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K-SHELL IONIZATION OF ATOMSAND IONS BY RELATIVISTIC PROJECTILESA. I. Mikhailov a;b, A. V. Ne�odov a;
*, G. Plunien 
aPetersburg Nu
lear Physi
s Institute188300, Gat
hina, St. Petersburg, RussiabMax-Plan
k-Institut für Physik Komplexer SystemeD-01187, Dresden, Germany
Institut für Theoretis
he Physik, Te
hnis
he Universität DresdenD-01062, Dresden, GermanyRe
eived June 17, 2009We evaluate the total 
ross se
tion for the single K-shell ionization of atoms and ions by the impa
t of rela-tivisti
 ele
trons. The study is performed to leading orders of the QED perturbation theory with respe
t tothe parameters �Z and 1=Z. The results obtained are in good agreement with experimental data for di�erentatomi
 targets. In the 
ase of moderate values of the nu
lear 
harge Z, the total 
ross se
tion is des
ribed bya simple analyti
 formula. The K-shell ionization by relativisti
 heavy parti
les is also 
onsidered.PACS: 34.10.+x, 34.80.-i, 34.80.Dp1. INTRODUCTIONThe single ionization of inner-shell ele
trons by theimpa
t of relativisti
 parti
les is one of the fundamentalpro
esses that is being persistently investigated duringlast de
ades (see, e.g., papers [1�10℄ and the referen
esthere). Sophisti
ated numeri
al approa
hes or empi-ri
al and semiempiri
al formulas are typi
ally used topredi
t the ionization 
ross se
tions. In Refs. [4�8℄,simple formulas for the ionization 
ross se
tions havebeen found. However, a 
onsistent theoreti
al treat-ment of the problem, whi
h would allow des
ribing theinner-shell ionization for di�erent atomi
 targets andproje
tiles at arbitrary 
ollision energy, appears to bestill absent in the literature.In our re
ent works [11, 12℄, we have dedu
ed theuniversal s
aling behavior for 
ross se
tions of the sin-gle K-shell ionization by an ele
tron or positron impa
tin the entire nonrelativisti
 energy domain. The resultsobtained are appli
able to a wide family of atomi
 tar-gets with moderate values of nu
lear 
harge numbers Z.In this paper, we extend the previous formulas to the*E-mail: ne�odov�ptprs1.phy.tu-dresden.de, anef�thd.pnpi.spb.ru


ase of relativisti
 proje
tiles. The study is performedto leading orders of the QED perturbation theory withrespe
t to the small parameters 1=Z and �Z, where �is the �ne-stru
ture 
onstant. A

ordingly, we assumethat �Z � 1, but Z � 1. Relativisti
 units are usedthroughout the paper (~ = 1, 
 = 1).2. THEORYWe �rst 
onsider the inelasti
 ele
tron s
attering ona hydrogen-like ion, whi
h results in the ionization ofa K-shell bound ele
tron. The nu
leus of the ion 
anbe treated as an external sour
e of the Coulomb �eld.A

ordingly, the problem is redu
ed to the ele
tron�ele
tron s
attering in the external nu
lear �eld (Furrypi
ture). The multi
harged ion in the ground stateis 
hara
terized by the Coulomb ionization potentialI = �2=2m, where � = m�Z is the average momentumof the bound ele
tron and m is the ele
tron mass. Anin
ident ele
tron 
an be 
hara
terized by the energy Eand the asymptoti
 momentum p, whi
h are relatedvia E2 = p2+m2. We fo
us on the relativisti
 domainp & m.To the leading order of the perturbation theory withrespe
t to the interele
tron intera
tion, the amplitude885
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Fig. 1. Feynman diagrams for ionization of a K-shell ele
tron by an ele
tron impa
t. Solid lines denote ele
trons in theCoulomb �eld of the nu
leus, and wavy line denotes the ele
tron�ele
tron intera
tionof an ionization pro
ess is des
ribed by the Feynman di-agrams depi
ted in Fig. 1. In the �nal 
ontinuum state,the ele
tron wave fun
tions are denoted as  p1 and p2 . We label the fast (s
attered) and slow (eje
ted)ele
trons by the respe
tive indi
es �1� and �2�. Theasymptoti
 momenta of the outgoing ele
trons are esti-mated as p1 � p� p2 � �. The energy of the s
atteredele
tron is given by E21 = p21 +m2:The energy 
onservation law impliesE +E1s = E1 +E2;where E1s � m� Iand E2 � m+ p22=2m:The leading 
ontribution to the total 
ross se
tionarises from the domain of small momentum transferk . �, where k = p� p1. In this 
ase, the wave fun
-tions of the initial and �nal states overlap most 
on-siderably. A

