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ON THE PRODUCTION OF FLAT ELECTRON BUNCHESFOR LASER WAKEFIELD ACCELERATIONM. Kando, Y. Fukuda, H. Kotaki, J. Koga, S. V. Bulanov *, T. TajimaKansai Photon S
ien
e Institute, Japan Atomi
 Energy Agen
y619-0215, Kyoto, JapanA. Chao, R. PitthanStanford Linear A

elerator Center94025, California, USAK.-P. S
hulerDESY, Deuts
hes Elektronen-Syn
hrotron22603, Hamburg, GermanyA. G. Zhidkov **, K. NemotoCentral Resear
h Institute of Ele
tri
 Power Industry240-0196, Kanagawa, JapanRe
eived April 3, 2007We suggest a novel method for inje
tion of ele
trons into the a

eleration phase of parti
le a

elerators, pro-du
ing low-emittan
e beams appropriate even for the demanding high-energy linear 
ollider spe
i�
ations. Wedis
uss the inje
tion me
hanism into the a

eleration phase of the wake�eld in a plasma behind a high-intensitylaser pulse, whi
h takes advantage of the laser polarization and fo
using. The s
heme uses the stru
turallystable regime of transverse wakewave breaking, when ele
tron traje
tory self-interse
tion leads to the formationof a �at ele
tron bun
h. As shown in three-dimensional parti
le-in-
ell simulations of the intera
tion of a laserpulse elongated in a transverse dire
tion with an underdense plasma, the ele
trons inje
ted via the transversewakewave breaking and a

elerated by the wakewave perform betatron os
illations with di�erent amplitudesand frequen
ies along the two transverse 
oordinates. The polarization and fo
using geometry lead to a way toprodu
e relativisti
 ele
tron bun
hes with asymmetri
 emittan
e (�at beam). An approa
h for generating �atlaser-a

elerated ion beams is brie�y dis
ussed.PACS: 52.38.Kd, 41.75.Jv, 52.38.Hb, 52.38.-r1. INTRODUCTIONEle
tron a

elerators with energies of many GeVand low emittan
e are needed for 
oherent light sour
esand linear 
olliders. The laser a

eleration of 
hargedparti
les provides a promising approa
h toward su
hdevelopment in a 
ompa
t way, avoiding some of the
ompli
ations arising due to additional requirementsof asymmetri
 emittan
e for linear 
olliders, as out-*Also at Prokhorov Institute of General Physi
s, RussianA
ademy of S
ien
es, 119991, Mos
ow, Russia.**E-mail: zhidkov�
riepi.denken.or.jp

lined below. In the laser wake-�eld a

elerator (LWFA)
on
ept, ele
trons are a

elerated by the longitudinalele
tri
 �eld 
reated in an underdense plasma by ashort high-intensity laser pulse [1℄. Ele
trons inje
tedby 
onventional a

elerators, self-inje
ted by nonlinearwakewave breaking (for details, see papers [2�4℄ andreview arti
les [5℄ and the referen
es therein), or in-je
ted in a multiple laser pulse 
on�guration [6℄ 
ana
hieve energies substantially higher than the initialinje
tion energies. Although the understanding andprodu
tion of high-intensity (� nC) and low-emittan
e(� 2�3 mm � mrad) ele
tron beams via laser plasmaintera
tion has made rapid progress [5; 7�12℄, appli
a-1052
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tion of �at ele
tron bun
hes : : :tions to 
oherent light sour
es and linear 
olliders stilldemand further advan
es. A symmetri
 emittan
e ofabout 1 mm �mrad is needed for 
oherent light sour
esto rea
h X-ray wavelengths of the order of 1Å [13℄. Lin-ear ele
tron�positron 
olliders need asymmetri
 emit-tan
es and polarized ele
trons, with the smaller verti
alemittan
e required to be of the order of 0.1 mm �mrad.The asymmetri
 emittan
es (�at beam1)) are needed toredu
e the beam-indu
ed syn
hrotron radiation (beam-strahlung) in the intera
tion (see below), and ele
tronpolarization is required be
ause the e�e
tive luminosity
an be up to 2 orders of magnitude larger (dependingon the pro
ess), as shown by the SLD experiment atthe Stanford Linear Collider (SLC) [14℄. Additionally,positron beam polarization is desirable be
ause 
ertainpro
esses 
an be measured with a higher signal-to-noiseratio due to the additional positron polarization, andit allows measuring transverse 
ross se
tions [15℄. The
apability to sele
tively suppress unwanted ba
kgroundpro
esses is espe
ially desired in the sear
h for newphysi
s.In produ
ing 1 GeV range laser-a

