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ÑÓÁÄÈÔÔÓÇÈß Ñ ÈÑ×ÅÇÍÎÂÅÍÈÅÌ ×ÀÑÒÈÖÂ ÌÎÌÅÍÒ ÑÊÀ×ÊÀÂ. Ï. Øêèëåâ *Èíñòèòóò õèìèè ïîâåðõíîñòè Íàöèîíàëüíîé àêàäåìèè íàóê Óêðàèíû03164, Êèåâ, ÓêðàèíàÏîñòóïèëà â ðåäàêöèþ 8 íîÿáðÿ 2010 ã.Âûâåäåíû óðàâíåíèÿ ñóáäè��óçèè-ðåàêöèè, ñîîòâåòñòâóþùèå ìîíîìîëåêóëÿðíîé õèìè÷åñêîé ðåàêöèè,ïðîèñõîäÿùåé â ìîìåíò äè��óçèîííîãî ñêà÷êà. Ïîêàçàíî, ÷òî ïîäõîä ê âûâîäó ïîäîáíûõ óðàâíåíèé,ïðåäëîæåííûé ðàíåå â ðàáîòå [8℄, äàåò ïðàâèëüíûé ðåçóëüòàò â ñëó÷àå àñèìïòîòè÷åñêîé ñóáäè��óçèè,íî íå ïðèìåíèì â ïðàêòè÷åñêè âàæíîì ñëó÷àå ïåðåõîäíîé ñóáäè��óçèè.1. ÂÂÅÄÅÍÈÅÓðàâíåíèÿ äè��óçèè-ðåàêöèè øèðîêî èñïîëü�çóþòñÿ ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ïðîöåññîââ �èçèêå, õèìèè, áèîëîãèè è äðóãèõ íàóêàõ. Ïî�ïóëÿðíîñòü ýòèõ óðàâíåíèé îáóñëîâëåíà èõ ñïî�ñîáíîñòüþ îïèñûâàòü ðàçíîîáðàçíûå ïðîñòðàíñòâåí�íî-âðåìåííûå ñòðóêòóðû, â ÷àñòíîñòè, âîëíû ïåðå�êëþ÷åíèÿ, áåãóùèå èìïóëüñû, ñïèðàëüíûå âîëíû,ðàçëè÷íîãî âèäà �ðîíòû, ñòàöèîíàðíûå è îñöèëëè�ðóþùèå ïðîñòðàíñòâåííûå ñòðóêòóðû [1℄. Ñòàíäàðò�íîå óðàâíåíèå äè��óçèè-ðåàêöèè îñíîâàíî íà ïðåä�ïîëîæåíèè, ÷òî äè��óçèÿ ïîä÷èíÿåòñÿ çàêîíàì Ôè�êà. Îäíàêî âî ìíîãèõ ñëîæíûõ ñðåäàõ äè��óçèÿíå ïîä÷èíÿåòñÿ êëàññè÷åñêèì çàêîíîìåðíîñòÿì, ò. å.ÿâëÿåòñÿ àíîìàëüíîé. Â êà÷åñòâå ïðèìåðîâ àíîìàëü�íîé äè��óçèè ìîæíî íàçâàòü äè��óçèþ â íåóïî�ðÿäî÷åííûõ òâåðäûõ òåëàõ, â ïîðèñòûõ ñðåäàõ, âñòåêëîâèäíûõ ìàòåðèàëàõ, â æèâûõ òêàíÿõ, â òóð�áóëåíòíûõ ïîòîêàõ è ò. ä. [2�5℄. Â ïîñëåäíèå ãîäûâíèìàíèå èññëåäîâàòåëåé ïðèâëåêàåò âîïðîñ, êàêîéâèä äîëæíî èìåòü óðàâíåíèå äè��óçèè-ðåàêöèè âñëó÷àå àíîìàëüíîé äè��óçèè. Ýòà ïðîáëåìà ðàñ�ñìàòðèâàëàñü â ðÿäå ðàáîò [6�17℄. Îêàçàëîñü, ÷òî,â îòëè÷èå îò êëàññè÷åñêîãî ñëó÷àÿ, ïðè àíîìàëüíîéäè��óçèè âèä óðàâíåíèé çàâèñèò îò îñîáåííîñòåéýëåìåíòàðíîãî ðåàêöèîííîãî àêòà. Â íàñòîÿùåé ðà�áîòå ðàññìàòðèâàåòñÿ ñóáäè��óçèÿ, ñîïðîâîæäàþ�ùàÿñÿ ïðåâðàùåíèåì ÷àñòèö, ïðîèñõîäÿùèì â ìî�ìåíò ñîâåðøåíèÿ äè��óçèîííîãî ñêà÷êà. Òàêàÿ ñè�òóàöèÿ ìîæåò ðåàëèçîâàòüñÿ, íàïðèìåð, ïðè äè��ó�*E-mail: shkilevv�ukr.net

