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RAREFIED GAS FLOW THROUGH A CHANNEL OF FINITELENGTH INTO A VACUUMO. Sazhin *Ural State University620083, Ekaterinburg, RussiaRe
eived April 7, 2009A rare�ed gas �ow through a �nite-length 
hannel into a va
uum is studied by the dire
t simulation Monte Carlomethod. The mass �ow rate through the 
hannel is 
al
ulated over the wide range of gas rarefa
tions. Theanalysis of the �ow �eld, both within the 
hannel and in upstream and downstream 
ontainers, is presented.PACS: 47.60.Dx, 47.61.Fg1. INTRODUCTIONIn re
ent years, the dire
tion in rare�ed gas dynam-i
s related to the analysis of mi
ro- and nano�uidi
systems is being developed [1℄. In 
ontrast to the tra-ditional approa
h, where gas movement is studied ona ma
ros
opi
 size, the abovementioned dire
tion is a�eld of rare�ed gas dynami
s where gas movement isstudied on a mi
ro- and nanos
ale. Pra
ti
al appli
a-tion of the results of this resear
h 
an be in the de-velopment and 
reation of devi
es su
h as mi
ro- andnanoseparators, mi
ropumps, mi
roshutters, mi
rogy-ros
opes, mi
ro- and nanosatellites, and other mi
ro-and nanoele
trome
hani
al systems (MEMS/NEMS).The �ow of gas in MEMS/NEMS, depending on the de-vi
e size and gas pressure, 
an be vis
ous, transitional,or free mole
ular. In
identally, the free mole
ular �owin nanodevi
es 
an be observed even at normal atmo-spheri
 pressure.In studying the internal �ow of rare�ed gas, spe
ialattention is paid to the 
apillaries of various geometri
shapes and sizes. A rather large number of theoreti
alworks is dedi
ated to the rare�ed gas �ow, 
aused bya small pressure di�eren
e, through straight 
apillariesof in�nite length [2; 3℄. In this 
ase, the gas 
on
entra-tion and temperature 
hange linearly along the 
apil-lary axis, and hen
e linearized models of the integraldi�erential Boltzmann equation is su

essfully used for�ow 
al
ulation. In parti
ular, in one of the pioneeringworks [4℄, the mass �ow rate of gas through a straight*E-mail: oleg.sazhin�uralmail.
om

in�nitely long 
hannel (
apillary with a re
tangular
ross se
tion) was 
al
ulated in a wide range of gasrarefa
tion. An important out
ome of this study is thedis
overy of the so-
alled Knudsen minimum (or Knud-sen paradox) � a minimum of the �ow rate througha 
hannel in the transitional regime. Subsequently, aminimum of the gas �ow rate through a 
hannel wasalso 
on�rmed experimentally [5℄.Rare�ed gas �ow through �nite-length 
apillariespresents a mu
h more 
omplex task. In the 
ase of asmall pressure di�eren
e, the gas �ow through a 
han-nel is 
al
ulated in [6℄ using the BGK model of theBoltzmann equation. From this work, in parti
ular,it follows that the position of the Knudsen minimumdepends on the length of the 
hannel.In the 
ase of a �nite-length 
apillary and a largepressure di�eren
e, as in the 
ase of gas �ow into ava
uum, the problem be
omes even more 
omplex dueto essential nonequilibrium. Many empiri
al formulasfor 
al
ulating the �ow rate in this 
ase 
an be foundin open literature. Most of su
h formulas are derivedby 
ombining �ow rates in free mole
ular and hydro-dynami
 limits, �rst introdu
ed by Knudsen [7℄. Forexample, in [8℄, the Knudsen method was developedfor a �nite-length 
hannel and large pressure di�eren
e.In [9℄, several then-known empiri
al formulas were veri-�ed and limitations for their pra
ti
al appli
ation werestated. A method of 
al
ulating gas �ow through 
ap-illaries that in author's view over
omes the limitationsrelated to the 
apillary 
ross se
tion and length, thevalue of pressure di�eren
e, and the �ow regime is pro-811