elerated ele
tronbun
hes [12℄, a more quantitative evaluation of the dif-fering requirements of major appli
ations using GeVele
trons is needed. These requirements in
lude, in theorder of in
reasing beam quality, 1) �xed target�ele
t-ron beam intera
tions, 2) syn
hrotron and 
oherentlight sour
es and 3) 
olliding ele
tron (positron) beam
on�gurations.1) For �xed-target appli
ations, the ele
tron beamemittan
e is less important be
ause the luminosity isdetermined by the beam 
harge and the target thi
k-ness [16℄. In this appli
ation, the ele
tron polarization
an play a role and enhan
e the e�e
tive luminosity.2) In the 
ase of the GeV ele
tron beam use for
oherent light sour
es, e.g., for lina
 light sour
es,low emittan
e is important, be
ause radiation from ahigh-emittan
e beam fails to be 
oherent. This ap-pli
ation requires small emittan
es, of the order of1 mm �mrad for 1Å wavelength, but a small spot sizeis not ne
essary.3) For 
olliding ele
tron beams, the emittan
e de-termines the minimum a
hievable spot size and is there-fore dire
tly related to the maximum luminosity. De-pending on the ele
tron energy, the required spot size is1) This paper addresses both laser-plasma and a

eleratorphysi
s issues. One frequent 
onfusion in the nomen
lature isthe use of the term ��at beam�. In a

elerator physi
s, �atbeam means an asymmetri
 spot size (
reated with an asym-metri
 emittan
e). In laser physi
s, a �at beam is one with alarge fo
al length, and the means to a
hieve an asymmetri
 spotsize is a �line fo
us�.

approximately equal to 400 nm for 100 GeV ele
trons,and 5 nm (small dimension) for 1 TeV 
olliders [17℄. Re-quired for 
olliders in addition are the ele
tron beampolarization (80% or more) and �at beams with thebeam size aspe
t ratio about 100, in order to redu
ebeamstrahlung losses and ele
tron�positron pair pro-du
tion [14; 18℄.The 
onditions to have beams of high ele
tri
 
hargeand low emittan
e are 
ontradi
tory, be
ause spa
e
harge e�e
ts make the transverse emittan
e grow [19℄.As is known, the emittan
e is 
al
ulated as the spotsize �x times the divergen
e �0x, both determined at abeam waist (or a pin hole); that is, the transverse emit-tan
e is " = �x�0x. In addition, the normalized emit-tan
e, de�ned as "N = 
e", is an adiabati
 invariantunder beam a

eleration, where 
e is the ele
tron rela-tivisti
 gamma fa
tor. The values of emittan
e quotedabove refer to the normalized emittan
es.If we 
onsider LWFA-produ
ed ele
trons, we seefemtose
ond-range ele
tron bun
hes a

elerated tohundreds of MeV, and driven out of the plasma. Theenergy spe
trum has a quasi-mono-energeti
 form [8�12; 20℄, mainly be
ause fast ele
trons rea
h the maxi-mum energy and are lo
alized at the top of the sep-aratrix in the x, px phase plane [21; 22℄. We remark
on
erning two properties of LWFA eje
ted relativisti
ele
trons: a) the bun
h length times the energy spread,the longitudinal emittan
e, is 
omparable to that of
onventional radiofrequen
y sour
es (in the range ofMeV�ps), while the very short bun
h length is a
hievedeven without bun
h 
ompression, and b) the mi
ron-size transverse spot of the initial ele
tron bun
h 
orre-sponds to the laser spot size, whi
h may in turn leadto a small transverse emittan
e. At present, the emit-tan
e requirements, in
luding the asymmetry, are sat-is�ed with the use of expensive damping rings, whi
hoften yield long bun
hes and therefore require subse-quent bun
h 
ompressions. There is another resear
hand development e�ort underway to produ
e asymmet-ri
 beams using radiofrequen
y guns [23℄.In the present paper, we 
onsider the regime whenthe ele
tron inje
tion into the a