çèè ïî ïîâåðõíîñòè. Íåêîòîðûå äè��óçèîííûå ñêà÷�êè ìîãóò ïðèâîäèòü ê óõîäó ÷àñòèöû ñ ïîâåðõíîñòè,÷òî �îðìàëüíî ìîæíî òðàêòîâàòü êàê õèìè÷åñêóþðåàêöèþ, ðåçóëüòàòîì êîòîðîé ÿâëÿåòñÿ èñ÷åçíîâå�íèå ÷àñòèöû [18℄. Äàííàÿ çàäà÷à ðàíåå ðàññìàòðè�âàëàñü â ðàáîòå [8℄. Îäíàêî èñïîëüçîâàííûé â ýòîéðàáîòå ïîäõîä èìååò îãðàíè÷åííóþ ïðèìåíèìîñòü.Íèæå áóäåò ïîêàçàíî, ÷òî îí äàåò ïðàâèëüíûé ðå�çóëüòàò â ñëó÷àå àñèìïòîòè÷åñêîé ñóáäè��óçèè (êî�ãäà îòêëîíåíèÿ îò êëàññè÷åñêîãî ïîâåäåíèÿ íàáëþ�äàþòñÿ íåîãðàíè÷åííî äîëãî), íî íå ïðèìåíèì â ñëó�÷àå ïåðåõîäíîé ñóáäè��óçèè (êîãäà îòêëîíåíèÿ îòêëàññè÷åñêîãî ïîâåäåíèÿ âåñüìà ïðîäîëæèòåëüíû,íî âñå-òàêè îãðàíè÷åíû âî âðåìåíè). Êðîìå íåîáðà�òèìîé ðåàêöèè â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿòàêæå îáðàòèìàÿ ðåàêöèÿ. Â ýòîì ñëó÷àå â óðàâíå�íèÿõ ïîÿâëÿþòñÿ ïåðåêðåñòíûå äè��óçèîííûå ÷ëå�íû, ÷òî ÿâëÿåòñÿ ñëåäñòâèåì æåñòêîé ñâÿçè ìåæäóõèìè÷åñêèì ïðåâðàùåíèåì è äè��óçèîííûì ñêà÷�êîì. Êðîìå ìîäåëè ñëó÷àéíûõ áëóæäàíèé ñ íåïðå�ðûâíûì âðåìåíåì (ÑÁÍÂ) ïðè âûâîäå óðàâíåíèéèñïîëüçóåòñÿ òàêæå ìîäåëü ñëó÷àéíûõ ëîâóøåê. Ïî�êàçàíî, ÷òî îáå ìîäåëè ïðèâîäÿò ê îäíèì è òåì æåîêîí÷àòåëüíûì óðàâíåíèÿì.2. ÍÅÎÁ�ÀÒÈÌÀß �ÅÀÊÖÈßÏðè âûâîäå óðàâíåíèé ñóáäè��óçèè-ðåàêöèè,ñîîòâåòñòâóþùèõ èñ÷åçíîâåíèþ ÷àñòèö â ìîìåíòäè��óçèîííîãî ñêà÷êà, àâòîðû ðàáîòû [8℄ èñïîëü�çîâàëè â êà÷åñòâå èñõîäíûõ ñëåäóþùèå óðàâíåíèÿ:1221



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 139, âûï. 6, 2011q(x; t) = �(x; 0)Æ(t) + (1� �)��Xx0 tZ0  (t� t0)�(x � x0)q(x0; t0) dt0; (1)�(x; t) = (1� �) tZ0 	(t� t0)q(x; t0) dt0: (2)Çäåñü q(x; t) � ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî ÷à�ñòèöà ïðèáûâàåò â òî÷êó x â ìîìåíò âðåìåíè t,�(x; t) � êîíöåíòðàöèÿ,  (t) � �óíêöèÿ ðàñïðåäå�ëåíèÿ âðåìåíè îæèäàíèÿ,	(t) = 1� tZ0  (�) d�� �óíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè âûæèâàíèÿ,�(x) � �óíêöèÿ ðàñïðåäåëåíèÿ äëèí ñêà÷êîâ, � �âåðîÿòíîñòü èñ÷åçíîâåíèÿ ÷àñòèöû â ìîìåíò ñêà÷êà.