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TUNNELING CONDUCTANCE OF THE GRAPHENE SNSJUNCTION WITH A SINGLE LOCALIZED DEFECTD. Bolmatov a*, Chung-Yu Mou a;baDepartment of Physi
s, National Tsing Hua University, Hsin
hu, TaiwanbNational Center for Theoreti
al S
ien
es, Hsin
hu, TaiwanRe
eived July 21, 2009Using the Dira
�Bogoliubov�de Gennes equation, we study the ele
tron transport in a graphene-basedsuper
ondu
tor�normal(graphene)�super
ondu
tor (SNS) jun
tion. We 
onsider the properties of tunneling
ondu
tan
e through an undoped strip of graphene with heavily doped super
ondu
ting ele
trodes in the dirtylimit ldef � L � �. We �nd that the spe
trum of Andreev bound states is modi�ed in the presen
e of asingle lo
alized defe
t in the bulk. The minimum tunneling 
ondu
tan
e remains the same, and this result isindependent of the a
tual lo
ation of the imperfe
tion.1. INTRODUCTIONGraphene � a monolayer of graphite � is formedby 
arbon atoms on a two-dimensional honey
omb lat-ti
e. In graphene, due to its unique band stru
turewith the valen
e and 
ondu
tan
e bands tou
hing attwo inequivalent Dira
 points (often referred to as Kand K 0) of the Brillouin zone, the ele
trons around theFermi level obey the massless relativisti
 Dira
 equa-tion, whi
h results in a linear energy dispersion rela-tion. Re
ent ex
iting developments in transport exper-iments on graphene have stimulated theoreti
al stud-ies of super
ondu
tivity phenomena in this material,whi
h has been re
ently fabri
ated [1, 2℄. A numberof unusual features of the super
ondu
ting state havebeen predi
ted, whi
h are 
losely related to the Dira
-like spe
trum of normal state ex
itations [3, 4℄. In par-ti
ular, the un
onventional normal ele
tron dispersionhas been shown to result in a nontrivial modi�
ationof the Andreev re�e
tion and Andreev bound statesin Josephson jun
tions with super
ondu
ting grapheneele
trodes [5, 6℄.Other interesting 
onsequen
es of the existen
e ofDira
-like quasiparti
les 
an be understood by study-ing super
ondu
tivity in graphene [7�11℄. It has beensuggested that super
ondu
tivity 
an be indu
ed in agraphene layer in the presen
e of a super
ondu
tingele
trode near it via proximity e�e
t [12�14℄.*E-mail: bolmat�phys.nthu.edu.tw

In this work, we study the Josephson e�e
t and �ndbound states in graphene for a tunneling SNS jun
tionin the presen
e of a single lo
alized defe
t [15℄. We
on
entrate on the SNS jun
tion with a normal regionthi
kness L� �, where � is the super
ondu
ting 
oher-en
e length, and width W , whi
h has an applied gatevoltage U a
ross the normal region [16, 17℄. In the dirtylimit ldef � L � � 
onsidered in [18℄, we investigatethe tunneling 
ondu
tan
e in an SNS jun
tion in thepresense of a single lo
alized defe
t and �nd that An-dreev levels are modi�ed, while the minimum tunneling
ondu
tan
e remains the same [18�20℄.2. TUNNELING RESONANT CONDUCTANCEOF THE GRAPHENE SUPERCONDUC-TOR/NORMAL/SUPERCONDUCTORJUNCTION WITH A SINGLE LOCALIZEDDEFECTWe 
onsider an SNS jun
tion with a single lo
alizeddefe
t in a graphene sheet of width W lying in the xyplane and extending from x = �L=2 to x = L=2; thesuper
ondu
ting region o

upies the range jxj > L=2(see Fig. 1). The SNS jun
tion 
an then be des
ribedby the Dira
�Bogoliubov�de Gennes (DBdG) equa-tions [21℄ Hs �EF + U ��� EF � U �Hs ! s = � s;695
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N (II)S (I) S (III)Fig. 1. An undoped graphene ribbon is 
onta
ted bytwo super
ondu
ting leads. Charge 
arriers tunnel fromone lead to another via multiple tunneling states formedin the graphene strip. A defe
t is pla
ed inside thestripwhere  s = ( As;  Bs;  �As;� �Bs) and  == (u1; u2; v1; v2) are 4-
omponent wave fun
tionsfor the ele
tron and hole spinors, the index s rangesover K or K 0 for ele
trons or holes near the K and K 0points, s takes the value K(K 0) for s = K(K 0), EFdenotes the Fermi energy, A and B denote the twoinequivalent sites in the hexagonal latti
e of graphene,and the Hamiltonian Hs is given byHs = �i~vF [�x�x + sign(s)�y�y℄: (1)In Eq. (1), vF denotes the Fermi velo
ity of the quasi-parti
les in graphene and sign(s) takes values � fors = K(K 0). The 2 � 2 Pauli matri
es �i a
t on thesublatti
e index. The ex
itation energy � > 0 is mea-sured relative to the Fermi level (set at zero). The ele
-trostati
 potential U and pair potential � have step-fun
tion pro�les, as in the 
ase of the semi
ondu
tingtwo-dimensional ele
tron gas [22�24℄,U(x) = 8><>: �U; x < �L=2;0; jxj < L=2;�U; x > L=2;�(x) = 8><>: �0 exp(i�=2); x < �L=2;0; jxj < L=2;�0 exp(�i�=2); x > L=2:The redu
tion of the order parameter �(x) in the su-per
ondu
ting region on approa
hing the SN interfa
eis negle
ted; that is, we approximate the parameter�(x) as is indi
ated above. As dis
ussed in [25℄, thisapproximation is justi�ed if the length and width ofthe weak link are mu
h smaller than �. There is nolatti
e mismat
h at the NS interfa
e, and hen
e thehoney
omb latti
e of graphene is unperturbed at theboundary, the interfa
e is smooth and impurity free.

