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INTERPLAY OF NONCODING RNAs, mRNAs, AND PROTEINSDURING THE GROWTH OF EUKARYOTIC CELLSV. P. Zhdanov *Department of Applied Physi
s, Chalmers University of Te
hnologyS-41296, Göteborg, SwedenBoreskov Institute of Catalysis, Russian A
ademy of S
ien
es630090, Novosibirsk, RussiaRe
eived April 6, 2010Numerous biologi
al fun
tions of non
oding RNAs (n
RNAs) in eukaryoti
 
ells are based primarily on theirability to pair with target mRNAs and then either to prevent translation or to result in rapid degradation of themRNA�n
RNA 
omplex. Using a general model des
ribing this s
enario, we show that n
RNAs may help tomaintain 
onstant mRNA and protein 
on
entrations during the growth of 
ells. The possibility of observationof this e�e
t on the global s
ale is brie�y dis
ussed.1. INTRODUCTIONThe genomes of eukaryoti
 
ells often (e.g., in hu-mans) 
ontain relatively rare protein-
oding sequen
es.The rest of the genome in
ludes numerons trans
riptunits representing n
RNAs. During the past de
ade,it has be
ome obvious that su
h RNAs form a 
orner-stone of the regulatory network of signalling that op-erates in 
on
ert with the protein network (see re
entreviews fo
used on long n
RNAs obtained dire
tly af-ter gene trans
ription [1�4℄, small n
RNAs (from 20 to200 nu
leotides) obtained by 
leavage of long n
RNAs[5�11℄, and experiments [12�14℄). The important role ofn
RNAs has been identi�ed in a wide variety of 
ellularpro
esses in
luding di�erentiation, proliferation, death,and metabolism, both in the normal state and duringde
eases (e.g., 
an
er). The numerous biologi
al fun
-tions of n
RNAs in general and small n
RNAs in par-ti
ular are based primarily on their ability to pair withtarget mRNAs and then either to prevent translationor to result in rapid degradation of the mRNA�n
RNA
omplex (the former 
hannel seems to dominate inanimals [8℄). One of the most important and abun-dant sub
lasses of small n
RNAs in
ludes mi
roRNAs(miRNAs), whi
h are 20�22 nu
leotides long. Ea
hmiRNA is known to have hundreds or even thousandsof targets [6, 12, 13℄. The abilities of long n
RNAs are*E-mail: zhdanov�
halmers.se

a
tually mu
h more diverse [1�4℄. In fa
t, su
h n
RNAs
an parti
ipate in almost every step of gene expression.Despite the 
urrent boom in studies of n
RNAs, theunderstanding of the e�e
t of n
RNAs on geneti
 net-works is now limited. Many aspe
ts in this area 
an berationalized, illustrated, and/or 
lari�ed by using ki-neti
 models. Presently, the kineti
 models fo
used onthe mRNA-protein interplay are numerous (see, e.g.,reviews fo
used on sto
hasti
 e�e
ts [15�18℄, os
illa-tions [19, 20℄, and 
omplex networks [21�23℄). Themodels des
ribing the mRNA�n
RNA interplay (with-out [24�27℄ or with protein-mediated feedba
ks [28�30℄)are not abundant, however, and were fo
used ex
lu-sively on the situations where the 
ell volume is 
on-stant. Complementing the already available studies,we analyze here the interplay of mRNA, protein, andn
RNA during the growth of eukaryoti
 
ells.In prokaryotes, the growth of 
ells is well known tobe exponential and the averagemRNA and protein 
on-
entrations are nearly 
onstant during the growth [31℄.The interpretation of these features appears to bestraightforward if we take into a

ount that in this 
ase,the 
ell 
y
le is relatively short, the DNA repli
ationo

urs during the whole 
y
le, the dependen
e of theDNA amount on time is nearly exponential, and therate of the mRNA synthesis is proportional to the DNAamount (see Ref. [32℄ and the referen
es therein for the
orresponding models).Although the 
ell growth in eukaryotes is often 
on-789