Ïåðåõîä â óðàâíåíèÿõ (1), (2) ê ïåðåìåííûì Ôóðüåè Ëàïëàñà, èñêëþ÷åíèå ïåðåìåííîé q(k; s) è ïåðåõîäê ïðåäåëó áîëüøèõ ïðîñòðàíñòâåííûõ ìàñøòàáîâ äà�þò ñëåäóþùåå óðàâíåíèå:s�(k; s)� �(k; 0) = � �1� � 1	(s) �(k; s)�� k2�22  (s)	(s) �(k; s); (3)ãäå k è s � ïåðåìåííûå Ôóðüå è Ëàïëàñà,�2 = Z x2�(x) dx:Ïëîòíîñòü âåðîÿòíîñòè q(x; t), �èãóðèðóþùàÿ âóðàâíåíèÿõ (1), (2), îïðåäåëÿåòñÿ âûðàæåíèåìq(x; t) = 1Xn=0 qn(x; t); (4)ãäå qn(x; t) � ïëîòíîñòü âåðîÿòíîñòè òîãî, ÷òî ÷àñòè�öà ïðèáûâàåò â òî÷êó x â ìîìåíò âðåìåíè t ïîñëå nøàãîâ. Ïîäñòàâëÿÿ (4) â (2), ìû âèäèì, ÷òî ÷ëåítZ0 	(t� t0)q0(x; t0) dt0óìíîæàåòñÿ íà 1 � �. Ýòîò ÷ëåí ðàâåí âåðîÿòíî�ñòè òîãî, ÷òî ÷àñòèöà, ðàñïîëîæåííàÿ â òî÷êå x,íå ñäåëàëà íè îäíîãî ñêà÷êà â èíòåðâàëå âðåìåíè(0; t). Ñîãëàñíî ïðåäïîëîæåíèþ, èñ÷åçíîâåíèå ÷àñ�òèöû ïðîèñõîäèò òîëüêî â ìîìåíò ñîâåðøåíèÿ åþäè��óçèîííîãî ñêà÷êà, ïîýòîìó âåðîÿòíîñòü èñ÷åç�íîâåíèÿ ÷àñòèöû, êîòîðàÿ íå ñîâåðøèëà íè îäíîãî

ñêà÷êà, ðàâíà íóëþ. Ñëåäîâàòåëüíî, ðàññìàòðèâàå�ìûé ÷ëåí íå äîëæåí óìíîæàòüñÿ íà êîý��èöèåíò1��, òàê êàê òàêîå óìíîæåíèå ñîîòâåòñòâóåò óìåíü�øåíèþ ÷èñëà ÷àñòèö çà ñ÷åò èõ èñ÷åçíîâåíèÿ. Òàêèìîáðàçîì, óðàâíåíèÿ (1), (2) íå ñîãëàñóþòñÿ ñ îñíîâ�íûì ïðåäïîëîæåíèåì è äîëæíû áûòü çàìåíåíû äðó�ãèìè.×òîáû ïîëó÷èòü ïðàâèëüíûå óðàâíåíèÿ, ñëåäóåòâìåñòî ïåðåìåííîé q(x; t), âêëþ÷àþùåé ÷àñòèöû, íåñîâåðøèâøèå íè îäíîãî ñêà÷êà, èñïîëüçîâàòü ïåðå�ìåííóþ F (x; t) = q(x; t)� �(x; 0)Æ(t);âêëþ÷àþùóþ òîëüêî òå ÷àñòèöû, êîòîðûå ñîâåðøè�ëè õîòÿ áû îäèí ñêà÷îê. Â ýòîì ñëó÷àå èñõîäíûåóðàâíåíèÿ ìîæíî çàïèñàòü â âèäåF (x; t) =Xx0  (t)�(x � x0)�(x0; 0) ++Xx0 tZ0  (t� t0)�(x � x0)(1� �)F (x0; t0) dt0; (5)�(x; t) = �(x; 0)	(t)+ tZ0 	(t�t0)(1��)F (x; t0) dt0: (6)Äëÿ ñëó÷àÿ ÷èñòîé äè��óçèè (ò. å. áåç êîý��èöè�åíòà 1 � �) ýòè óðàâíåíèÿ ïðèâåäåíû â ðàáîòå [19℄.Â îòëè÷èå îò óðàâíåíèé (1), (2), â ýòèõ óðàâíåíè�ÿõ ÷ëåíû, ñîîòâåòñòâóþùèå ÷àñòèöàì, íå ñîâåðøèâ�øèì íè îäíîãî ñêà÷êà, íå óìíîæàþòñÿ íà êîý��è�öèåíò 1��. Èñêëþ÷àÿ îòñþäà ïåðåìåííóþ F (x; t) èïåðåõîäÿ ê ïðåäåëó áîëüøèõ ïðîñòðàíñòâåííûõ ìàñ�øòàáîâ, ïîëó÷èì ñëåäóþùåå óðàâíåíèå â ïåðåìåí�íûõ Ôóðüå �Ëàïëàñà:s�(k; s)� �(k; 0) = �� (s)	(s) �(k; s)�� (1� �)k2�22  (s)	(s) �(k; s): (7)Ýòî óðàâíåíèå èìååò òðè îòëè÷èÿ îò óðàâíåíèÿ (3).1) Ïåðâûé ÷ëåí â ïðàâîé ÷àñòè óìíîæàåòñÿ íå íà�=(1��), à íà �. 2) Âòîðîé ÷ëåí äîïîëíèòåëüíî óìíî�æàåòñÿ íà 1� �. 3) Â ïåðâîì ÷ëåíå âìåñòî �óíêöèè1=	(s) �èãóðèðóåò �óíêöèÿ  (s)=	(s). Ïîñêîëüêóêîý��èöèåíò � äîëæåí áûòü ìàëûì ïî ñðàâíåíèþñ åäèíèöåé (èíà÷å ÷àñòèöû áóäóò èñ÷åçàòü, íå ñî�âåðøèâ äîñòàòî÷íîãî ÷èñëà ñêà÷êîâ, òàê ÷òî äè���óçèîííîå óðàâíåíèå íå áóäåò èìåòü ñìûñëà), ïåð�âûå äâà îòëè÷èÿ íå èãðàþò ñóùåñòâåííîé ðîëè. Åñëèñóáäè��óçèÿ ÿâëÿåòñÿ àñèìïòîòè÷åñêîé, ò. å., åñëè1222