cba

Fig. 2. Normal region II is divided into three areasa; b; 
. The DBdG equations are solved for area bwith the �in�nite mass� boundary 
onditions indu
edby V (r)!1 in areas a and 
Solving the DBdG equations, we obtain the wavefun
tions in the super
ondu
ting and the normal re-gions. In region I (III), for the DBdG quasiparti
lesmoving in the �x dire
tion with a transverse momen-tum ky = q and energy �, the wave fun
tions are givenby	+ = exp(iqy + iksx+ �mx)��0BBBB� exp(�im�)exp(i
 � im�)exp(�im�=2)exp(i
 � im�=2) 1CCCCA ;	� = exp(iqy � iksx+ �mx)��0BBBB� exp(im�)exp(�i
 + im�)exp(�im�=2)exp(�i
 � im�=2) 1CCCCA :The parameters are de�ned by � = ar

os(�=�0),
 = ar
sin[~vF q=(U0 + EF )℄, ks == p(U0 +EF )2=(~vF )2 � q2, and � == (U0 + EF )�0 sin(�)=(~2v2F ks); m = � denotesregion I (III), with m = + for I and m = � forIII. We also assume that the Fermi wavelength �0Fin the super
ondu
ting region is mu
h smaller thanthe wavelength �F in the normal region and thatU0 � EF ; �. Be
ause jqj � EF =~vF , this regime of aheavily doped super
ondu
tor 
orresponds to the limit
 ! 0, ks ! U0=~vF , �! (�0=~vF ) sin�.Region II 
onsists of three areas: a; b; 
 (see Fig. 2).We solve the DBdG equations for area b; area 
 is696
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ondu
tan
e of the graphene SNS jun
tion : : :where we pla
e the defe
t and area a is to be extendedand mat
hed with the super
ondu
ting regions. Thetwo valleys s� de
ouple, and we 
an solve the equa-tions separately for ea
h valley, Hs s = (� + sEF ) s,Hs = H0 + sV (r)�z . The term proportional to �z inthe Hamiltonian is a mass term 
on�ning the Dira
ele
trons to area b.We rewrite the Hamiltonian in 
ylindri
al 
oordi-nates. Be
ause Hs 
ommutes with Jz = lz + 12�z , itsele
tron eigenspinors  e are eigenstates of Jz [26℄,	e(r; �) =  exp(id(n� 1=2)�)Jd(n�1=2)(k(�)r)exp(id(n+ 1=2)�)Jd(n+1=2)(k(�)r)!with eigenvalues n, where n is a half-odd integer,n = d 12 ; d 32 ; : : : , and Jd(n�1=2)(k(�)r) is the Bessel fun
-tion of the order n�1=2. In the xy plane, d denotes themoving dire
tion of the 
orresponding quasiparti
le,d = + for the quasiparti
le moving toward x = L=2 andd = � for the quasiparti
le moving toward x = �L=2.In what follows, we are interested in �nding ze-ro-energy states [14℄. In this 
ase, the DBdG equationshave a general symmetry under 
hanging the sign ofenergy, �! ��; ib�ybu� ! bv; ib�ybv� ! �bu; (2)where we set bu = (u1; u2) and bv = (v1; v2). Therefore,for a set of zero modes (bui,bvi) labeled by a 
ertain indexi, we should havebvi = ib�ybu�j ; bui = �ib�ybv�j : (3)In the same manner as for ele
trons, the hole spinorshave the form	h(r; �) ==  � exp(id(n+ 1=2)�0)Jd(n+1=2)(k0(�)r)exp(id(n� 1=2)�0)Jd(n�1=2)(k0(�)r) ! ;where �(�) = ar
sin[~vF q=(�+EF )℄;�0(�) = ar
sin[~vF q=(��EF )℄; (4)k(�) = (~vF )�1(�+EF ) 
os�;k0(�) = (~vF )�1(��EF ) 
os�: (5)The angle � 2 (��=2; �=2) is the in
iden
e angle ofthe ele
tron (with a longitudinal wave ve
tor k), and�0 is the re�e
tion angle of the hole (with a longitudinalwave ve
tor k0) [27, 28℄. To obtain an analyti
 appro-ximation of the spe
trum, we use the asymptoti
 form