V. P. Zhdanov ÆÝÒÔ, òîì 138, âûï. 4 (10), 2010sidered to be exponential [31; 33℄, the linear and bilin-ear growth models have also been proposed [34℄. Inyeasts, for example, deviations from the exponentialgrowth are well visible in the end of the 
y
le [34℄. Onthe global s
ale, the experiments [35, 36℄ indi
ate thatthe 
on
entration of the majority of proteins duringthe growth of eukaryoti
 
ells is nearly 
onstant as inprokaryotes.Weak dependen
e of the 
on
entration of most pro-teins on the 
ell volume seems to be bene�
ial for the
ell fun
tion, be
ause it may fa
ilitate the 
ontrol ofvarious intra
ellular pro
esses. But the interpretationof this feature in eukaryoti
 
ells is not straightforward.In su
h 
ells, the 
y
le is traditionally divided into foursequential phases: G1 (gap phase), S (DNA repli
a-tion), G2 (gap phase), and M (division) [37℄. The 
y
leduration is typi
ally about one day (it may be shorterin simple organisms, e.g., in yeasts, or longer, e.g., inmammals). The duration of the S phase is often rel-atively short, and one 
ould expe
t that the growthwould be di�erent before and after this phase. In real-ity, this does not seem to be the 
ase. The understand-ing of why the growth is apparently insensitive to theS phase is still limited. Our goal is to 
larify one of thelikely related fa
tors.2. MODELIn our treatment, we use a general s
heme in
ludingtrans
ription of two genes to mRNA and n
RNA,Gene1 ! Gene1 +mRNA; (1)Gene2 ! Gene2 + n
RNA; (2)translation of mRNA to protein (P),mRNA! mRNA+P; (3)
onventional enzyme-mediated degradation of thesespe
ies, mRNA! �; (4)n
RNA! �; (5)P! � (6)reversible asso
iation of mRNA and n
RNA,mRNA+ n
RNA
 mRNA � n
RNA; (7)

and degradation of the mRNA�n
RNA 
omplex,mRNA � n
RNA! �: (8)As already noted, n
RNAs often pair with targetmRNAs and then either prevent translation or resultin rapid degradation of the mRNA�n
RNA 
omplex.Our model (steps (7) and (8)) takes both these 
han-nels into a

ount.To analyze steps (1)�(8), we negle
t di�usion-related 
on
entration gradients in a 
ell (this widelyused approximation is valid if the mRNA and n
RNApopulations are not too large [26℄). In this 
ase, thekineti
 equations for the mRNA, n
RNA, protein, andmRNA�n
RNA-
omplex populations in a 
ell, Nm, Nn,Np, and N
, aredNmdt = wm � kmNm � raNmNn + rdN
; (9)dNndt = wn � knNn � raNmNn + rdN
; (10)dN
dt = raNmNn � rdN
 � k
N
; (11)dNpdt = �Nm � kpNp; (12)where wm, wn, �, km, kn, k
, and kp are the rates andrate 
onstants of the rea
tant synthesis and degrada-tion, and ra and rd are the rate 
onstants of the mRNAand n
RNA reversible asso
iation.During the 
ell 
y
le, all the parameters in Eqs. (9)�(12) may depend on time, and we take the key fa
torsbehind this dependen
e into a

ount (this is a novel in-gredient of our work). One of the fa
tors might be theregulation of the mRNA, n
RNA, and protein synthesisby proteins. Con
erning this aspe
t, we note that thenumber of 
y
le-related mRNAs and proteins in 
ells islarge, but their relative abundan
e in the global mRNAand protein pool is modest [38, 39℄ and they 
an hardly
ontrol the population of the majority of proteins. Thispopulation, as already noted in the Introdu
tion, is ap-proximately proportional to the 
ell volume and their
on
entration is nearly 
onstant [35, 36℄. We thereforeignore the protein-mediated feedba
ks in our model. Inparti
ular, � is 
onsidered 
onstant.On the other hand, the DNA repli
ation o

urringduring the S phase of the 
ell 
y
le results in a twofoldin
rease in the number of genes and the 
orrespondingin
rease in the gene trans
ription rate resulting in themRNA and n
RNA synthesis. Taking into a

ount that790
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oding RNAs, mRNAs, and proteins : : :the time s
ale of the S phase is often relatively short
ompared to the duration of the 
ell 
y
le, we mimi
the DNA repli
ation by a stepwise in
rease in wm andwn (this approximation used earlier to simulate the ef-fe
t of the 
ell growth on the bistable kineti
s of geneexpression [40℄ 
an be tra
ed ba
k to Ref. [41℄). In par-ti
ular, the rate of the mRNA synthesis is representedas wm(t) = ( w0m for V0 � V (t) < Vr;2w0m for Vr < V (t) � 2V0; (13)where V0 � V (0) is the initial 
ell volume and Vr isthe 
ell volume 
orresponding to the DNA repli
ation.The rate of the n
RNA synthesis is des
ribed in anal-ogy with Eq. (13).The rate 
onstants of 
onventional degradation ofmRNAs, n
RNAs and proteins are proportional to the
on
entrations of the 
orresponding enzymes. Basi-
ally, enzymes are proteins, and in our 
oarse-grainedmodel, a