eleration phase of awake�eld o

urs due to nonlinear wave-breaking of aLangmuir wave, as in Refs. [8�11℄. As is well known,there are several other inje
tion me
hanisms, e.g., theopti
al inje
tion proposed in Ref. [6℄ and experimen-tally realized in Ref. [24℄. Dis
ussing the opti
al in-je
tion is beyond the s
ope of this paper. The break-ing of the Langmuir wave, known sin
e Refs. [25; 26℄,has been studied theoreti
ally and experimentally (seeRef. [5℄ and the referen
es therein). It is importantto note that the realization of resilien
e against wave-1053
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 regime in the longitudinaldire
tion led to the original LWFA suggestion [1℄. Inthe non-one-dimensional 
ase and in the 
ase of an in-homogeneous plasma density, the wake wave-breakinga
quires features that allow manipulation of the in-je
ted ele
tron bun
h parameters. For example, prop-erties of the transverse wake wave-breaking [27℄ wereused in Refs. [8; 20; 28℄ in order to explain nonlinearwake evolution and ele
tron a

eleration in homoge-neous and inhomogeneous plasmas. In addition, longi-tudinal breaking was invoked to des
ribe ele
tron self-inje
tion in homogeneous plasmas [29; 30℄, and the 
on-trollable ele
tron inje
tion regimes in plasmas with atailored density pro�le [31℄.In what follows, we formulate an approa
h forprodu
ing asymmetri
 emittan
e ele
tron bun
hes byusing asymmetri
 laser pulse fo
using for the laserwake�eld a

eleration, when the transverse wake wavebreaking leads to the formation of an ele
tron bun
helongated along the transverse dire
tion.2. LASER LINE FOCUSIn laser systems based on 
hirped pulse ampli�
a-tion (CPA), laser pulses have a Gaussian (TEM00)-likespatial pro�le. There are several s
hemes to a
hieve aline fo
us with an asymmetri
 transverse spatial pro-�le. An astigmatism on the sagittal plane of a spheri-
al mirror is used. This te
hnique was applied to pro-du
e transient X-ray lasers. This s
heme 
an generatea large aspe
t ratio of 300:1, but the fo
using depth islimited and a time di�eren
e for arriving at the fo
usarises [32℄. A slightly misaligned o�-axis paraboli
 mir-ror generates astigmatism, resulting in an asymmetri
fo
al spot. A toroidal mirror 
an also be used. Here,we propose to use a pair of re�e
tive 
ylindri
al mir-rors. Cylindri
al mirrors are easy to fabri
ate and are
ost-saving. A large value of the astigmatism of 
ylin-dri
al mirrors pla
ed o�-axis 
an be improved when thein
ident angle is 
hosen properly. Figure 1 shows an ex-ample of the asymmetri
 laser fo
al spot in the 
on�gu-ration with a pair of 
ylindri
al mirrors. In this parti
-ular 
ase, the fo
al lengths in the perpendi
ular planesare equal to f1 = �500 mm and f2 = 1000 mm. In this
on�guration, a round laser beam is transformed intoa 1:2 (horizontal and verti
al sizes) asymmetri
 trans-verse pro�le as seen in Fig. 1b. To plot the asymmetri
beam pro�le shown in Fig. 1
, a plane-
onvex lens op-ti
al system was 
onsidered. In the a
tual experiment,an o�-axis paraboli
 mirror 
an be used instead of thelens. We note that further studies are needed to exam-
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Fig. 1. An example of the opti
al system to a
hieve anasymmetri
 fo
al spot from a symmetri
 laser beam:a) opti
al layout: 1 � symmetri
 laser beam, 2 �
ylindri
al rele
ting mirrors, 3 � test fo
using lens;b) near-�eld pattern on the test lens with the trans-verse size 50 � 100 mm2; 
) far-�eld pattern in thefo
us region with the size 125 � 500 �m2ine the e�e
t of e�e
tive pulse elongation, whi
h o

ursif these line fo
us te
hniques are used, for the wake�eldgeneration.3. STRUCTURE OF TRANSVERSE WAKEWAVE BREAKINGDue to a nonlinear dependen
e of the Langmuirwave frequen
y on its amplitude, 
onstant-phase sur-fa
es in the wake wave give rise to a paraboloidalform [33; 34℄. The 
urvature of 
onstant-phase surfa
esin
reases with the distan
e from the laser pulse untilthe 
urvature radius R be
omes 
omparable to the ele
-tron displa
ement � in the wake, leading to ele
tron tra-je
tory self-interse
tion. This is the so-
alled regime oftransverse wake breaking, whi
h may result in the ele
-tron inje
tion into the a