of the Bessel fun
tions for large r. This is indeed thedesired limit be
ause rk(�) � rdefk(�) / rdef=L � 1,where rdef is the defe
t radius (the radius of area 
),for all eigenvalues n = d=2. In this limit, we imposethe �in�nite mass� boundary 
onditions at y = 0;W ,for whi
h qn = (n+1=2)�=W in area b with V (r) !1in areas a and 
. Half-odd integer values of n re�e
tthe Berry phase � of a 
losed size of a single lo
alizeddefe
t in graphene.To obtain the subgap (� < �0) Andreev boundstates, we now impose the boundary 
onditions atgraphene. The wave fun
tions in the super
ondu
tingand normal regions 
an be 
onstru
ted as	I = a1 +I + b1 �I ; 	III = a2 +I + b2 �I ; (6)	II = a e+II + b e�II + 
 h+II + d h�II ; (7)where a1(b1) and a2(b2) are the amplitudes of right andleft-moving DBdG quasiparti
les in region I (III), anda(b) and 
(d) are the amplitudes of right (left) mov-ing ele
trons and holes in the normal region [5℄. Thesewave fun
tions must satisfy the boundary 
onditions	Ijx=�L=2 = 	IIjx=�L=2;	IIjx=L=2 = 	IIIjx=L=2: (8)Be
ause the wave ve
tor ky parallel to the NS interfa
eand di�erent wave ve
tors in the y-dire
tion are not
oupled, we 
an solve the problem for a given ky = qand 
onsider ea
h transverse mode separately. In theleading order in the small parameter �0L=~vF , we 
ansubstitute �(�0) ! �(0), k(�)(k0(�)) ! k(0). Aftersome algebra, we obtain the equation
os 2�� sin2(kL)� 
os2(kL) sin2 �
os2(kL) 
os2 �� 1 ��� sin 2��
os(kL) sin(kL) sin�
os2(kL) 
os2 �� 1 � = 
os�: (9)It di�ers from the equation obtained for an SNS jun
-tion without a single defe
t. Dropping the se
ond termin Eq. (9) immediately yields a redu
tion of the equa-tion appli
able in the 
ase of weak SNS jun
tions [14℄.The solution of Eq. (9) is a single bound state per mode,�n = �0 � 2A2 +B2 �� ��2CA2�B2+Bp1�4CA2(C + 1)��1=2 ; (10)697
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Fig. 3. Tunneling 
ondu
tan
e of the graphene SNS jun
tions with a single lo
alized defe
t versus Fermi energy, 
al
ulatedfrom Eq. (13). The tunneling 
ondu
tan
e exhibits os
illatory behaviorwhere A = sin2(knL)� 
os2(knL) sin2 �
os2(knL) 
os2 �� 1 ;B = 
os(knL) sin(knL) sin�
os2(knL) 
os2 �� 1 ; (11)C = 12 + 1�n �12 � sin2 �2� ;�n = 
os2(knL) 
os2 �� 1
os2(knL) 
os2 �� 
os(2knL) : (12)We do not have a simple analyti
 expression for the�-dependen
e, but we obtained modi�ed Andreev lev-els in the presense of a single lo
alized defe
t in thebulk. The 
ondu
tan
e of a graphene strip is expressedthrough the transmission probability by the Landauerformula, G = g0 n(�)Xn=0 �n; g0 = 4e2h ; (13)where n(�)� 1 is given byn(�) = Int�knW� + 12� :Substituting the transmission probability in Eq. (13)gives the 
ondu
tan
e versus the Fermi energy (seeFig. 3). The result for the minimal 
ondu
tivity agreeswith other 
al
ulations [29�31℄, whi
h start from an un-bounded disordered system and then take the limit ofin�nite mean free path l. There is no geometry depen-den
e if the limits are taken in that order.

3. SUMMARYWe have shown that the tunneling 
ondu
tan
eof the graphene SNS jun
tion with a single lo
alizeddefe
t has a nonzero minimal value if the Fermi levelis tuned to the point of zero 
arrier 
on
entration. Wehave demonstrated that the tunneling 
ondu
tan
eexhibits os
illatory behavior. The Andreev levels aremodi�ed, the minimum tunneling 
ondu
tan
e remainsthe same, and this result is independent of the a
tuallo
ation of the imperfe
tion. The analysis of tunneling
ondu
tan
e of SNS jun
tions with multiple defe
tswill be 
onsidered elsewhere.Authors thank Prof. H. H. Lin for the fruitful dis-
ussions. We a
knowledge support from the NationalCenter for Theoreti
al S
ien
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