ordingly, these rate 
onstants are expe
tedto be proportional to the protein 
on
entration. Inanalogy with the majority of proteins [35, 36℄, the 
on-
entration of the enzymes under 
onsideration 
an be
onsidered 
onstant or, at least, weakly dependent ontime so that this dependen
e 
an be negle
ted, andhen
e km, kn, kp, and k
 
an be assumed 
onstant.This approximation is used in the kineti
 models of themammalian 
ell 
y
le [33℄, and we a

ept it as well.(Our validation of this approximation is obviously notrigorous, and it is generally desirable to take the timedependen
e of the degradation rate 
onstants into a
-
ount. At present, the 
orresponding models are la
k-ing however.)Disso
iation of the mRNA�n
RNA 
omplex is an el-ementary monomole
ular step, and therefore rd is 
on-stant. Although asso
iation of mRNA and n
RNA isalso an elementary step, its rate 
onstant ra dependson the 
ell volume be
ause we operate with the mRNAand n
RNA populations. In parti
ular, the asso
iationrate per unit volume 
an be represented asW = �
m
n;where � is the volume- and time-independent rate 
on-stant, and 
m and 
n are the mRNA and n
RNA 
on-
entrations. Taking into a

ount that
m = NmV (t) ; 
n = NnV (t) ;we have W = �NmNnV 2(t) :

The total rate of the mRNA and n
RNA asso
iation isWtot �WV (t) = �NmNnV (t) :On the other hand, the total rate is de�ned by Eqs. (9)and (10) as Wtot = raNmNn:Comparing these expressions, we 
on
lude that the de-penden
e of ra on volume (or time) 
an be representedas ra(t) = r0aV0V (t) ; (14)where r0a = �=V0.To 
omplete the validation of the model, we noteagain that the number of distin
t potential n
RNA-tar-gets is often high (up to 1000 [6, 12, 13℄). The numberof distin
t n
RNAs is also high. Under these 
ondi-tions, the full set of equations des
ribing the interplaybetween distin
t mRNAs, n
RNAs, and protein is oftenlarge. In su
h situations, Eqs. (9)�(13) 
an neverthe-less be used by assuming that Nm, Nn, and Np repre-sent the average numbers of large groups of mRNAs,n
RNAs, and proteins.As already noted in the introdu
tion, the time s
aleof the 
ell 
y
le is one day. In 
ontrast, steps (1)�(8)usually o

ur on the time s
ale of a few minutes. Takingthis di�eren
e into a

ount, we 
an use a steady-stateapproximation in order to solve Eqs. (9)�(11) and toillustrate the dependen
e of the mRNA, n
RNA, andprotein populations on the 
ell volume. In this appro-ximation, Eqs. (11) and (12) yieldNp = �Nmkp ; (15)N
 = raNmNnrd + k
 : (16)Using the last expression, Eqs. (9) and (10) 
an berewritten as wm � kmNm � rNmNn = 0; (17)wn � knNn � rNmNn = 0; (18)where r = rak
rd + k
 (19)is the e�e
tive rate 
onstant of the mRNA and n
RNAasso
iation and degradation. Be
ause ra depends on V791
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Fig. 1. mRNA, protein, and n
RNA populations as fun
tions of the 
ell volume during the 
ell 
y
le (a) in the absen
eof the mRNA-n
RNA intera
tion (r0 = 0) and (b) with this intera
tion (r0 = 10�3 min�1). The stepwise in
rease in thepopulations 
orresponds to the DNA repli
ation(see Eq. (14)), it follows that r also depends on V and
an be represented as r = r0 V0V ; (20)where r0 � r0ak
rd + k
is the rate 
onstant 
orresponding to V = V0.Equations (17) and (18) were previously used in theother 
ontexts in [24, 25℄, and their solution is wellknown to beNm = rwm � rwn � kmkn2rkm ++ "�rwm � rwn � kmkn2rkm �2 + knwmrkm #1=2 ;Nn = rwn � rwm � kmkn2rkn ++ "�rwn � rwm � kmkn2rkn �2 + kmwnrkn #1=2 :