ÆÝÒÔ, òîì 139, âûï. 6, 2011 Ñóáäè��óçèÿ ñ èñ÷åçíîâåíèåì ÷àñòèö : : :ïåðåìåííóþ s ìîæíî ñ÷èòàòü äîñòàòî÷íî ìàëîé äëÿòîãî, ÷òîáû â âûðàæåíèè  (s)=	(s) �óíêöèþ  (s)ìîæíî áûëî çàìåíèòü åäèíèöåé, òî òðåòüå îòëè÷èåòàêæå íå áóäåò èãðàòü ñóùåñòâåííîé ðîëè. Îäíàêîíà ïðàêòèêå ñóáäè��óçèÿ, êàê ïðàâèëî, íîñèò ïå�ðåõîäíûé õàðàêòåð, ïîýòîìó òðåòüå îòëè÷èå ìîæåòèãðàòü ïðèíöèïèàëüíóþ ðîëü. Â ñëó÷àå ïåðåõîäíîéäè��óçèè äîëæíû ó÷èòûâàòüñÿ âñå çíà÷åíèÿ �óíê�öèè  (s), â òîì ÷èñëå è ñîîòâåòñòâóþùèå áîëüøèìçíà÷åíèÿì ïåðåìåííîé s, ïîýòîìó çàìåíà âûðàæå�íèÿ  (s)=	(s) âûðàæåíèåì 1=	(s) áóäåò íåïðàâî�ìåðíîé. Ýòî âèäíî, â ÷àñòíîñòè, èç òîãî, ÷òî ïðèáîëüøèõ çíà÷åíèÿõ ïåðåìåííîé s ïîñëåäíåå âûðàæå�íèå íåîãðàíè÷åííî ðàñòåò, âñëåäñòâèå ÷åãî îáðàòíûéïåðåõîä ê �èçè÷åñêîìó âðåìåíè â óðàâíåíèè (3) îêà�çûâàåòñÿ íåâîçìîæíûì.3. ÎÁ�ÀÒÈÌÀß �ÅÀÊÖÈß.�ÀÑÑÌÎÒ�ÅÍÈÅ Â �ÀÌÊÀÕ ÌÎÄÅËÈÑËÓ×ÀÉÍÛÕ ÁËÓÆÄÀÍÈÉ ÑÍÅÏ�Å�ÛÂÍÛÌ Â�ÅÌÅÍÅÌÂ ðàáîòå [8℄ ðàññìîòðåíû òîëüêî íåîáðàòèìûåïðåâðàùåíèÿ, ïðîèñõîäÿùèå â ìîìåíò äè��óçèîí�íîãî ñêà÷êà. Îäíàêî íà ïðàêòèêå ìîãóò âñòðåòèòüñÿè ñëó÷àè îáðàòèìûõ ïðåâðàùåíèé. Íàïðèìåð, åñëèèìåþòñÿ äâå áëèçêî ðàñïîëîæåííûå ïîâåðõíîñòè è÷àñòèöû äè��óíäèðóþò ïî ýòèì ïîâåðõíîñòÿì, òî÷àñòèöû, íàõîäÿùèåñÿ íà îäíîé ïîâåðõíîñòè, ìîæíîñ÷èòàòü ïðèíàäëåæàùèìè ê îäíîìó òèïó, à íàõîäÿ�ùèåñÿ íà äðóãîé ïîâåðõíîñòè � ê äðóãîìó. Õèìè÷å�ñêîìó ïðåâðàùåíèþ áóäåò ñîîòâåòñòâîâàòü äåñîðá�öèÿ ÷àñòèö ñ îäíîé ïîâåðõíîñòè è èõ àäñîðáöèÿ íàäðóãîé ïîâåðõíîñòè.Âûâåäåì óðàâíåíèÿ, îïèñûâàþùèå ñóáäè��ó�çèþ ÷àñòèö òèïîâ A è B, ó÷àñòâóþùèõ â îáðàòèìîéðåàêöèè, èäóùåé ïî ñõåìåA$�A�B B;ãäå �A (�B) � âåðîÿòíîñòü òîãî, ÷òî ÷àñòèöà òèïàA(B) â ìîìåíò ñêà÷êà ïðåâðàùàåòñÿ â ÷àñòèöó òèïàB(A). Èñõîäíûå óðàâíåíèÿ çàïèøóòñÿ ñëåäóþùèìîáðàçîì:FA(x; t) =Xx0  (t)�(x � x0)�A(x0; 0) ++Xx0 tZ0  (t� t0)�(x � x0)�� �(1� �A)FA(x0; t0) + �BFB(x0; t0)� dt0; (8)