O. Sazhin ÆÝÒÔ, òîì 136, âûï. 4 (10), 2009posed in [10℄. However, in our opinion, empiri
al for-mulas for the gas �ow through a �nite-length 
hannelinto a va
uum do not presently give reliable results be-
ause a formula for the gas �ow rate through a 
hannelin the hydrodynami
 limit with large pressure di�er-en
e is still not obtained [11℄.On the other hand, the 
orre
t approa
h to solvingproblems of rare�ed gas dynami
s should be based onthe Boltzmann equation [12℄. The di�
ulties in solv-ing this equation numeri
ally, 
aused by a large num-ber of independent variables and a 
omplex stru
tureof a nonlinear 
ollision integral, are well known. Inour opinion, dire
t simulation Monte Carlo (DSMC)method [13℄, whi
h is 
ustomarily viewed as a sto
has-ti
 solution of the Boltzmann equation, is preferablefor use in strongly nonequilibrium tasks. The DSMCmethod is an e�e
tive tool in solving problems of rar-e�ed gas dynami
s from the free mole
ular to vis
ousregimes. An approa
h based on the DSMC method al-lows taking several fa
tors into a

ount, su
h as strongnonequilibrium and 
omplex geometri
 
on�guration ofthe model system, as well as using various models of thegas�surfa
e s
attering, gas mole
ule�mole
ule intera
-tions, and surfa
e stru
ture. Therefore, it is appropri-ate to use the DSMC method to study the rare�ed gas�ow through a �nite-length 
hannel into a va
uum.To our knowledge, a 
omprehensive theoreti
al re-sear
h into the pro
ess of gas �ow through a �nite-length 
hannel at large pressure di�eren
e is not avail-able in open literature. In parti
ular, there is no dataon gas �ow through a �nite-length 
hannel into a va
-uum in a wide range of rarefa
tion. For the pressure dif-feren
e that is not large, analyti
 and numeri
al stud-ies of gas �ow through a 
hannel 
an be found, e.g.,in [14�20℄.Experimental studies of this pro
ess tou
h upononly the 
ases of a �nite ratio of pressures at the endsof the 
hannel. For example, experimental data on thegas out�ow through a short 
hannel in the transitionalregime with the maximum pressure ratio 15 are givenin [21℄. In [22℄, the distribution of ma
ros
opi
 parame-ters in a long 
hannel with the maximum pressure ratio20 is studied experimentally. There are many works de-voted to experimental study of the gas �ow 
aused bya small pressure di�eren
e, through very long 
hannels(see, e.g., [23�27℄).Re
ently, with the use of the DSMC method, westudied a rare�ed gas �ow through a short tube (
ap-illary with a round 
ross se
tion) into a va
uum in de-tail [28℄. Re
tangular geometry of the 
apillary is alsoimportant from the pra
ti
al standpoint [29℄. The aimof the present work is to 
ompute the gas �ow through