Using the equations presented above, we 
an easily
al
ulate the rea
tant populations as a fun
tion of V .3. PARAMETERSTo perform 
al
ulations, we need biologi
ally rea-sonable model parameters. Be
ause the 
onventionaldegradation of RNAs, n
RNAs, and proteins in eukary-oti
 
ells often o

urs on the time s
ales from a few min-utes to one hour [15, 19, 42℄, we use km = 0:1 min�1,kn = 0:2 min�1, and kp = 0:1 min�1. To des
ribethe mRNA, n
RNA, and protein synthesis, we setw0m = 50 min�1, w0n = 200 min�1, and � = 0:5 min�1.With these parameters, our model predi
ts biologi
allyreasonable mRNA, n
RNA, and protein populations.For example, in the absen
e of the mRNA�n
RNA as-so
iation at V0 � V < Vr, we haveNm = w0mkm = 500; Nn = w0nkn = 1000;Np = �Nmkp = 2500:792
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oding RNAs, mRNAs, and proteins : : :The rate of asso
iation of mRNA and n
RNA is lim-ited by di�usion of these spe
ies, and the 
orrespondingrate 
onstant � should be lower than 4�D� [43℄, i.e., r0should be lower than4�D�V0 � 3 � 10�3 min�1(see [25, 28℄), where D is the RNA di�usion 
oe�
ient,and � is the RNA dimension. In our 
al
ulations, weuse r0 = 10�3 min�1.The DNA repli
ation is 
onsidered to o

ur atV = Vr = 1:5V0:The parameters above allow us to 
al
ulate the rea
-tant populations as a fun
tion of V in the steady-stateapproximation. The 
hoi
e of the parameters is obvi-ously not unique. If ne
essary, all the parameters 
anbe 
hanged. For example, the mRNA, n
RNA, andprotein degradation rates 
an be redu
ed. To keep bio-logi
ally reasonable populations of these spe
ies, therates of their synthesis should also be somewhat re-du
ed in this 
ase. Our predi
tions below are fairlyinsensitive to su
h variation of the parameters.In prin
iple, Eqs. (9)�(12) 
an easily be integratedexpli
itly. In this 
ase, the dependen
e of the 
ell vol-ume on time should be introdu
ed. As noted in theintrodu
tion, one of the reasonable options here is theexponential growth,V (t) = V0 exp(kgt);where kg � ln 2t
is the growth rate 
onstant and t
 is the 
ell-
y
le du-ration. In pra
ti
e, however, there is no need in time-dependent integration of Eqs. (9)�(12) be
ause steps(1)�(8) are very fast on the time s
ale of the 
ell growth,and hen
e the steady-state approximation is fairly a
-
urate. All the results shown below were therefore ob-tained in this approximation.4. RESULTS OF CALCULATIONSUsing the parameters above, we have �rst 
al
u-lated the mRNA, n
RNA, and protein populationsin the absen
e of the mRNA�n
RNA asso
iation (forr0 = 0). In this 
ase, the dependen
e of the populationof these spe
ies on V is of the stepwise type (Fig. 1a).In parti
ular, these populations be
ome two timeslarger after the DNA repli
ation. This is explained bythe twofold in
rease in the gene-trans
ription rate due