eleration phase [27℄. Alongthe lines of Ref. [27℄, we 
onsider a wake�eld plasmawave ex
ited by a laser pulse of �nite width. The 
on-dition of the wake ex
itation determines the wake fre-quen
y and wavenumber !w and kw. Here, !w = kwvgand vg is the group velo
ity of the driver laser pulse.The wake wave frequen
y, equal to the lo
al value ofthe Langmuir frequen
y, depends on the transverse 
o-ordinates y and z. This dependen
e arises due to theplasma outward motion 
aused by the laser pulse pon-deromotive pressure and by the relativisti
 dependen
e1054



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the produ
tion of �at ele
tron bun
hes : : :of the Langmuir frequen
y on the wave amplitude. Thedependen
e on the wave amplitude is determined bythe laser pulse transverse shape, whi
h 
an be approx-imated in the vi
inity of the axis asa(y; z) � a0 �1� (y=sy)2 � (z=sz)2� :It therefore has an ellipti
 form in the transverse plane.The wake frequen
y near the axis may be approximatedby the simple expression!w(y; z) � !w;0 +�!w "� ysy�2 +� zsz�2# ;where sy and sz are related to the 
urvature radii in they and z dire
tions, and �!w is the di�eren
e betweenthe Langmuir frequen
y outside and on the axis of thewake �eld, !w;0. From the expression for 
onstant-phase surfa
es in the wake wave, w(x; y; z; t) = !w(y; z)�t� xvg� = 
onst;it follows that their 
urvature in
reases with thedistan
e l from the laser pulse front: the 
urva-ture radii de
rease as Ry = !w;0s2y=2�!wl andRz = !w;0s2z=2�!wl with l =  wvg=!w;0.We write the equation for the 
onstant-phase sur-fa
e in the formM0(y0; z0) = � y202Ry + z202Rz� ex + y0ey + z0ez; (1)where ex, ey, and ez are the unit ve
tors along the x,y, and z axes. In a nonlinear wake, the a
tual positionof the 
onstant-phase surfa
e is given by the equationM(y0; z0) =M0(y0; z0) + �n(y0; z0); (2)where � is the amplitude of the ele
tron displa
ementand n(y0; z0) = �y0M� �z0Mj�y0M� �z0Mj (3)is the unit ve
tor normal to the 
onstant-phase surfa
e.In the 
ase where the surfa
e is given by Eq. (1), thenormal ve
tor isn(y0; z0) = "1 + � y0Ry�2 +� z0Rz�2#�1=2 ���ex + y0Ry ey + z0Rz ez� : (4)Writing Eq. (2) in 
omponents, we obtainx = y202Ry + z202Rz + �p1 + (y0=Ry)2 + (z0=Rz)2 ; (5)
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Fig. 2. The 
onstant-phase surfa
e for Ry = 1,Rz = 1:666, and � = 1:5, in the x, y, z spa
e (a);and its proje
tions on the (x; y) (b); and (y; z) (
)planesy = y0 � �y0Ryp1 + (y0=Ry)2 + (z0=Rz)2 ; (6)z = z0 � �z0Rzp1 + (y0=Ry)2 + (z0=Rz)2 : (7)For a su�u
iently large ele
tron displa
ement �,the map given by Eqs. (4)�(7) has a singularity, atwhi
h the 
onstant surfa
e folds. The 
ondition forthe singularity o