a 
apillary with a re
tangular 
ross se
tion (or 
hannel)into a va
uum using the DSMC method. We 
al
ulatethe mass �ow rate and the �ow �eld as fun
tions of thegas rarefa
tion for various 
hannel lengths.2. STATEMENT OF THE PROBLEM AND THEMETHOD OF SOLUTIONWe 
onsider a stationary �ow of a monatomi
 gas inthe system of two in�nitely large 
ontainers 
onne
tedwith a 
hannel of length l. In the upstream 
ontainer,far from the 
hannel, the gas is in equilibrium at apressure P1 and temperature T1. In the downstream
ontainer, the pressure P2 is so small 
ompared withP1 that it is possible to suppose that P2 = 0. The sur-fa
e temperature in the entire simulated system is T1.We suppose that the 
hannel width w is signi�
antlylarger than its height h; this allows us to work with atwo-dimensional geometry problem.Figure 1 presents the geometry of the problem andthe system of 
oordinates. As follows from the �gure,only half of the problem geometry is studied, be
ausea symmetry in the �ow �eld with respe
t to the 
entral
hannel line is assumed. For this, the 
hannel 
en-tral line, whi
h 
oin
ides with the y axis, is �tted witha spe
ular re�e
tor. To simulate the gas mole
ule�mole
ule intera
tion, the model of hard spheres is used;the model of 
omplete di�use s
attering is used to sim-ulate gas�surfa
e s
attering.The gas mass �ow rate Q is the main 
al
ulatedvalue during the simulation of gas �ow in the studiedsystem. The results are presented in terms of the di-mensionless �ow rate de�ned asQ� = Q=Q0; (1)where Q0 is the value of the mass �ow rate througha two-dimensional slit (l = 0) in the free mole
ularlimit. Gas rarefa
tion is 
hara
terized by the param-eter Æ = hP1=�v1, where P1, �, and v1 are the gas
z

h/2

0

l

P2 = 0P1, T1

yFig. 1. Simulation geometry and 
oordinates812
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Fig. 2. The dimensionless mass �ow rate Q� (a) and the relative dimensionless mass �ow rate Q�=Q�(Æ = 0) (b) asfun
tions of the gas rarefa
tion parameter Æ for various redu
ed 
hannel lengths l=h

10 30 50 70 90 l=h0:600:700:800:90Q�min=Q�(Æ = 0)

Fig. 3. Relative Knudsen minimum Q�min=Q�(Æ = 0)as a fun
tion of the redu
ed 
hannel length l=h

pressure, the vis
osity, and the most probable mole
-ular velo
ity in the upstream 
ontainer far from the
hannel. The rarefa
tion parameter is inversely pro-portional to the Knudsen number Kn = p� =2Æ, whi
his de�ned for the 
hannel as Kn = �=h, where � is themean free path of gas mole
ules. In the free mole
ularlimit, when Æ = 0, the mass �ow rate through a two-di-mensional slit 
an be 
al
ulated as Q0 = hP1=p� v1.From the physi
al standpoint, Q and Q0 
orrespond tothe values of the mass �ow rate through a 
hannel anda slit with w � h per unit width.Very re
ently, we used the DSMC method based onthe majorant frequen
y te
hnique [30℄ to 
ompute themass �ow rate and �ow �eld through a two-dimensionalslit into a va
uum [31; 32℄. In the present work, wefurther develop the 
ode used previously for simulat-ing rare�ed gas �ow through a two-dimensional 
han-nel. As previously, we use the two-level regular grid,weight-fa
tor, and sub
ell pro
edures. Simulation pa-rameters used in this work � the number of samples,the 
ell size, the number of model parti
les in the 
ell,the time step length, time to rea
h the stationary �ow,813
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Fig. 4. The dimensionless ma
ros
opi
 distributions of the density n=n1 (top), the temperature T=T1 (middle), and thelateral mass velo
ity uy=v1 (bottom) in the yz plane near and within a 
hannel with l=h = 0:5 (left) and 5 (right), wherethe rarefa
tion parameter is Æ = 10 (top of ea
h of the 9 elements) and 103 (bottom). The shaded area is the 
hannelwalland the 
omputational domain size � all guarantee the
omputation error of no more than 0.2%. The 
hoi
eof simulation parameters that ensure this 
omputationerror in 
al
ulating the �ow rate is dis
ussed in detailin [31℄. 3. MASS FLOW RATEFigure 2a presents 
al
ulation results of the dimen-sionless mass �ow rate Q� as a fun
tion of the gas ra-refa
tion parameter Æ for several values of the redu
edlength 
hannel l=h = 0, 0.5, 1, 5, and 10. The resultsfor l=h = 0 (slit) are taken from our previous paper [31℄.In the �gure, the arrows indi
ate the values of Q� in the

free mole
ular limit, resulting from using the formulain [33℄ for 
al
ulating the transmission probability ofa two-dimensional 
hannel. Indeed, in presenting the
al
ulated data in form (1), the value of Q� in the freemole
ular limit 
oin
ides with the transmission proba-bility of the 
hannel. The transmission probability ofthe 
hannel 
an also be obtained using the test parti
leMonte Carlo (TPMC) method. In [34℄, we have shownex
ellent agreement between the TPMC results and theformula in [33℄.As is evident from Fig. 2a, in the vi
inity of the freemole
ular regime, the values of Q� 
hange only slightlyand di�er little from the 
orresponding results given bythe formula in [33℄. Then, as the rarefa
tion parame-814
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Fig. 5. The dimensionless ma
ros
opi
 distributions of the density n=n1 (top), the temperature T=T1 (middle), and thelateral mass velo
ity uy=v1 (bottom) along the 
entral line (z = 0) of a 
hannel with l=h = 0:5 (left) and 5 (right) forvarious rarefa
tion parameterster Æ in
reases, a signi�
ant in
rease in Q� is observed.This in
rease is determined by value of l=h. For ex-ample, when l=h = 0:5, a signi�
ant in
rease in Q�, by76% is observed in the range of Æ from 0.2 to 200; whenl=h = 5, the range is from 4 to 400 and the in
rease is220%. Finally, for larger values of Æ, values Q� vary lit-tle with the in
rease in Æ, rea
hing their hydrodynami
limit as Æ !1.It also follows from Fig. 2a that in the 
ase of arather long 
hannel with l=h = 10 in the transitionalregime, a Knudsen minimum is 
learly observed. For

shorter 
hannels, this minimum is either absent, as itis for l=h = 0:5 and 1, or is expressed very weakly, asit is for l=h = 5. For a more detailed study of theposition and depth of the Knudsen minimum, we have
ompleted 
al
ulations of the dimensionless mass �owrate Q� in the transitional regime for 
hannels withl=h > 10.Figure 2b shows 
al
ulation results of the dimen-sionless mass �ow rate represented as Q�=Q�(Æ = 0)in the transitional regime for 
hannels with l=h = 10,20, 30, and 40. As 
an be seen from the �gure, for815
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Fig. 6. The streamlines near a 
hannel with l=h = 0:5 (left) and 5 (right) for Æ = 10 (top) and 103 (bottom)the 
hannel with l=h = 10, the Knudsen minimum isobserved at Æ = 1:5, whereas for longer 
hannels withl=h = 20, 30, and 40, it is seen at Æ 
lose to 2. Theresult that the Knudsen minimum position is relatedto a redu
ed 
hannel length 
orresponds with [6℄. It isinteresting to note that the Knudsen minimum for anin�nitely long 
hannel at a small pressure di�eren
e isobserved both theoreti
ally [4℄ and experimentally [5℄when the gas rarefa
tion Æ is about 1. It also followsfrom Fig. 2b that the depth of the minimum dependson the value of l=h.Figure 3 presents a relation between the relativeKnudsen minimum Q�min=Q�(Æ = 0) and the redu
ed
hannel length l=h. As follows from Fig. 3, the longerthe 
hannel, the deeper the minimum, leading to a 
er-tain limit at large values of l=h. Indeed, the di�eren
ebetween Knudsen minima for l=h = 10 and 20 
om-prises 11.3%, and for values between l=h = 90 and100, it is 0.5%. 4. FLOW FIELDFigure 4 shows the dimensionless ma
ros
opi
 di-stributions of the density n=n1 (top), where n1 == P1=kT1 and k is the Boltzmann 
onstant, the tem-perature T=T1 (middle), and the lateral mass velo
-ity uy=v1 (bottom) in the yz plane near and within a
hannel with l=h = 0:5 (left) and 5 (right), where therarefa
tion parameter is Æ = 10 (top of ea
h of the 9elements in the �gure) and 103 (bottom). The shadedarea in the �gure represents the 
hannel wall. As fol-lows from the �gure, ma
ros
opi
 distributions dependon the rarefa
tion parameter Æ as well as on the redu
ed
hannel length l=h. The di�eren
es in ma
ros
opi
 dis-tributions with di�erent Æ and the same l=h is moresigni�
ant for a longer 
hannel (l=h = 5) than for ashorter one (l=h = 0:5).Figure 5 shows dimensionless ma
ros
opi
 distribu-

