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CONTROLLING CHAOS IN THE BOSE�EINSTEIN CONDENSATESYSTEM OF A DOUBLE LATTICEZhixia Wang a*, Zhengguo Ni a, Fuzhong Cong a, Xueshen Liu b, Lei Chen aaAviation University of Air For
e130022, Chang
hun, ChinabInstitute of Atomi
 and Mole
ular Physi
s, Jilin University130012, Chang
hun, ChinaRe
eived July 27, 2010We study the 
haoti
 dynami
s in the Bose�Einstein 
ondensate (BEC) system of a double latti
e. Chaoti
spa
e�time evolution is investigated for the parti
le number density in a BEC. By 
hanging of the s-wave s
at-tering length with a Feshba
h resonan
e, the 
haoti
 behavior 
an be well 
ontrolled to enter into periodi
ity.Numeri
al 
al
ulation shows that there is periodi
 orbit a

ording to the s-wave s
attering length only if themaximal Lyapunov exponent of the system is negative.1. INTRODUCTIONCreation of the Bose�Einstein 
ondensate (BEC)has provided a platform for investigating many impor-tant phenomena in atomi
 physi
s, 
ondensed-matterphysi
s, and quantum opti
s. BEC has attra
tedmu
h more attention for its potentially great appli-
ation. Apart from being a marriage of two very re-
ent dis
iplines within atomi
 and laser physi
s, BECin opti
al latti
es have relatives in many other �eldsof physi
s. The dynami
s of the system is des
ribedby a S
hrödinger equation 
ombined with a nonlinearterm, whi
h represents the many-body intera
tions inthe mean �eld approximation. This nonlinearity allowsbringing 
haos into the quantum system. The existen
eof the BEC 
haos has been proved and the 
haoti
 pro-perties have also been extensively resear
hed in manyprevious works [1�9℄. Naturally, 
haos, whi
h plays arole in the regularity of the system, 
auses instabilityof the 
ondensate wave fun
tion [10℄.Chaos in a 
ollapsing BEC has also been dis
ussedin [6℄ and [11℄. Chaos is also relevant to the phe-nomenon of ma
ros
opi
 quantum self-trapping in aBEC [12℄. Therefore, it is important to investigate the
haoti
 
hara
teristi
s in the BEC system. For the pur-pose of appli
ations, 
ontrol of 
haos is anti
ipated inpra
ti
al investigations [13�21℄.*E-mail: wzx2007111�126.
om

Chaos 
ontrol has always been a widely attra
tive�eld sin
e the pioneering work of Ott, Grebogi, andYorker in 1990 [22℄. Controlling 
haos 
an be sepa-rated into two 
ategories: feedba
k 
ontrol (a
tive 
on-trol) and nonfeedba
k 
ontrol (passive 
ontrol). Thebasi
 
hara
teristi
s for nonfeedba
k 
ontrol is that the
ontrolling signal is not a�e
ted by system variation
hanges.The main purpose of this present paper is to 
on-trol the 
haos in the stable states in the BEC by meansof 
hanging the s-wave s
attering length by using theFeshba
h resonan
e. We 
an for
e the system to a stab-le periodi
 orbit.2. ANALYSIS OF THE CHAOTIC DYNAMICSIn the mean �eld approximation of the two-modeGross�Pitaevskii (GP) equation, the BEC system isgoverned by the GP equationi~� �t = � ~22m  xx + g1dj j2 ++ �V1 sin2 k1x� V2 sin2 k2x� ; (1)where m is the atomi
 mass and g1d denotes the in-teratomi
 intera
tion. The value  is the ma
ros
opi
quantum wave fun
tion. The parameters V1 and V2 areopti
al intensities. The parameters k1 and k2 are laserwave ve
tors.408
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Fig. 1. The 
haoti
 attra
tors proje
tion on the RRx plane and the time series with V1 = 0:0116698, k1 = 2�=85, V2 = 0:02,� = 0:410278, k2 = 6�=85, 
1 = 0:01. g = 0:5 (a�d) and �0:82 (e,f)We set 0 < V1; V2 � Er; Er = ~2k212m :The parameter Er is the re
oil energy. The GP equa-tion is� 12  xx + gj j2 ++�V1 sin2 x� V2 sin2 k2k1 x� = � ; (2)where all variables and parameters are dimensionless.The parameter g = 4�ask1 denotes the interatomi
 in-
tera
tion with a being the s-wave s
attering length.The variable x is the spatial 
oordinate.We set  = R(x) exp [i�(x)℄ : (3)Substituting Eq. (3) in Eq. (2) yieldsRxx = R�2x + 2gR3 ++ 2�V1 sin2 x� V2 sin2 k2k1 x� �� R; (4)�xx + 2�xRxR = 0; (5)409
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−0.00012Fig. 2. The maximal Lyapunov exponent �max as a fun
tion of the s-wave s
attering length g with V1 = 0:0116698,k1 = 2�=85, V2 = 0:02, � = 0:410278, k2 = 6�=85, and 
1 = 0:01where R(x) is the amplitude and �(x) is the phase ofthe state.We integrate Eq. (4):V (x) = ~k1�xm = 
1~k1mR2 ; (6)where 
1 = �x(x0)R2(x0)is a 
onstant. Substituting Eq. (6) in Eq. (4), weobtainRxx = 
21R3 + 2gR3 ++ 2�V1 sin2 x� V2 sin2 k2k1 x� �� R: (7)Equation (7) is the Du�ng equation [23℄.Using the fourth Runge�Kutta (RK) algorithm, wesolve Eq. (7) numeri
ally, and illustrate the attra
torsin the equivalent phase RRx in Fig. 1. To avoid tran-sient 
haos, the values of R and Rx in the initial values