urren
e 
orresponds to the � valuefor whi
h the Ja
obian of the transformation fromthe variables (y; z) to the variables (y0; z0) vanishes,j�(y; z)=�(y0; z0)j = 0. Assuming the 
urvature radiusin the z dire
tion to be larger than in the y dire
tion,Rz > Ry, in the limit of relatively small but �nite val-ues of y0=Ry and z0=Rz, we �nd that the position ofthe singularity in the y0; z0 plane is determined by theequation2Ry = � �2� 3(y0=Ry)2 � (z0=Rz)2� : (8)This equation has a solution if � � Ry, i.e., thedispla
ement is larger than the 
urvature radius.For � > Ry, the 
urve determined by Eq. (8) isan ellipse with the semi-axes Ryp2(� �Ry)=3� andRzp2(� �Ry)=� in the y0 and z0 dire
tions.We plot the surfa
e in the x, y, z spa
e in whi
h� = 0 is the paraboloid x = y20=2Ry + z20=2Rz, y = y0,z = z0. With Eqs. (5)�(7), we obtain the 
onstant-phase surfa
es in the 
ases with � 6= 0 presented inFigs. 2 and 3. In both 
ases, in Figs. 2 and 3, theproje
tions of the 
onstant-phase surfa
e onto the x; yplane have the form of a �swallow tail�. This 
orre-sponds to one of the forms of fundamental 
atastrophes(see [35℄).When the displa
ement value is between the 
urva-ture radii, i.e., Ry < � < Rz , as in the 
ase shown in1055
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2Fig. 3. The 
onstant-phase surfa
e for Ry = 1,Rz = 1:666, and � = 2, in the x, y, z spa
e (a); and itsproje
tions on the (x; y) (b); and (y; z) (
) planesFig. 2, the singularity in the (y; z) plane is elongatedalong the z axis. On the other hand, if Ry < Rz < �,the singularity in the (y; z) plane is elongated along they axis, as shown in Fig. 3
. These types of singularitiesare typi
al, or, in other words, are stru
turally stable.In 3D 
on�gurations, they 
orrespond to the transversewave breaking with the inje
tion into the a

elerationphase of �at ele
tron bun
hes.In the axially symmetri
 geometry, when the 
urva-ture radii along the y and z dire
tions are equal to ea
hother, Ry = Rz , the inje
ted ele
tron bun
h also hasan axial symmetry. However, this 
on�guration is notstru
turally stable and small perturbations of a generaltype transform it into a stru
turally stable 
on�gura-tion with an axially nonsymmetri
 ele
tron bun
h. Wepoint out that in the 
ase of a gradual in
rease in thewake wave 
urvature, the �rst breaking o

urs when theele
tron displa
ement be
omes greater than the mini-mal 
urvature radius, e.g., when Ry < � < Rz , and theinje
ted ele
tron bun
h is elongated along the minimal
urvature dire
tion as in Fig. 2.After the ele
tron traje
tory self-interse
tion haso

urred, the inje
ted ele
trons are a

elerated andperform betatron os
illations in the transverse dire
-tion. This stage of the ele
tron bun
h evolution is dis-
ussed in Se
s. 4 and 5 below, where we present theresults of the parti
le-in-
ell (PIC) simulations and theanalyti
 theory of betatron os
illations when the e�e
tsof the spa
e 
harge are taken into a

ount.4. RESULTS OF SIMULATIONS OFTRANSVERSE WAKE WAVE BREAKINGAND ELECTRON BUNCH INJECTIONThe paraboloidal stru
tures of the wake plasmawave have been seen routinely in the three-dimensional

parti
le-in-
ell simulations of high-intensity laserpulse propagation in underdense plasmas (e.g., seeRefs. [36; 37℄, where the laser pulse frequen
y upshiftingwas dis
ussed in 
ounter- and 
o-propagating two-pulse-intera
tion 
on�gurations). The paraboloidalwake plasma waves were observed in experimentsinvolving laser pulse intera
tions with an underdenseplasma [34℄. In Refs. [10, 37℄, 3D PIC simulationsdistin
tly show the �swallow tail� stru
ture in theele
tron density distribution formed in the nonlinearwake wave. In this se
tion, we present 3D PIC simu-lation results for the ele
tron bun
h inje
tion, whi
h
learly demonstrate the elongated ele
tron bun
hgeneration during the transverse wake wave breaking.We use the ele
tromagneti
 relativisti
 PIC 
omputer
ode FPLaser3D [30℄, whi
h exploits the movingwindow te
hnique and the density de
ompositions
heme of the 
urrent assignment with bell-shapedquasiparti
les [38℄; this 
urrent-weighting s
hemesigni�
antly redu
es the unphysi
al numeri
al e�e
tsof the standard PIC method.The �at ele
tron bun
h inje
tion is seen in Fig. 4,where the results of the simulations of the ultrashortlaser-pulse intera
tion with an underdense plasma tar-get are shown. A linearly polarized laser pulse with theele
tri
 �eld along the z dire
tion and with the wave-length � = 0:8 �m has the irradian
e I = 1020 W/
m2.The pulse duration is 27 fs, and the pulse is fo
usedinto a spot with the diameter 16 �m. The laser pulsepropagates along the x dire
tion from the right to theleft in a plasma with the density ne = 1019 
m�3.The simulations were performed with the use of �themoving window� te
hnique in a simulation box of size80� 56� 56�3. The mesh sizes in the dire
tion of thelaser pulse propagation and in the transverse dire
tionare �x = �=20 and �y = �z = �=10, with 8 parti
les(ele
trons and protons) per 
ell. In Fig. 4, where theele
tron density distribution in the z = 0 plane (a),in the y = 0 plane (b), and in the x + 
t = 315�plane (
) are presented, we distin
tly see fast ele
tronbun
hes inje
ted into the se
ond period of the wakewave. The ele
tron bun
h width in the z-dire
tion isapproximately two times larger than in the y-dire
tion.The �at ele
tron bun
h formation is also seen in Fig. 5,where the density distributions of fast ele
trons (withpx > 200 MeV/
) in the z = 0 plane (a) and in they = 0 plane (b) are presented. We note that ele
tronos
illations in the perpendi
ular dire
tions, along the yand z axes, have di�erent frequen
ies, as is distin
tlyseen in Fig. 5. The ele
tron energy spe
trum presentedin Fig. 6 demonstrates a quasi-mono-energeti
 
