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SIZE RESONANCES IN PENETRATION OF INTENSEFEMTOSECOND LASER PULSES THROUGH ULTRA-THIN FOILSN. V. Bordyuh, V. P. Krainov *Mos
ow Institute for Physi
s and Te
hnology141700, Dolgoprudny, Mos
ow Region, Russian FederationRe
eived January 11, 2009An analyti
 expression for the transmission 
oe�
ient as a fun
tion of the foil thi
kness d des
ribing penetra-tion of intense femtose
ond laser pulses through ultra-thin foils with the thi
kness of the order of 30�100 nm isderived using the Vlasov�Boltzmann equation. It is found that the transmission of laser radiation stops at theskin depth 
=!p, but sharp and narrow resonan
es o

ur for the foil thi
kness d > 
=!p with the transmission
oe�
ient T = 1.PACS: 52.50.Jm 1. INTRODUCTIONWhen an intense femtose
ond laser pulse impingeson a thin foil, the 
rystal latti
e is destroyed and adense plasma with a sharp boundary is produ
ed. Ina re
ent experiment in [1℄, under the irradiation of10�m thi
k Al foils by the laser pulse with the dura-tion 300 fs and the peak intensity 5 �1019 W/
m2, mostof free ele
trons inside the foil had the kineti
 energyabout 100 eV. Of 
ourse, a small amount of ele
tronsare heated up to 100�300 keV and more due to theinverse indu
ed bremsstrahlung on the 
riti
al surfa
eand other me
hanisms [2℄ (these are the so-
alled hotele
trons). But their number density is very small, ofthe order of 1019 
m�3. These estimates of the energyof 
old ele
trons are 
on�rmed by the numeri
al deriva-tions in [3℄. The ratio of the energies of 
old and hotele
trons is typi
ally about 0.01. We note that atomi
ions inside the foil do not move signi�
antly duringfemtose
ond time intervals, and hen
e the foil surfa
eremains immovable. The energy of bulk ele
trons in afoil of the order of 150 eV was also observed in Ref. [4℄at the peak laser intensity 1018 W/
m2 and the pulseduration 60 fs.At the normal in
iden
e of a linearly polarized laserbeam, the tunneling and barrier suppression ionizationof atoms or of atomi
 ions inside the foil produ
e ele
-trons eje
ted along the laser polarization (i.e., parallel*E-mail: vpkrainov�mail.ru

to the foil surfa
e, the x axis) with the energies esti-mated as [5℄ Ex � 3F 3in2!2 (2Ei)3=2 :Here, atomi
 units are used, e = me = ~ = 1, Fin is thetypi
al ele
tri
 �eld strength inside the foil (it di�ersstrongly from the external laser �eld strength F ), ! isthe laser frequen
y, and Ei is the ionization potential ofan atom or of an atomi
 ion inside the foil. The typi
alenergy in other dire
tions (in
luding the z axis normalto the foil surfa
e) is mu
h less, and its estimate isEz � Fin2p2Ei :Indeed, Ez=Ex � 
2, where
 = !p2EiFin � 1is so 
alled Keldysh parameter [5℄. In the tunnelingand barrier suppression regime, the Keldysh parame-ter is very small. In addition, in dense plasma, theplasma frequen
y !p = p4�ne is very large in 
ompar-ison to the laser frequen
y !. Here, ne � 1023 
m�3is the typi
al number density of free ele
trons insidethe foil plasma. These free ele
trons are added to thefree ele
trons with relatively small kineti
 energies thatwere in the metal foil before laser irradiation.Cold ele
trons 
ollide with ea
h other and withatomi
 ions during the femtose
ond laser pulse. Indeed,3 ÆÝÒÔ, âûï. 5 865
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tron�ele
tron 
ol-lisions 
an be estimated a

ording to Spitzer formula(in atomi
 units) as�ee � 3(2Ex=3)3=24p2�ne ln � ;where ln � � 5 is the Coulomb logarithm. In parti
ular,we obtain �ee � 0:4 fs at the ele
tron number densityne = 1023 
m�3 for an overdense foil plasma and the av-eraged ele
tron kineti
 energy Ex = 100 eV. Thus, theMaxwell one-temperature distribution is established forthe ele
tron 
loud during the femtose
ond laser pulse.But for the laser intensity more than 1021 W/
m2, theenergy of 
old ele
trons in
reases to 10 keV and more,and they do not 
ollide with ea
h other and with atomi
ions during the femtose
ond laser pulse. The energy ofhot ele
trons is of the order of several MeV in this 
ase,whi
h is 
on�rmed by PIC simulations [6℄. We notethat multiple ionization of atoms o