mRNA
n
RNA

wm rNmNn
kmNm
knNnrNmNn1:0 1:2 1:4 1:6 1:8 2:0V=V010020030040002040

6080100

Ratesofsynthe
sis,degradation
andasso
iation
,min�1

wn
Fig. 2. Rates of mRNA and n
RNA synthesis, degra-dation, and asso
iation during the 
ell 
y
le shown inFig. 1bto an in
rease in the number of genes. This in
rease re-sults in the twofold in
rease of the mRNA and n
RNApopulations. The in
rease in the mRNA population re-sults in an in
rease in the mRNA translation rate andin the 
orresponding in
rease in the protein population.With the mRNA�n
RNA asso
iation (r0 == 10�3 min�1), the dependen
e of the n
RNApopulation on V is qualitatively the same (Fig. 1b).In 
ontrast, the dependen
e of the mRNA andprotein populations on V is nearly linear, i.e., the
on
entration of these spe
ies is nearly 
onstant. Thestepwise dependen
e of Nn on V in the presen
e of themRNA�n
RNA asso
iation is explained by a relativelysmall 
ontribution of this pro
ess to the degradationof n
RNA (Fig. 2). The nearly linear dependen
e ofNm and Np on V is related to appre
iable suppressionof the mRNA population due to the mRNA�n
RNAasso
iation and degradation (Fig. 2). In parti
ular,the rate of the mRNA synthesis be
omes two timeshigher after the DNA repli
ation. However, this e�e
tis nearly 
ompensated by an appre
iable in
rease inthe rates of steps (7) and (8) due to the in
rease inthe n
RNA population. Thus, the DNA repli
ationresults in minor 
hanges in the mRNA population.The protein population is proportional to the mRNA793
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Fig. 3. Normalized protein (or mRNA) 
on
entrationas a fun
tion of the 
ell volume during the 
ell 
y
le(a) in the absen
e of the mRNA�n
RNA intera
tion(r0 = 0; 
f. Fig. 1a) and (b) with this intera
tion(r0 = 10�3 min�1; 
f. Fig. 1b)population, and hen
e the 
hanges in the proteinpopulation are minor as well.Figure 3 exhibits the 
orresponding dependen
e ofthe protein (or mRNA) 
on
entration on V . The
hanges in the 
on
entration are appre
iable in the ab-sen
e of the mRNA�n
RNA asso
iation (Fig. 3a) andnearly negligible with the mRNA�n
RNA asso
iation(Fig. 3b).The kineti
s shown in Figs. 1 and 3 were 
al
u-lated for r0 = 0 and 10�3 min�1. Figure 4 illustrateswhat happens between these values. As r0 de
reasesfrom 10�3 min�1 (Fig. 1b) to 10�4 min�1 (Fig. 4a),the stepwise feature at V = 1:5V0 be
omes more ap-pre
iable, but nevertheless remains mu
h weaker thanthat at r0 = 0 (Fig. 1b). The kineti
s 
al
ulated forr0 = 10�5 min�1 (Fig. 4b) are 
lose to those at r0 = 0(Fig. 1a).The results presented in Figs. 1�4 were obtainedusing a steady-state solution of Eqs. (9)�(12). Dire
tintegration of Eqs. (9)�(12), performed by 
omplement-ing the parameters above, e.g., by rd = k
 = 0:1min�1,yields the same results. The in
lusion of �u
tuations
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Fig. 4. Protein population as a fun
tion of the 
ell vo-lume for r0 = 10�4 min�1 (a) and 10�5 min�1 (b)(by the standard Gillespie Monte Carlo algorithm) doesnot 
hange the results either. Con
erning Fig. 1b, wenote that the behavior shown there is insensitive tothe 
hoi
e of the parameters and 
an be observed ina wide range of parameters. The two key ne
essary
onditions of its realization are a relatively high pop-ulation of n
RNAs 
ompared to mRNAs and a rela-tively strong mRNA�n
RNA intera
tion (steps (7) and(8)). Our 
al
ulations performed with biologi
ally rea-sonable parameters indi
ate that these 
onditions 
anbe met in spe
i�
 mRNA and n
RNA pairs.5. CONCLUSIONIn summary, our analysis, based on the available in-formation about the mRNA, protein, and n
RNA syn-thesis and degradation, shows that n
RNAs may helpto maintain 
onstant mRNA and protein 
on
entrationduring the growth of eukaryoti
 
ells. The experimentsindi
ate that the 
on
entration of the majority of pro-teins during the 
ell growth is nearly 
onstant (bothin prokaryotes and eukaryotes). In this 
ontext, it isinteresting to spe
ulate on whether n
RNAs or, morespe
i�
ally, miRNAs 
an 
ontribute to the global 
on-794
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oding RNAs, mRNAs, and proteins : : :trol of the the mRNA and protein population. Con-
erning this point, we note that the number of 
on�-dently identi�ed miRNA genes in humans has presentlysurpassed 400 [9℄. The number of protein-
oding genes,approximately 3 � 104, is mu
h larger, and the �rst im-pression might be that the global 
ontrol by miRNAs isunlikely. But there are at least three fa
tors indi
atingthat the reality is more subtle.(i) The number of miRNAs will undoubtedly in-
rease as high-throughput sequen
ing 
ontinues to beapplied [9℄.(ii) The trans
riptional a
tivity of many protein-
oding genes is very low, while the miRNA studies,e.g., using the n
RNA mi
roarray te
hnique [44℄, tendto be fo
used on miRNAs with relatively high popu-lations. Therefore, the identi�ed miRNA genes are onaverage more a
tive that the protein-
oding genes.(iii) miRNAs are trans
ribed as long n
RNA andthen generated via a two-step pro
essing pathway in-
luding the formation of a few di�erent approximately65 nt pre-miRNAs followed by 
onversion of ea
h ofthem into the 
orresponding miRNA [45℄. This is anadditional reason why the e�
ien
y of the genes gen-erating miRNAs may be a few times higher than thatof the protein-
oding genes.Taking all these points into a

ount, we believe thatthe possibility of an miRNA 
ontribution to the global
ontrol of the mRNA and protein population 
annot beex
luded. For this, many miRNAs must be appre
iablyexpressed in di�erent tissues. Interestingly, this is the
ase in normal human tissues [46℄.REFERENCES1. J. A. Goodri
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