ompo-nent at the energy around 100 MeV with the maximal1056
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Fig. 4. Results of the 3D PIC simulations: the ele
tron density distribution in the z = 0 plane (a); in the y = 0 plane (b);and in the x+ 
t = 315� plane (
). The laser pulse propagates from left to right in the x dire
tion
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Fig. 5. Fast ele
tron (with px > 200 MeV/
) densitydistribution in the z = 0 plane (a); and in the y = 0plane (b)
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Fig. 6. Ele
tron energy spe
trumenergy equal to 200 MeV. The geometri
al emittan
efor the ele
trons with the energy E > 100 MeV is esti-mated as 10�4� mm �mrad.In the 
ase under 
onsideration, the transverseasymmetry of the wake breaking and the ele
tronbun
h generation o

urs due to the e�e
t of the lin-ear polarization of the laser. As found in Ref. [39℄, the

linearly polarized laser pulse generates axially asym-metri
 self-fo
using 
hannels and a wake with di�erentamplitudes in the dire
tions along and perpendi
ular tothe polarization dire
tion. We note that the wake�elda

elerated ele
tron bun
hes with an ellipti
 form inthe transverse dire
tion have been observed in the ex-periments in Ref. [40℄, where the transverse elongationwas attributed to the e�e
ts of the linear polarizationof the laser pulse driver.5. EQUILIBRIUM AND BETATRONOSCILLATIONS OF A TRANSVERSALLYELONGATED ELECTRON BUNCH WITHSPACE CHARGEIn this se
tion, we 
onsider the ele
tron bun
h equi-librium 
on�guration inside the wake when its trans-verse size is substantially smaller than its length. Wedes
ribe betatron os
illations of the bun
h in the trans-verse dire
tion. We assume that the longitudinal (alongthe x axis) s
ale length of the fast ele
tron bun
h ismu
h greater than its s
ale length in the transverse di-re
tion. Below, we therefore assume that the wake�eldand the ele
tron bun
h are homogeneous along the xaxis. Su
h an approximation may be valid in the near-axis region of the wake when the inje
tion time is ofthe order of the ele
tron a

eleration time.Betatron os
illations of ele
trons moving inside thewake wave o

ur due to the transverse 
omponent ofthe wake ele
tri
 �eld vanishing along the axis and hav-ing a linear dependen
e on the transverse 
oordinatesy and z in the vi
inity of the axis: E? = Eyey +Ezezwith the 
omponents Ey and Ez dependent on the spe-
i�
 form of the wake�eld. The e�e
ts of the magneti
�eld, whi
h is self-generated in the regular wake wave,are substantially weaker than the ele
tri
 �eld e�e
ts(e.g., see Ref. [18℄), and we negle
t them in our modelfor simpli
ity. On the other hand, the pin
hing by the4 ÆÝÒÔ, âûï. 5 (11) 1057
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 �eld generated by the ele
tri
 