�A(x; t) = �A(x; 0)	(t) + tZ0 	(t� t0)�� �(1� �A)FA(x; t0) + �BFB(x; t0)� dt0; (9)FB(x; t) =Xx0  (t)�(x � x0)�B(x0; 0) ++Xx0 tZ0  (t� t0)�(x � x0)�� �(1� �B)FB(x0; t0) + �AFA(x0; t0)� dt0; (10)�B(x; t) = �B(x; 0)	(t) + tZ0 	(t� t0)�� �(1� �B)FB(x; t0) + �AFA(x; t0)� dt0: (11)Â ïåðåìåííûõ Ôóðüå �Ëàïëàñà ýòè óðàâíåíèÿ èìå�þò ñëåäóþùèé âèä:FA(k; s) = �(k) (s) �� ��A(k; 0) + (1� �A)FA(k; s) + �BFB(k; s)� ; (12)�A(k; s) = 	(s)�� ��A(k; 0) + (1� �A)FA(k; s) + �BFB(k; s)� ; (13)FB(k; s) = �(k) (s) �� ��B(k; 0) + (1� �B)FB(k; s) + �AFA(k; s)� ; (14)�B(k; s) = 	(s)�� ��B(k; 0) + (1� �B)FB(k; s) + �AFA(k; s)� : (15)Ñóììèðóÿ óðàâíåíèÿ (13) è (15), ïîëó÷àåì�A(k; s) + �B(k; s) = 	(s)�� ��A(k; 0) + �B(k; 0)+FA(k; s) + FB(k; s)� : (16)Îòñþäà ìîæíî âûðàçèòü FB(k; s):FB(k; s) = �A(k; s) + �B(k; s)	(s) �� �A(k; 0)� �B(k; 0)� FA(k; s): (17)Èç óðàâíåíèé (12) è (13) ñëåäóåò, ÷òîFA(k; s) = �(k) (s)	(s) �A(k; s): (18)1223



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 139, âûï. 6, 2011Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (17) è (18) â (12), ïîëó÷à�åì�A(k; s)� �B�A(k; s)� �B�B(k; s)	(s) �� ��A(k; 0)� �B�A(k; 0)� �B�B(k; 0)� == (1� �A � �B)�(k) (s)	(s) �A(k; s): (19)Ñîâåðøàÿ ïðåîáðàçîâàíèÿ è ïåðåõîäÿ ê ïðåäåëó ìà�ëûõ âîëíîâûõ ÷èñåë, ïðèõîäèì ê óðàâíåíèþs ��A(k; s)� �B�A(k; s)� �B�B(k; s)��� ��A(k; 0)� �B�A(k; 0)� �B�B(k; 0)� == �k2�22 (1� �A � �B) (s)	(s)�A(k; s) +  (s)	(s) �� ��B�B(k; s)� �A�A(k; s)� : (20)Ñóììà êîíöåíòðàöèé óäîâëåòâîðÿåò îáû÷íîìó óðàâ�íåíèþ ñóáäè��óçèè:s ��A(k; s) + �A(k; s)�� �A(k; 0)� �B(k; 0) == �k2�22  (s)	(s) ��A(k; s) + �B(k; s)� : (21)Êîìáèíèðóÿ óðàâíåíèÿ (20) è (21), ïîëó÷àåì îêîí�÷àòåëüíîå óðàâíåíèå äëÿ êîíöåíòðàöèè ÷àñòèö òè�ïà A:s�A(k; s)� �A(k; 0) = �k2�22  (s)	(s) �� ��A(k; s)� �A�A(k; s) + �B�B(k; s)�++  (s)	(s) ��B�B(k; s)� �A�A(k; s)� : (22)Â �èçè÷åñêèõ ïåðåìåííûõ ýòî óðàâíåíèå âûãëÿäèòñëåäóþùèì îáðàçîì:��A(x; t)�t = �22 �2�x2 tZ0 �(t� �)�� �(1� �A)�A(x; �) + �B�B(x; �)� d� ++ tZ0 �(t� �) ��B�B(x; �) � �A�A(x; �)� d�; (23)ãäå �(t) � �óíêöèÿ ïàìÿòè, îïðåäåëÿåìàÿ â ïðî�ñòðàíñòâå èçîáðàæåíèé Ëàïëàñà êàê�(s) = s (s)1�  (s) : (24)