urs at su
h ultra-high laser intensities. In parti
ular, in the experimentsin [7℄, the laser intensity was 4�1020 W/
m2 at the pulseduration of 700 fs. Atomi
 ions were produ
ed withhigh 
harged multipli
ity in a Cu foil. Analogously, inthe experiments in [8℄, the gold ions had the 
hargemultipli
ity up to 11+ at the irradiation of Au foils bylaser with the peak intensity more than 1020 W/
m2and the pulse duration 100 fs.The energy of bulk ele
trons in a foil depends sig-ni�
antly on the duration of the laser pulse. Using 3Dparti
le-in-
ell simulations, the author of Ref. [9℄ stud-ied ion a

eleration from a foil with the thi
kness 12 �mirradiated by a laser pulse at the intensity 1019 W/
m2with the pulse duration 700 fs. At the front side,the laser ponderomotive for
e pushes ele
trons inwards.The energy of bulk ele
trons in the foil was 50 keV,and the energy of hot ele
trons was 2:6 MeV. Then thetwo-temperature ele
tron energy spe
trum is realizedwithout 
ollisions. We 
onsider just this 
ase here.2. THEORETICAL APPROACHWe assume that the ele
tron beam is mono
hro-mati
 in all dire
tions andf0 = neÆ (vx � �vx) Æ (vz � �vz)(where ne is the ele
tron number density) is the dis-tribution fun
tion at F = 0. The integro-di�erentialnonrelativisti
 Vlasov equation for the ele
tri
 �eldstrength Fin = F (z) inside the foil is of the form(see [10℄)

F 00(z) = �4�i!
2 Z vxÆfdvxdvz : (1)We repla
e �vx ! vx, �vz ! vz in what follows. Theplasma layer o

upies the region 0 < z < d, and xis the dire
tion of polarization of the linearly polarizedlaser �eld. There is no dependen
e on the 
oordinate y.The small �eld 
orre
tion to the ele
tron distributionfun
tion Æf must satisfy the kineti
 equationi!Æf � vz ddz Æf = F (z)�f0�vx �� i!F 0(z) �vx �f0�vz � vz �f0�vx � : (2)We negle
t 
ollisions between ele
trons and atomi
ions. We obtain Æf from Eq. (2) by solving the �rst-order inhomogeneous di�erential equation with respe
tto z. The assumption of mirror re�e
tion of ele
tronsby foil boundaries is used:Æf(z = 0; vz) = Æf(z = 0;�vz);Æf(z = d; vz) = Æf(z = d;�vz):Substituting Æf from Eq. (2) in the right-hand side ofEq. (1) and assuming that all ele
trons have the samevelo
ity vz in the normal dire
tion to the foil surfa
eand the same velo
ity vx along the laser �eld polariza-tion, we then obtain the integro-di�erential equationfor F (z)F 00(z)� !2p�
2 F (z) = ! � !2p (1��)
2vz ��8<: zZ0 dz0F (z0) sin � !vz (z � z0)�+ I(z)9=; ; (3)whereI(z) = 
os (!z=vz)sin (!d=vz) dZ0 dz0F (z0) 
os� !vz (d� z0)� ;vz is the ele
tron velo
ity along the normal dire
tion z,and � = 1� v2xv2z = 1� ExEz :We introdu
e the notationx � !vz z; D � !vz d:Then Eq. (3) 
an be rewritten asF 00(x)� !2p�v2z
2!2 F (x) == !2pv2z (1��)
2!2 8<: xZ0 dx0F (x0) sin (x�x0)+J(x)9=; ; (4)866
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es in penetration : : :where J(x) = 
osxsinD DZ0 dx0F (x0) 
os (d� x0) : (5)To obtain an ordinary di�erential equation, we in-trodu
e the new fun
tion ~F (x) instead of the ele
tri
�eld strength F (x):~F (x) = xZ0 dx0F (x0) sin (x� x0) ;~F 0(x) = xZ0 dx0F (x0) 
os (x� x0) ; (6)~F 00(x) = F (x) � ~F (x);F 00(x) = ~F IV(x) + ~F 00(x): (7)Then Eq. (4) 
an be rewritten in the dimensionless form~F IV(x) + 2A ~F 00(x) �B ~F (x) = C 
osx; (8)where we set 2A = 1� v2z!2p�!2
2 > 0;B = v2z!2p!2
2 ;C = v2z!2p (1��)!2
2 F 0(D)sinD : (9)The general solution of the homogeneous equa-tion (8) is F (x) / exp(Kx);where the quantity K (the 
omplex wave number) issatis�ed the equationK4 + 2AK2 �B = 0: (10)The four solutions of this equation areK = �q�A�pA2 +B: (11)We introdu
e the notationk =qA+pA2 +B;{ =q�A+pA2 +B: (12)The parti
ular solution of the inhomogeneous equa-tion (8) is~Fp(x) = C1� 2A�B 
osx = � ~F 0(D)sinD 
osx: (13)