ordingly, only the Feynman diagram inFig. 1a must be taken into a

ount. The 
ontributionof the ex
hange diagram turns out to be suppressed bya fa
tor of about (�=p)2 and 
an therefore be negle
ted.The amplitude of the K-shell ele
tron ionization isgiven by [13℄A = 4�� Z dr1 p1(r1)
� p(r1)�� Z dr ei!R4�R  p2(r)
� 1s(r) ; (1)where R = jr1�rj,  =  +
0, 
� = (
0;
) denotes theDira
 matri
es, and ! = E�E1 is the energy a
quiredby the atomi
 ele
tron.

Sin
e p � p1 � �, the wave fun
tions of both in-
ident and s
attered high-energy ele
trons 
an be ap-proximated by plane waves (the �rst Born approxima-tion), whi
h are given by p(r) = up exp(ip � r); upup = mE ; (2) p1(r) = up1 exp(�ip1 � r) ; up1up1 = mE1 : (3)The bispinors up and up1 are normalized to one parti-
le per unit volume. Substitution of Eqs. (2) and (3)in Eq. (1) allows integrating over the variable r1 andyieldsZ dr1 ei!R4�R exp(i(p� p1) � r1) = exp(ik � r)k2 � !2 ; (4)where k = p � p1 is the momentum transfer. Thenamplitude (1) 
an be rewritten asA = 4��k2 � !2 j�J�; (5)where j� = up1
�up ; (6)J� = Z dr p2(r)
� 1s(r) exp(ik � r) (7)are the in
ident ele
tron and atomi
 
urrent densities,respe
tively. The ele
tron�ele
tron intera
tion is me-diated by the ex
hange of a virtual photon, for whi
hk2 6= !2. Both 4-ve
tors j� = (j0; j) and J� = (J0;J)satisfy the 
urrent 
onservation law, that is, !j0 = k � jand !J0 = k � J. For small transferred momenta k,we 
an set p = p1 in the ele
tron 
urrent. Then withan a

ura
y up to terms O(k=p), we have j� = (1;v),where v = p=E is the velo
ity of the in
ident ele
tron.886



ÆÝÒÔ, òîì 136, âûï. 5 (11), 2009 K-shell ionization of atoms and ions : : :In the limit k ! 0, the zeroth 
omponent of theatomi
 
urrent J0 tends to zero due to the orthogona-lity of the wave fun
tions involved, while the 3-ve
torJ remains �nite. Therefore, for small transferred mo-menta k � ! � I , all the 
omponents of J� are ofthe same order of magnitude and should be taken intoa

ount. To the leading order with respe
t to the pa-rameter �Z, the 
omponent J0 
an be evaluated byusing the nonrelativisti
 Coulomb wave fun
tions (see,e.g., Ref. [11℄). The 
orresponding expression isJ0 = N1sNp2 4�ab �� �k2 � (1 + i�2)(p2 � k)��p2(k)w+2 w0 ; (8)where jNp2 j2 = 2��21� exp(�2��2) ; N21s = �3� ; (9)�p2(k) = 4�a �ab�i�2 ; (10)a = (k� p2)2 + �2 ; (11)b = k2 � (p2 + i�)2 ; (12)and �2 = �=p2. The two-
omponent spinors w0 andw2, whi
h respe
tively des
ribe the polarization statesof the bound and eje
ted ele
trons, are normalized asw+0 w0 = 1 and w+2 w2 = 1.To evaluate the ve
tor 
omponent of the 
urrent J,we need to use the relativisti
 fun
tions, whi
h involve
orre
tions of the order �Z to the nonrelativisti
 wavefun
tions. Formally, it is asso
iated with the stru
-ture of the ve
tor J, whi
h 
ontains the Dira
 �-matrix(� = 
0
). This matrix leads to a mutual inter
hangeof the large and small 
omponents of bispinors. Howe-ver, the produ
t of two Dira
 �-matri
es, whi
h o

ursdue to 
orre
tions to the nonrelativisti
 wave fun
tions,does not transpose the 
omponents of bispinor. There-fore, the 
orresponding 
ontribution to the atomi
 
ur-rent should be taken into a

ount. Physi
ally, it meansthat at relativisti
 velo
ities of the proje
tile v � 1, thea