Äëÿ êîíöåíòðàöèè ÷àñòèö òèïà B áóäåì èìåòü àíà�ëîãè÷íîå óðàâíåíèå:��B(x; t)�t = �22 �2�x2 �� tZ0 �(t� �) �(1� �B)�B(x; �) + �A�A(x; �)� d� �� tZ0 �(t� �) ��B�B(x; �) � �A�A(x; �)� d�: (25)Îòëè÷èòåëüíîé ÷åðòîé ýòèõ óðàâíåíèé ÿâëÿåòñÿ íà�ëè÷èå ïåðåêðåñòíûõ äè��óçèîííûõ ÷ëåíîâ. Ýòè÷ëåíû áóäóò ïðèñóòñòâîâàòü, â òîì ÷èñëå è â êëàñ�ñè÷åñêîì ñëó÷àå, êîãäà �óíêöèÿ ðàñïðåäåëåíèÿ âðå�ìåíè îæèäàíèÿ ÿâëÿåòñÿ ýêñïîíåíöèàëüíîé. Íàëè�÷èå ýòèõ ÷ëåíîâ îáúÿñíÿåòñÿ òåì, ÷òî ïðåâðàùåíèÿ÷àñòèö æåñòêî ñâÿçàíû ñ äè��óçèîííûìè ñêà÷êà�ìè. Ñêà÷îê ÷àñòèöû òèïà A äàåò âêëàä â äè��óçè�îííûé ïîòîê ëèáî ÷àñòèö òèïà B, ëèáî ÷àñòèö òèïàA, â çàâèñèìîñòè îò òîãî, ïðîèñõîäèò â ýòîò ìîìåíòïðåâðàùåíèå èëè íåò.Åñëè â êà÷åñòâå èñõîäíûõ óðàâíåíèé âîçüìåìóðàâíåíèÿ, îáîáùàþùèå óðàâíåíèÿ (1), (2) íà ñëó�÷àé îáðàòèìîé ðåàêöèè:qA(x; t) = �A(x; 0)Æ(t)+Xx0 tZ0  (t�t0)�(x�x0)�� �(1� �A)qA(x0; t0) + �BqB(x0; t0)� dt0; (26)�A(x; t) = tZ0 	(t� t0)�� �(1� �A)qA(x; t0) + �BqB(x; t0)� dt0; (27)qB(x; t) = �B(x; 0)Æ(t)+Xx0 tZ0  (t�t0)�(x�x0)�� �(1� �B)qB(x0; t0) + �AqA(x0; t0)� dt0; (28)�B(x; t) = tZ0 	(t� t0)�� �(1� �B)qB(x; t0) + �AqA(x; t0)� dt0; (29)òî ïîëó÷èì óðàâíåíèÿ, íå ñîäåðæàùèå ïåðåêðåñò�íûõ ÷ëåíîâ. Äëÿ êîíöåíòðàöèè ÷àñòèö òèïà A óðàâ�íåíèå áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:1224



ÆÝÒÔ, òîì 139, âûï. 6, 2011 Ñóáäè��óçèÿ ñ èñ÷åçíîâåíèåì ÷àñòèö : : :��A(x; t)�t = �22 �2�x2 �� tZ0 �(t� �)�A(x; �) d� + 11� �A � �B �� tZ0 �1(t� �) ��B�B(x; �) � �A�A(x; �)� d�; (30)ãäå �1(t) � �óíêöèÿ ïàìÿòè, îïðåäåëÿåìàÿ â ïðî�ñòðàíñòâå èçîáðàæåíèé Ëàïëàñà êàê�1(s) = s1�  (s) : (31)Äëÿ ÷àñòèö òèïà B áóäåì èìåòü àíàëîãè÷íîå óðàâ�íåíèå. Îòñóòñòâèå â ýòèõ óðàâíåíèÿõ ïåðåêðåñòíûõäè��óçèîííûõ ÷ëåíîâ åùå ðàç ïîäòâåðæäàåò òîò�àêò, ÷òî óðàâíåíèÿ (1), (2) íåòî÷íû.4. ÎÁ�ÀÒÈÌÀß �ÅÀÊÖÈß.�ÀÑÑÌÎÒ�ÅÍÈÅ Â �ÀÌÊÀÕ ÌÎÄÅËÈÑËÓ×ÀÉÍÛÕ ËÎÂÓØÅÊÑðåäíåïîëåâûå óðàâíåíèÿ, îïèñûâàþùèå ñóá�äè��óçèþ â ðàìêàõ ìîäåëè ñëó÷àéíûõ ëîâóøåê,èìåþò ñëåäóþùèé âèä [20℄:��i(x; t)�t = ��i�i(x; t) + �iF (x; t);i = 1; 2; : : : ; N; (32)F (x; t) = NXi=1 �i�i(x; t) + �22 NXi=1 �i �2�i(x; t)�x2 ; (33)NXj=1 �j(x; t) = �(x; t): (34)Çäåñü �i(x; t) � ïàðöèàëüíàÿ êîíöåíòðàöèÿ ÷àñòèö,íàõîäÿùèõñÿ â óçëàõ i-ãî òèïà, �i � ÷àñòîòà, ñ êî�òîðîé ÷àñòèöû ïîêèäàþò óçëû i-ãî òèïà, �i � äîëÿóçëîâ i-ãî òèïà, N � ÷èñëî òèïîâ óçëîâ. ÔóíêöèÿF (x; t) èìååò ñìûñë ÷èñëà ñêà÷êîâ, ñîâåðøàåìûõ ÷à�ñòèöàìè â åäèíèöó âðåìåíè â åäèíèöå îáúåìà.