Hen
e, the general solution of the inhomogeneous equa-tion (8) 
an be written as~F (x) = C1 sh{x+ C2 
h{x ++ C3 sin kx+ C4 
os kx� ~F 0(D)sinD 
osx;F (x) = C1 �1+{2� sh{x+C2 �1+{2� 
h{x++ C3 �1� k2� sin kx+ C4 �1� k2� 
os kx;F 0(x) = C1{ �1+{2� 
h{x+C2{ �1+{2��� sh{x + C3k �1� k2� 
os kx�� C4k �1� k2� sin kx; (14)
where C1, C2, C3, and C4 are integration 
onstants.It follows from Eqs. (6) that ~F (0) = ~F 0(0) = 0.Using Eq. (14), we then obtain the relations betweenthese 
onstants: C2 + C4 = ~F 0(D)sinDand {C1 = �kC3: (15)We di�erentiate Eq. (14) with respe
t to x and thenset x = D. We �nd the se
ond-relation for the 
on-stants,C1{ 
h{D + C2{ sh{D ++ C3k 
os kD � C4k sin kD = 0: (16)We next 
onsider the boundary 
ondition for theele
tri
 �eld strength at z = 0:F (z = 0)� i 
!F 0(z = 0) = 2 (17)(we set the ele
tri
 �eld strength of the in
ident ele
-tromagneti
 wave equal to 1, having in mind that apart of the in
ident laser energy is absorbed by foilele
trons). This equation 
an be rewritten in terms ofthe dimensionless variable x:F (x = 0)� i 
vz F 0(x = 0) = 2: (18)Substituting Eq. (14) at x = 0 in Eq. (17), we �nd thethird relation between the 
onstants:C2 �1 + {2�+ C4 �1� k2�� 2 == i 
vz �C1{ �1 + {2�+ C3k �1� k2�� : (19)The �nal equation is the boundary 
ondition for theele
tri
 �eld strength at z = d:F (z = d) + i 
!F 0(z = d) = 0;867 3*
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vz F 0(x = D): (20)Substituting Eq. (14) at x = D in Eq. (20), we obtainthe fourth relation between the four 
onstants:iC1 �1 + {2� sh{D + iC2 �1 + {2� 
h{D ++ iC3 �1� k2� sin kD + iC4 �1� k2� 
os kD == 
vz �C1{ �1+{2� 
h{D+C2{ �1+{2� sh{D�++ 
vz �C3k �1�k2� 
os kD�C4k �1�k2� sin kD� : (21)Therefore, we must solve the nonhomogeneous sys-tem of four equations, Eqs. (15), (16), (19), and (21)for the four 
onstants C1, C2, C3, C4.A

ording to Eq. (14), the ele
tri
 �eld strength isF (0) = C2 �1 + {2�+ C4 �1� k2� : (22)A

ording to the boundary 
ondition, the ele
tri
 �eldstrength of the re�e
ted ele
tromagneti
 wave isFr = 1�F (0) = 1�C2 �1 + {2��C4 �1�k2� : (23)The re�e
tion 
oe�
ient isR = jFrj2 = 1� T; (24)where T is the transmission 
oe�
ient of the ele
tro-magneti
 radiation through the foil. These equationswere obtained and solved numeri
ally in our previouswork [11℄.In this work, we obtain the analyti
 expression forthe transmission 
oe�
ient T for the �rst time. Omit-ting the details of 
umbersome derivations, we �ndT = 11 + x2 < 1;x = a1 sh{D sin kD + a2 (
h{D 
os kD � 1)a3 sh{D + a4 sin kD ;a1 = k{ �k2 + {2�2 ++ �2 hk �1 + {2�2 ={ � { �1� k2�2 =ki ;a2 = 2�2 �1 + {2� �1� k2� ;a3 = 2�{ �k2 + {2� �1� k2� ;a4 = 2�k �k2 + {2� �1 + {2� ;� = vz=
:
(25)