ount for the magneti
 part of the ele
tron�ele
tronintera
tion be
omes as important as the ele
tri
 one.We evaluate the integralJ = Z dr +p2(r)� 1s(r) exp(ik � r) ; (13)negle
ting terms of the order (�Z)2. The wave fun
tionof the K-shell ele
tron, whi
h 
oin
ides with the exa
t

solution of the Dira
 equation up to the �rst order inthe parameter �Z, is [14℄ 1s(r) = �1� i2m � � r�'1s(r)u0;u0 = �w00 � ; (14)where '1s(r) = N1se��ris the nonrelativisti
 wave fun
tion and r denotes thegradient. A

ordingly, as a wave fun
tion of the eje
tedele
tron, we need to take the Furry�Sommerfeld�Mauefun
tion [14℄ +p2(r) = Np2 exp(�ip2 � r)u+p2 �1 + i2m � � r��� F (i�2; 1; i(p2r + p2 � r)); (15)where �2 = �=p2 and F (x; y; z) is the 
on�uent hyper-geometri
 fun
tion. The bispinor u+p2 is related to thespinor w+2 as u+p2 = �w+2 ; w+2 � � p22m � ; (16)where the 
omponents of the ve
tor � are the Paulispin matri
es. At asymptoti
ally large distan
es,  +p2behaves like a plane wave plus an outgoing spheri
alwave.Substituting Eqs. (14) and (15) in Eq. (13) yieldsJ = 12mN1sNp2w+2 �� [L0(� � p2)� + i��(� � L1) + i(� � L2)�℄w0; (17)hereL0 = Z dr exp(iq � r��r)F (i�2; 1; i(p2r+p2 � r)) == � ����p2(k) ; (18)L1 = Z dr exp(iq � r��r)nF (i�2; 1; i(p2r+p2 � r)) == �irk�p2(k) ; (19)L2 = Z dr exp(iq � r��r)rF (i�2; 1; i(p2r+p2 �r)) == �iqL0 + �L1 ; (20)where q = k�p2, n = r=r, and rk is the gradient withrespe
t to the variable k. In Eq. (20), the integration is887



A. I. Mikhailov, A. V. Ne�odov, G. Plunien ÆÝÒÔ, òîì 136, âûï. 5 (11), 2009performed by parts. The integrals in Eqs. (18) and (19)are evaluated expli
itly in textbook [13℄. Using theseresults, Eq. (17) 
an be rewritten asJ = N1sNp2 2�mab(1� i�2)���bp2+k �p22(1+i�2)�(p2 � k)�	�p2(k)w+2 w0++N1sNp2 i2�mab �k2 � (1 + i�2)(p2 � k)��� �p2(k)w+2 [� � k℄w0 : (21)In Eq. (21), the spin part of the 
urrent given bythe se
ond term is of the order of kJ0=2m and it 
antherefore be negle
ted for k . �. A

ordingly, the spinfun
tions are suppressed in what follows. From the
urrent and energy 
onservation laws, it follows thatk � v = !;while ! = E2 �E1s = p22 + �22m :Then the produ
t of the 
urrents in Eq. (5) is given byj�J� = J0 � v � J = N1sNp2 4�ab �� �k2 � !2 + (1 + i�2) [!(p2 � v) � (p2 � k)℄	�� �p2(k); (22)where we omit small terms of the order of k=m withrespe
t to the leading one.The di�erential 
ross se
tion for ionization of aK-shell ele
tron is related to the amplitude A asd�+K = 2�v jAj2 dp1(2�)3 dp2(2�)3 Æ(E1+E2�E�E1s): (23)Equation (23) de�nes the distributions over energy andeje
tion angles of the fast and slow ele
trons. The ele-ments of phase spa
e volumes for the ele
trons s
at-tered and eje
ted into the respe
tive solid angles d
1and d
2 
an be written asdp1 = p1E1 dE1 d
1 � �v dE1dk2 ; (24)dp2 = p22 dp22 d
2 : (25)Integrating Eq. (23) over the energy E1 and the an-gles of eje
tion of slow ele
trons yieldsd�+K = 293 ��2�6u exp(2�2Æ)[1� exp(�2��2)℄ dk2dp22v2�3 ; (26)

