : Eap+1ip+1 ; (27)the a
tion (22) 
an be reformulated in terms of theNambu (p+ 1)-bra
ketsIp = �Tp Z dp+1� ����� 1(p+ 1)!Ea1M1 : : : Eap+1Mp+1 Eb1N1 : : : Ebp+1Np+1 �� fZM1 ; : : : ; ZMp+1gNB �� fZN1 ; : : : ; ZNp+1gNB�a1b1 : : : �ap+1bp+1�1=2 ++ 2(p+ 1)!EA1M1 : : : EAp+1Mp+1fZM1 ; : : : ; ZMp+1gNB �� BAp+1:::A1� : (28)The novelty of this reformulation is the appearan
e ofthe (p+ 1)-algebra.6 ÆÝÒÔ, âûï. 5 913



D. Kamani ÆÝÒÔ, òîì 139, âûï. 5, 20114. A NOTE ON THE QUANTIZATION OF THEREFORMULATED ACTIONSDue to the intrinsi
 nonlinearities, quantization ofp-branes is a di�
ult problem. There are di�erentquantum me
hani
al approa
hes asso
iated with thequantum dynami
s of p-branes based on viewing p-bra-nes as gauge theories of volume-preserving di�eomor-phisms. In other words, several quantum me
hani
almethods for p-branes are proposed based on the rolethat the volume-preserving di�eomorphism group hasin the physi
s of these extended obje
ts.The other experien
e is the quantum Nambu bra
-kets. They des
ribe the quantum behavior of systemsequivalently to the standard Hamiltonian quantization.For example, they serve to guide quantization of moregeneral even-dimensional topologi
al branes [9℄.Thus, by appropriately repla
ing the 
lassi
alNambu bra
kets with the quantum Nambu bra
kets,one may a
hieve the quantization of the reformulateda
tions in this paper. This is not straightforward. Itseems the status of quantizability of the reformulateda
tions is that they are not quantizable for p 6= 1, forthe same reason that a quantum membrane theory hasyet to be formulated.5. CONCLUSIONSIn the �rst part of this paper, we expressed the su-per p-brane a
tion and the 
orresponding equations ofmotion, in the �at superspa
e, in terms of the Nambu(p+1)-bra
kets. In the se
ond part, for a super p-bra-ne that lives in a 
urved superspa
e, we obtained theNambu (p + 1)-bra
ket expression of the a
tion. Thisreformulation is another language for des
ribing the su-per p-branes and gives a new insight into the branes.It may provide a way for quantizing the p-branes.In both the above 
ases, all derivatives appearedthrough the Nambu (p + 1)-bra
kets, and hen
e the(p + 1)-algebra stru
ture for the super p-brane theorywas made manifest. This is related to the fa
t that the(supersymmetri
) p-brane a
tion is invariant under the(p + 1)-dimensional di�eomorphisms and the Nambu(p + 1)-bra
kets are generators of (p+ 1)-dimensionaldi�eomorphisms.Finally, for �at superspa
e, we found two sets of dif-ferential (p+1)-forms that 
ouple to the super p-brane.This result originates from the reformulation and 
an-not be seen in the original form of the a
tion.
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