urrent 
arriedby fast ele
trons partially 
ompensates the repellingfor
e due to the ele
tron spa
e 
harge and we in
orpo-rate its e�e
ts into our des
ription.We assume that the transverse 
ross se
tion of thewake wave has an ellipti
 form with the semi-axes equalto RWA22 and RWA33, with RW being the transverses
ale length. The positive ele
tri
 
harge density in thewake is en0. Using the Diri
hlet formula for the ele
-tri
 �eld of a uniformly 
harged ellipti
 
ylinder (seeRef. [41℄ for the explanations of the Diri
hlet formal-ism for the solution of the Poisson equation in 
onfo
alellipsoidal 
oordinates), we write the transverse ele
tri
�eld originating from the ele
tri
 
harge separation in-side the wake asEWFy ey+EWFz ez = 4�en0A22 +A33 (A33yey+A22zez): (9)Within the framework of the test-parti
le approxi-mation, when we 
an negle
t the e�e
ts of the ele
tri
and magneti
 �eld produ
ed by the fast ele
tron bun
h,the relativisti
 ele
tron motion in the ele
tri
 �eld givenby Eq. (9) 
orresponds to the betatron os
illations. Itis easy to obtain that the os
illations are performedalong the y and z axes with the respe
tive frequen
ies!1 = !br A33A22 +A33 ; !2 = !br A22A22 +A33 ; (10)whi
h do not 
oin
ide. Here, !b = !pe=p
e with theele
tron gamma fa
tor 
e and the Langmuir frequen
y!pe = p4�n0e2=me. The stru
ture of the mode isgiven by the relations Æa22Æa33 ! = 0BBB� X� C1;� exp(�i!1t)X� C2;� exp(�i!2t) 1CCCA ; (11)where C1;� and C2;� are 
onstants determined by theinitial 
onditions. Here and below, we assume for sim-pli
ity that the ele
tron gamma fa
tor 
e is indepen-dent of time. The time dependen
e of 
e 
an easilybe in
orporated into our model similarly to Ref. [21℄,where the betatron os
illations were studied assumingan axial symmetry of the wake and ele
tron bun
h.We now take the spa
e 
harge e�e
ts generatingele
tri
 and magneti
 �elds from the ele
tron bun
hinto a

ount. As was done above, in order to �ndthe ele
tri
 and magneti
 �elds Eb? and Bb? generatedby the ellipti
 
ylindri
al ele
tron bun
h, we use theDiri
hlet formulas. We write expressions for the ele
-tri
 and magneti
 �elds asEbyey +Ebzez = 4eNbr2b (a22 + a33) (a33yey + a22zez) (12)

andBbyey+Bbzez = 4eNbvbr2b 
(a22 + a33) (a33zey�a22yez); (13)where rba22 and rba33 are the ele
tron bun
h semi-axesin the transverse plane, vb and Nb are the ele
tron ve-lo
ity along the x axis and the number of ele
trons perunit length, and rb is a typi
al transverse size of thebun
h.The equations of the motion of a �uid element ofthe ele
tron bun
h in the transverse dire
tion are�tnb +r?(v?nb) = 0; (14)�tp? + (v? � r?)p? = e�E? � v? �B?
 � ; (15)where the ele
tron density nb(y; z; t) and the transverse
omponent of the ele
tron momentump?(y; z; t) = py(y; z; t)ey + pz(y; z; t)ezdepend on the 
oordinates y and z and time t. Theoperator r? is given by r? = �yey + �zez.For the ele
tri
 and magneti
 �elds linearly depen-dent on the 
oordinates, as given by Eqs. (9), (12), and(13), the equations of the bun
h motion admit a self-similar solution, whi
h des
ribes the �uid motion witha homogeneous deformation [42℄. Within the frame-work of the homogeneous deformation approximation,the relation between the Euler (xi) and Lagrange (x0i )
oordinates has the formxi = aij(t)x0j ; (16)where aij is a deformation matrix with time-dependent
omponents. Summation over repeated indi
es is as-sumed. Di�erentiating this relation with respe
t totime, we �nd that the velo
ity of the ele
tron �uid el-ement is given by vi = wij(t)xj with wij = _aika�1kj .Here, a�1kj is the inverse matrix to the matrix aij . Akinemati
al interpretation of the velo
ity gradient ma-trix wij is provided by analyzing the relative motion oftwo neighboring �uid parti
les [43℄. The parti
les we
onsider are separated by Æxi. The relative velo
ity Ævi
an be written asÆvi = �jviÆxj = wijÆxj = �ijÆxj +
ijÆxj ;where �i = ey�y + ez�z ; the tensors �ij and 
ij aregiven by�ij = �jvi + �ivj2 ; 
ij = �jvi � �ivj2 = �"ijk!k2with "ijk being the antisymmetri
 Ri