tions of the density n=n1, the temperature T=T1, andthe lateral mass velo
ity uy=v1 along the 
entral line(z = 0) of a 
hannel with l=h = 0:5, 5 for various rar-efa
tion parameters. As expe
ted, the qualitative be-havior of the lateral velo
ity is inversely proportionalto the density and temperature. When the gas rarefa
-tion parameter Æ is the same, the ma
ros
opi
 distribu-tions along the 
entral line of the simulated system atl=h = 0:5 and l=h = 5 di�er quantitatively. In the 
aseof large Æ, a signi�
ant qualitative di�eren
e in distri-butions within the 
hannel is also observed. However,downstream, the distributions along the 
entral line arepra
ti
ally the same in the 
ase of large and small Æ.A

ording to Fig. 5, the dimensionless ma
ros
opi
distributions for Æ = 102 and Æ = 103 di�er only littlefor both l=h = 0:5 and l=h = 5. The distributions forÆ = 10�1 and Æ = 100 di�er only in the downstream
ontainer. Taking the rarefa
tion range of 
hange of thedimensionless mass �ow rate Q� into a

ount (Fig. 2a),it is possible to state that signi�
ant 
hanges in the di-mensionless ma
ros
opi
 distributions are observed inthe rarefa
tion range where the �ow rate value 
hanges
onsiderably.The streamlines near a 
hannel with l=h = 0:5, 5 forÆ = 10, 103 are presented in Fig. 6. As follows from the�gure, with an in
rease in the rarefa
tion parameter Æ,the streamline symmetry relative to the axis y = 0:5l=his broken. 5. CONCLUSIONThe dire
t simulation Monte Carlo method has beenused to study the rare�ed gas �ow through a two-di-mensional �nite-length 
hannel into a va
uum. The
al
ulation results for the dimensionless mass �ow ratefor a 
hannel of various redu
ed lengths are presentedin the gas rarefa
tion range from the free mole
ular816
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hannel : : :regime to the vis
ous one. The range of gas rarefa
-tions where signi�
ant 
hanges of the �ow rate, as wellas the value of 
hange in the �ow rate, 
onsiderably de-pends on the redu
ed 
hannel length. The longer the
hannel, the more signi�
ant 
hanges in the �ow rateare and the spe
i�ed range of gas rarefa
tions moves toa more dense gas.In the transitional regime for rather long 
hannels,a Knudsen minimum was dis
overed. The position andthe depth of the Knudsen minimum 
hange with an in-
rease in the redu
ed 
hannel length, rea
hing its limitvalues.An analysis of dimensionless ma
ros
opi
 distribu-tions and streamlines, both within the 
hannel and inthe upstream and downstream 
ontainers, is presented.Signi�
ant 
hanges in the dimensionless ma
ros
opi
distributions are observed when the gas rarefa
tion isin the range of 
onsiderable 
hange in the �ow ratevalue. Di�eren
es in ma
ros
opi
 distributions withdissimilar gas rarefa
tions and similar redu
ed lengthsare more signi�
ant for a longer 
hannel than for ashorter one.The paper was partially prepared at timewhen the author re
eived support by the FederalTarget Program �S
ientifi
 and s
ientifi
-pedagogi
alpersonnel of innovative Russia� in 2009�2013, the state
ontra
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