Åñëè ÷àñòèöû ìîãóò ïðåâðàùàòüñÿ â ìîìåíòñêà÷êà, òî èç îáùåãî ÷èñëà ÷àñòèö òèïà A, ñîâåð�øàþùèõ ñêà÷êè, íåêîòîðàÿ äîëÿ �A ïðåâðàòèòñÿ â÷àñòèöû òèïà B, à îñòàâøàÿñÿ äîëÿ çàâåðøèò ñêà�÷îê â âèäå ÷àñòèö òèïà A. Àíàëîãè÷íî, íåêîòîðàÿäîëÿ �B ÷àñòèö òèïà B â ìîìåíò ñêà÷êà ïðåâðàòèò�ñÿ â ÷àñòèöû òèïà A. Òàêèì îáðàçîì, ïðè íàëè÷èèïðåâðàùåíèé óðàâíåíèÿ äëÿ ïàðöèàëüíûõ êîíöåí�òðàöèé ÷àñòèö òèïîâ A è B áóäóò èìåòü âèä

��Ai (x; t)�t = ��i�Ai (x; t) ++ �i �(1� �A)FA(x; t) + �BFB(x; t)� ; (35)��Bi (x; t)�t = ��i�Bi (x; t) ++ �i �(1� �B)FB(x; t) + �AFA(x; t)� : (36)Ïåðåõîäÿ ê èçîáðàæåíèÿì Ëàïëàñà, ïîëó÷èì�Ai (x; s) == �(1��A)FA(x; s)+�BFB(x; s)+�A(x; 0)��is+�i ; (37)�Bi (x; s) == �(1��B)FB(x; s)+�AFA(x; s)+�B(x; 0)��is+�i : (38)Ñóììèðóÿ ýòè ðàâåíñòâà ïî i, âûðàçèì âûðàæåíèÿâ êâàäðàòíûõ ñêîáêàõ ÷åðåç îáùèå êîíöåíòðàöèè:(1� �A)FA(x; s) + �BFB(x; s) + �A(x; 0) == �A(x; s)	(s) ; (39)(1� �B)FB(x; s) + �AFA(x; s) + �B(x; 0) == �B(x; s)	(s) ; (40)ãäå 	(s) = NXi=1 �i�i + s :Ïîäñòàâëÿÿ âûðàæåíèåFA(x; t) = NXi=1 �i�Ai (x; t) + �22 NXi=1 �i �2�Ai (x; t)�x2è àíàëîãè÷íîå âûðàæåíèå äëÿ FB â óðàâíåíèÿ (35)è ñóììèðóÿ ïî i, ïîëó÷èì óðàâíåíèå äëÿ îáùåé êîí�öåíòðàöèè ÷àñòèö òèïà A:��A(x; t)�t = �22 (1��A) NXi=1 �i �2�Ai (x; t)�x2 ++ �22 �B NXi=1 �i �2�Bi (x; t)�x2 � �A NXi=1 �i�Ai (x; t) ++ �B NXi=1 �i�Bi (x; t): (41)Ïåðåõîäÿ â ýòîì óðàâíåíèè ê èçîáðàæåíèÿì Ëàïëà�ñà, ïîäñòàâëÿÿ â íåãî âûðàæåíèÿ (37), (38) è ó÷è�òûâàÿ (39), (40), ïîëó÷èì óðàâíåíèå, ñîâïàäàþùååñ óðàâíåíèåì (22).1225



Â. Ï. Øêèëåâ ÆÝÒÔ, òîì 139, âûï. 6, 2011Òàêèì îáðàçîì, ìîäåëü ñëó÷àéíûõ ëîâóøåê ïðè�âîäèò ê òåì æå óðàâíåíèÿì îòíîñèòåëüíî îáùèõ êîí�öåíòðàöèé ÷àñòèö, ÷òî è ìîäåëü ÑÁÍÂ. Ýòîò �àêòìîæåò èñïîëüçîâàòüñÿ ïðè ïðàêòè÷åñêîì ÷èñëåííîìðåøåíèè óðàâíåíèé. Â ÷àñòíîñòè, ðåàëüíóþ �èçè�÷åñêóþ ñèñòåìó, àäåêâàòíî îïèñûâàåìóþ ìîäåëüþÑÁÍÂ, ìîæíî îïèñûâàòü óðàâíåíèÿìè ìîäåëè ñëó�÷àéíûõ ëîâóøåê. Èñïîëüçîâàíèå ýòèõ óðàâíåíèé ìî�æåò áûòü ïðåäïî÷òèòåëüíûì â ñâÿçè ñ òåì, ÷òî îíèÿâëÿþòñÿ ìàðêîâñêèìè è ïîýòîìó íå òðåáóþò çàïî�ìèíàíèÿ áîëüøèõ îáúåìîâ èí�îðìàöèè.5. ÇÀÊËÞ×ÅÍÈÅÓðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè, êîòîðûåîáû÷íî èñïîëüçóþòñÿ äëÿ îïèñàíèÿ àñèìïòîòè÷å�ñêîé ñóáäè��óçèè, ïðè èõ ïðèìåíåíèè ê ïåðåõîäíîéñóáäè��óçèè ìîãóò äàâàòü ïðèíöèïèàëüíî íåâåð�íûå ðåçóëüòàòû. Íàïðèìåð, â ðàáîòå [18℄ áûëî óñòà�íîâëåíî, ÷òî äëÿ àñèìïòîòè÷åñêîé ñóáäè��óçèè ñèñ÷åçíîâåíèåì ÷àñòèö â ìîìåíò ñêà÷êà ïðè ïîñòî�ÿííîì ïðèòîêå ÷àñòèö â ðàññìàòðèâàåìóþ îáëàñòüñòàöèîíàðíûé ïðî�èëü êîíöåíòðàöèè íå ñóùåñòâó�åò. Â ñëó÷àå ïåðåõîäíîé ñóáäè��óçèè ñòàöèîíàðíûéïðî�èëü êîíöåíòðàöèé ìîæíî íàéòè èç óðàâíåíèé(35) è (41). Ïðè íåîáðàòèìîé ðåàêöèè ýòè óðàâíåíèÿñâîäÿòñÿ ê ñëåäóþùèì:�i�i(x)� �i(1� �)F (x) = 0; i = 1; 2; : : : ; N; (42)(1� �)�22 NXi=1 �i d2�i(x)dx2 � � NXi=1 �i�i(x) = 0: (43)Èç óðàâíåíèÿ (42) ñëåäóåò, ÷òî ïàðöèàëüíûå êîíöåí�òðàöèè âûðàæàþòñÿ ÷åðåç îáùóþ êîíöåíòðàöèþ:�i = �i�i� �; i = 1; 2; : : : ; N; (44)ãäå � = NXi=1 �i�i� ñðåäíåå âðåìÿ ïðåáûâàíèÿ ÷àñòèöû â óçëå. (Ïå�ðåõîäíàÿ è àñèìïòîòè÷åñêàÿ ñóáäè��óçèè ðàçëè÷à�þòñÿ òåì, ÷òî äëÿ ïåðâîé âåëè÷èíà � êîíå÷íà, àäëÿ âòîðîé � áåñêîíå÷íà.) Ïîäñòàíîâêà ñîîòíîøå�íèé (44) â óðàâíåíèå (43) äàåò îáû÷íîå ñòàöèîíàð�íîå óðàâíåíèå äè��óçèè-ðåàêöèè:d2�(x)dx2 = 2��2(1� �) �(x): (45)Ñëåäîâàòåëüíî, â ñëó÷àå ïåðåõîäíîé ñóáäè��óçèèñòàöèîíàðíûé ïðî�èëü êîíöåíòðàöèé ñóùåñòâóåò èâûðàæàåòñÿ �îðìóëîé�(x) = �q� s 2�(1� �) exp �r 2�1� � x� ! ; (46)

ãäå q � ïîòîê â òî÷êå x = 0. Ýòîò ïðèìåð ïîêàçûâà�åò, ÷òî óðàâíåíèÿ ñ äðîáíûìè ïðîèçâîäíûìè íåëüçÿïðèìåíÿòü ê ïåðåõîäíîé ñóáäè��óçèè. Ïîñêîëüêóïåðåõîäíàÿ ñóáäè��óçèÿ ÷àñòî íàáëþäàåòñÿ â ýêñ�ïåðèìåíòå (ñì., íàïðèìåð, ðàáîòó [21℄ è ññûëêè âíåé), äëÿ ïðàêòè÷åñêèõ ïðèëîæåíèé âàæíî èìåòüóðàâíåíèÿ, ñïðàâåäëèâûå êàê â ñëó÷àå àñèìïòîòè÷å�ñêîé ñóáäè��óçèè, òàê è â ñëó÷àå ïåðåõîäíîé ñóá�äè��óçèè. ËÈÒÅ�ÀÒÓ�À1. À. Þ. Ëîñêóòîâ, À. Ñ. Ìèõàéëîâ, Ââåäåíèå â ñèíåð�ãåòèêó, Íàóêà, Ìîñêâà (1990).2. B. B. Ó÷àéêèí, ÆÝÒÔ 124, 903 (2003).3. J.-P. Bou
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