whereÆ = arg(b) = arg(k2 + �2 � p22 � i2�p2) ; (27)� = jbj2 = (k2 + �2 � p22)2 + 4�2p22 ; (28)u = 3 + 2m!k2 � !2 �1� (1� v2)!2k2 � !2 � : (29)We note that the distribution over the eje
tion anglesof fast ele
trons is redu
ed to the dependen
e on thesquare of the transferred momentum, k2.To obtain the energy distribution of the eje
tedele
trons, expression (26) should be integrated over k2within the range fromk2min = (p� p1)2 � (!=v)2to k2max = (p+ p1)2 � 4p2:In what follows, it is 
onvenient to use dimensionlessquantities su
h asx = (k=�)2; " = (p=�)2;"2 = (p2=�)2; � = (!=�)2:Then we obtaind�+Kd"2 = 28�2�03Z2v2 sh(��2) �� x2Zx1 �3 + {x�� �1� (1� v2)�x�� �� f(x) dx ; (30)wheref(x) = exp(2�2 ar
tg�)[(x+ �)2 + 4"2℄3 ; � = {24 (�Z)2 ; (31)� = 1� "2 ; { = 1 + "2 ; (32)� = x+ �2p"2 ; �2 = 1p"2 ; (33)x1 = k2min�2 = �v2 ; x2 = k2max�2 = 4" : (34)In Eq. (30), �0 = �a20 = 87:974 Mb, where a0 = 1=m�is the Bohr radius. For 
ompleteness, we also note thatv = p=E and E2 = p2+m2. The range of the prin
ipalvalue of ar
tg� lies between ��=2 and �=2. To obtain888



ÆÝÒÔ, òîì 136, âûï. 5 (11), 2009 K-shell ionization of atoms and ions : : :the K-shell ionization 
ross se
tion �+K , the energy dis-tribution (30) should be integrated over the variable "2from 0 to "2max = (Ekin=I�1)=2, where Ekin = E�mis the kineti
 energy of the in
ident ele
tron. As 
anbe seen, in the relativisti
 
ase, the dependen
e of the
ross se
tion on the nu
lear 
harge Z di�ers from thatin the nonrelativisti
 limit. But in the energy rangeI � Ekin � m, Eq. (30) is 
onsistent with the nonre-lativisti
 formula obtained in Ref. [11℄.In Eq. (30), the integral over x is saturated near thelower bound x1. For 
onvenien
e of numeri
al integra-tion, one 
an integrate by parts. This yieldsx2Zx1 f(x) dxx�� � �f(x1) ln(x1 ��)�� x2Zx1 f 0(x) ln(x��) dx ; (35)x2Zx1 f(x) dx(x��)2 � f(x1)x1 �� � f 0(x1) ln(x1 ��)�� x2Zx1 f 00(x) ln(x��) dx ; (36)where the prime denotes the derivative with respe
t tox. The �rst terms in approximations (35) and (36) aredominant. In Eq. (30), the 
ontribution of integral (36)is suppressed by a small fa
tor. Therefore, in 
al
ula-tions of the ionization 
ross se
tions, this integral 
anbe approximated by the leading term only.If the nu
lear 
harge number Z is not too large, for-mula (30) 
an be simpli�ed further. Taking two termsof the Taylor expansion for the exponential fun
tionand setting the integration limits as x1 = 0, x2 = 1,and "2max = 1 allow evaluating both integrals over xand "2 analyti
ally. In integrals (35) and (36), we keepthe dominant 
ontributions only. Then the total 
rossse
tion is given by�+K = 27�2�0Z2v2e4 1327 �ln "� v2 + C� ; (37)C = 511192 + (81e4 � 3136) ln2624 � 4:091 ; (38)where e � 2:718 is the Napier�Euler number.Equations (30) and (37) des
ribe the single ioniza-tion of hydrogen-like ions in the ground state. However,these formulas 
an be easily generalized to the 
ase of

Table. For various multi
harged ions, the Coulombionization potentials I = m(�Z)2=2, the kineti
 en-ergies Ekin of in
ident ele
trons, and the theoreti-
al and experimental 
ross se
tions �+K are tabulated.For uranium ions, the measurements are performed inRef. [16℄. The other experimental data are adoptedfrom Ref. [17℄Target I ,keV Ekin,keV �+K , bThis work ExperimentMo41+ 24.0 64.8 34.4 30:8� 2:695.6 35.7 34:7� 7:2Dy65+ 59.3 95.1 3.90 4:17� 0:58153.1 6.19 6:29� 0:83Au78+ 84.9 153.1 2.32 2:33� 0:33Bi82+ 93.7 191.6 2.23 2:37� 0:19U91+ 115 198 1.22 1:55� 0:27U90+ 115 198 2.44 2:82� 0:35atomi
 targets in whi
h the K-shell is 
ompletely o
-
upied. First, the 
ross se
tion should be multipliedby the fa
tor 2 taking the number of K-shell ele
tronsinto a