3. LIMIT CASESIn the 
ase � = 1 (Ex = 0), the transmission 
oef-�
ient in Eq. (25) takes the simple formT = (1 + ��2 + {22�{ sh{D�2)�1 : (26)In this 
ase, { = vz!p=
!. It 
orresponds to the well-known de
rease in the ele
tri
 �eld in the skin layer.The skin depth is equal to 
=!p.In the limit of a thi
k foil, when sh{D � 1 and
h{D � 1, it follows from Eq. (25) thatT = 11 + (a1 sin kD + a2 
os kD)2 =a23 : (27)Hen
e, resonan
es also o

ur for su�
iently thi
k foils,where T = 1. The distan
e between neighboring res-onan
es is determined by the 
ondition k�D = �, or�d � �vz=!. Of 
ourse, in pra
ti
e, resonan
es dis-appears with in
reasing the foil thi
kness d be
ause ofthe absorption of laser radiation. The resonan
e ab-sorption in a foil on the 
riti
al surfa
e 
an be verye�
ient [12℄.4. ABSORPTION OF RADIATIONIn ea
h 
ollision of an ele
tron with an atomi
ion with the 
harge multipli
ity Z, the ele
tron en-ergy in
reases on average by the ponderomotive en-ergy F 2in=4!2. This is the so-
alled inverse indu
edbremsstrahlung. The rate of ele
tron�ion 
ollisions is�ei � 3(2Ein=3)3=24p2�Z2ne ln � :In addition, an ele
tron 
an elasti
ally 
ollide with thefoil surfa
e. In ea
h 
ollision, its energy also in
reasesby F 2in=4!2. The rate of ele
tron�surfa
e 
ollisions is�es � d=vz. In the tau-approximation, kineti
 equation(2) for the distribution fun
tion Æf be
omesi!Æf � vz ddz Æf = F (z)�f0�vx �� i!F 0(z) �vx �f0�vz � vz �f0�vx �� Æf� ;where � is the 
ollision time, i.e., the minimum valueamong �ei and �es. Hen
e, the above solution must bemodi�ed by the substitution ! ! ! � i=� under the
ondition !� � 1. In the nonrelativisti
 
ase �2 � 1,Eq. (27) 
an be simpli�ed toT = 11 + (a21=a23) sin2(k!d=vz) :868
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e of the transmission 
oe�
ient on the dimensionless foil thi
kness D = d!=vz in the 
ase where Ex = 0 (a),Ez (b), 2Ez (
), and 6Ez (d)The transmission 
oe�
ient T = 1 when kD == k!d=vz = N� (N = 1; 2; : : : ). After the substitution! ! ! � i=� , we obtainT = 11 + (a21=a23) sh2(kD=!�) (28)in the vi
inity of these resonan
es. Hen
e, resonan
es inthe transmission 
oe�
ient T disappear with in
reasingtheir number N be
ause of the absorption of radiation.We 
an generalize Eq. (25) by taking into a

ount
that Eq. (28) is valid in the vi
inity of resonan
es, whileoutside the resonan
es, the transmission 
oe�
ient be-
omes very small as D in
reases:T = 11 + x2 sh2(kD=!�) : (29)In the numeri
al example, we 
onsider the typi
al
ase where Ez = 1:6 keV, i.e., � = vz=
 = 0:08. Thephoton energy of a Ti:Sapphire laser is ~! = 1:5 eV.In the Figure, the transmission 
oe�
ient T derived869
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ordan
e with Eq. (29) is presented as a fun
tionof the dimensionless foil thi
kness D = !d=vz at vari-ous values of the parameter � = 1 � Ex=Ez and with!� = 2 at � = 1 fs. In Fig. a (� = 1, Ex = 0), the
urve is des
ribed by Eq. (26), as it should be. Thetransmission of laser radiation is depleted at the skindepth 
=!p. In other 
urves, where Ex is nonzero, thetransmission of laser radiation is also depleted at theskin depth 
=!p, but sharp and narrow resonan
es o
-
ur where the transmission 
oe�
ient T is su�
ientlyhigh at d > 
=!p.In 
on
lusion, we predi
t a nonmonotoni
 behaviorof the transmission 
oe�
ient, with maxima andminima, as a fun
tion of the ultra-thin foil thi
kness.In 
ontrast to the results in Ref. [10℄, this behavior 
analso be observed for the isotropi
 velo
ity distributionof heated ele
trons in foil plasma (� = 0, Ex = Ez ,Fig. b). Our results 
an be used, for example, forexa
t determination of the thi
kness of ultra-thin foilsbased on the measurements of resonant transmission
oe�
ient at the penetration of femtose
ond laserpulses, or for determination of the velo
ity distributionof heated ele
trons inside the foil plasma.This work was supported by RFBR (grant� 07-02-00080). REFERENCES1. P. Anti
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