of 10000 steps are eliminated. Only the values of Rand Rx in the �nal 20000 steps are retained. Figure 1shows the �nal attra
tors and the time series. Theparameters in Fig. 1 are as follows: V1 = 0:0116698,k1 = 2�=85, V2 = 0:02, � = 0:410278, k2 = 6�=85,and 
1 = 0:01. In Figs. 1a,b, the initial 
onditionis (R;Rx) = (0:1; 0:0) and g = 0:5. The three Lya-punov exponents are �1 = 3:3149 � 10�4, �2 = 0:0, and�3 = �3:51109 � 10�4. The BEC system is in a 
haoti
state be
ause the maximal Lyapunov exponent is pos-itive. The 
haoti
 orbit in the equivalent phase spa
eRRx is lo
alized in a �nite region and shows a 
onfusedstru
ture.In Fig. 1
,d, the initial 
ondition is (R;Rx) == (0:01; 0:0) and g = 0:5. The three Lyapunov ex-ponents are �1 = 3:87209 � 10�4, �2 = 0:0, and �3 == �4:04412 � 10�4. The BEC system is in a 
haoti
state be
ause the maximal Lyapunov exponent is posi-tive.In Fig. 1e,f, the initial 
ondition is (R;Rx) == (0:03; 0:01) and g = �0:82. The three Lyapunov410
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−0.3Fig. 3. The attra
tors proje
tion on the RRx and the time series of R at di�erent s-wave s
attering length withV1 = 0:0116698, k1 = 2�=85, V2 = 0:02, � = 0:410278, k2 = 6�=85, and 
1 = 0:01. g = �0:033 (a,b), g = 0:525 (
,d)exponents are �1 = 0:01526, �2 = 0:0, and �3 == �0:01586. The BEC system is in a 
haoti
 statebe
ause the maximal Lyapunov exponent is positive.The 
haoti
 orbit in the equivalent phase spa
e RRx islo
alized in a �nite region and shows a 
onfused stru
-ture. 3. NUMERICAL RESULTSTo 
ontrol the 
haos in a BEC, we adjust the inte-ra
tion by 
hanging the s-wave s
attering length, thatis, 
hanging the value of g. In this paper, we only 
on-sider the e�e
t of the s-wave.Figure 2 shows the maximal Lyapunov exponentas a fun
tion of the s-wave s
attering length g. Thehorizontal line shows the value of zero. We �nd thatin many ranges, for example, �0:617 < g < �0:593,�0:043 < g < �0:02, and 0:514 < g < 0:536, the max-imal Lyapunov exponent is negative. If g takes a valuein these ranges, then the BEC is in a periodi
 state.The BEC is in a periodi
 state when g takes values�0:033 and 0.525.

We solve Eq. (7) numeri
ally by using the fourthRK algorithm. The values of R and Rx in the ini-tial 10000 steps are eliminated. The last 20000 stepsof R and Rx are retained. The initial 
onditions are(R;Rx) = (0:3; 0:01).Figure 3 shows the attra
tor proje
ted onto theRRx plane, and the time series of R. The parame-ters are the same as in Fig. 2, the other parametersbeing g = �0:033 and 0.525. In Fig. 3a,
, the period is1 when g = �0:033 and 0.525. Figures 3b,d show therespe
tive time series. We 
an therefore transform the
haoti
 state into a periodi
 regular state by modula-ting the s-wave length g.4. CONCLUSIONSIn summary, we have investigated the 
haoti
 fea-tures in the spatial distributions of the BEC. Wepresent a method to 
ontrol 
haos via modulating thes-wave s
attering length. Numeri
al 
al
ulation showsthat there is a periodi
 orbit depending on the s-waves
attering length only if the maximal Lyapunov expo-nent of the system is negative.411
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 latti
e systems ina BEC exhibit many fantasti
 properties. For examp-le, quantum 
omputation with BEC atoms in a Mottinsulating state is an interesting advan
ement in theappli
ation of the BEC. On the other hand, 
haos isasso
iated with quantum entanglement and quantumerror 
orre
ting, whi
h are both the fundamental sub-je
ts in quantum 
omputations. It is therefore valuableto apply or 
ontrol 
haos in the system.This work was supported by the National NaturalS
ien
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