ount. Se
ond, we need to simulate the s
reeninge�e
t of the passive ele
trons on the a
tive K-shell ele
-tron parti
ipating in the ionization pro
ess. This 
anbe a
hieved by repla
ing the true nu
lear 
harge Z withthe e�e
tive value Zeff , whi
h is de�ned via [15℄Iexp = m2 (�Zeff )2 ; (39)where Iexp is the experimental ionization threshold.A

ordingly, the average momentum � = m�Z is re-pla
ed with �eff = m�Zeff .3. RESULTS AND DISCUSSIONIn the Table and Fig. 2, we present numeri
al eva-luations of the ionization 
ross se
tions �+K for multi-
harged ions and neutral atoms. Although Eq. (30)is not expe
ted to be appli
able to heavy targets, theagreement of our predi
tions with the experimentaldata appears to be remarkably good. This o

urs dueto mutual 
an
elations of some 
ontributions arisingfrom the relativisti
 and 
orrelation terms. For ex-ample, for neutral uranium, the measurements yield�+K = 18:1�1:8 b at the in
ident ele
tron kineti
 energyEkin = 90 MeV [22, 31℄. Using the experimental ioni-zation potential Iexp = 115:6 keV [32℄, we obtain the889
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Fig. 2. K-shell ionization of neutral atoms by ele
tron impa
t. Solid line, numeri
al 
al
ulation; dotted line, analyti
 ap-proximation. Experimental data: Mg, � [18℄, Æ [19℄, � [20℄; Si, Æ [19℄, � [21℄, � [22℄; Ca, M [19℄, N [22℄; Cu, � [19℄, � [22℄,� [23℄, Æ [24℄, H [25℄, O [26℄; Ag, O [19℄, N [24℄, H [26℄, � [27℄, Æ [28℄, M [29℄, � [30℄; Bi, Æ [19℄, H [22℄, � [24℄, O [25℄.The original experimental data are given a

ording to the last reevaluation made in Ref. [31℄. In the numeri
al 
al
ulations,we used the e�e
tive values Zeff , de�ned via the experimental ionization potentials Iexp [32℄e�e
tive nu
lear 
harge Zeff = 92:2 and the theoreti
al
ross se
tion �+K = 18:3 b. We note that Zeff almost
oin
ides with the true value of the nu
lear 
harge Z.The analyti
 approximation (37) is satisfa
tory forthe K-shell ionization of atomi
 systems with mode- rate values Z . 50 (see Fig. 2). A formula similarto Eq. (37) has also been found by Kolbenstvedt [4℄.However, our numeri
al 
oe�
ient C di�ers from thatin Ref. [4℄. In the 
ase of neutral atoms, we use anotherpro
edure for the simulation of the s
reening e�e
t of890
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Fig. 3. K-shell ionization of neutral atoms by protonimpa
t. The solid 
urves represent the results of thenumeri
al 
al
ulations. The experimental data: � [33℄;Æ [34℄the outer-shell ele
trons, in parti
ular, another de�ni-tion of the e�e
tive value Zeff .The formulas for the di�erential 
ross se
tion d�+Kgiven by Eqs. (30)�(34) 
an also be applied to the singleionization of a K-shell ele
tron by 
harged proje
tileswith the mass M 6= m and the energy Ekin & M .In this 
ase, the ex
hange diagram is absent. Thein
ident kineti
 energy is given by Ekin = E � M ,where E2 = p2 + M2. In Fig. 3, we 
ompare thetheoreti
al and experimental 
ross se
tions for the K-shell ionization of neutral atoms by a proton impa
t atEkin = 1 and 4:88 GeV. The numeri
al 
al
ulations areperformed with the use of the e�e
tive nu
lear 
hargesZeff . These are obtained in a

ordan
e with Eq. (39),where the experimental ionization potentials Iexp areadopted from Ref. [32℄.Con
luding, we have dedu
ed the total 
ross se
tion

for the single K-shell ionization of atoms and ions bythe impa
t of relativisti
 proje
tiles. The 
onsiderationis performed to leading orders of the QED perturbationtheory with respe
t to the parameters �Z and 1=Z.The results are 
onsistent with the universal s
alingformulas that have been previously obtained for thenonrelativisti
 energy domain. The agreement withexperimental data is found to be quite satisfa
tory fora wide family of atomi
 targets and di�erent in
identparti
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