i tensor. Theve
tor !k is the �uid vorti
ity ! = r � v. The term1058
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tion of �at ele
tron bun
hes : : :�ijÆxj des
ribes pure straining motion and 
ijÆxj de-s
ribes rigid-body rotation.In the approximation jp?j � px, the trans-verse 
omponent of the momentum 
an be writtenas p? = me
e(vyey + vzez) with the gamma fa
tor
e = (1 � v2b=
2)�1=2 
al
ulated for the longitudinalenergy of fast ele
trons. In this 
ase, we obtainpt;i = me
ewijxj � me
e _aijx0j :In what follows, we 
onsider the 
ase of 
url-freemotion, r? � p? = 0, i.e., the vanishing matrix 
ij .This 
orresponds to the diagonal form of the defor-mation matrix: aij = diagf1; a22; a33g. Assuming theele
tron density to be homogeneous and substitutingthe expression vi = wij(t)xj with wij = _aika�1kj for theele
tron velo
ity in 
ontinuity equation (13), we �ndthat the ele
tron density inside the bun
h is given bynb(t) = nb(0)�det aij(0)det aij(t)� : (17)In the 
ase under 
onsideration, det aij = a22a33.To illustrate the property of the motion with homo-geneous deformation, we 
onsider the simplest exampleof the dynami
s of a pressureless gas for whi
h the de-formation matrix satis�es the equation �aij = 0 with theinitial 
onditions aij = Æij and _aij(0) = wij(0). Thesolution of this equation is aij(t) = Æij + wij(0)t. The
atastrophe 
orresponds to the situation where the de-terminant of aij vanishes, det aij(ts) = 0, and the beamdensity tends to in�nity in a

ordan
e with Eq. (17),nb(ts) = 1. If the initial matrix of the �uid velo
itygradients is diagonal,wij(0) = diagf0; w22(0); w33(0)g;the deformation matrix is equal toaij(t) = diagf1; 1 + w22(0)t; 1 + w33(0)tg;with det aij(t) = (1 + w22(0)t) (1 + w33(0)t) :A singularity o

urs when either ts = �1=w22(0) orts = �1=w33(0). The singularity o

urs as a line in3D spa
e for w22(0) and w33(0) being equal and bothnegative, and the singularity appears as a surfa
e in 3Dspa
e when just one value among w22(0) and w33(0) isnegative. The generi
 
ase 
orresponds to the situa-tion where just one value among w22(0) and w33(0) isnegative. This means that in the generi
 
ase, the sin-gularity develops as a surfa
e. We note that su
h a typeof singularity on a surfa
e has been studied in detail in

appli
ations of nonlinear dynami
s of the gravitationalinstability [44℄ and in the theory of magneti
 �eld linere
onne
tion in high-
ondu
tivity plasmas [45℄.Be
ause the number of ele
trons per unit length ofthe ellipti
al 
ylinder with the semi-axes a = rba22 andb = rba33 is equal to Nb = nb�r2ba22a33, we 
an rewriteEq. (17) as nb = Nb=�r2ba22a33. From Eqs. (9), (12),(13), (15), and (16), we obtain a system of ordinarydi�erential equations for the matrix aij 
omponents:�a22 = � 4�e2me
e �A33n0a22A22+A33� Nb�r2b
2e (a22+a33)� ; (18)�a33 = � 4�e2me
e �A22n0a33A22+A33� Nb�r2b
2e (a22+a33)� : (19)We see a similarity between these equations and theequations for the 
harged parti
le beam dynami
s inhigh-energy a

elerators, whi
h are obtained within theframework of the Kap
hinskij �Vladimirskij approxi-mation [46℄ (e.g., see Refs. [47; 48℄).Using the notationa = rba22; b = rba33; K2 = 4�n0e2A33me
2
e(A22 +A33) ;and K3 = 4�n0e2A22me
2
e(A22 +A33)and in
orporating the transverse emittan
e e�e
ts, werewrite Eqs. (18) and (19) asa00 +K2a = "22a3 + �a+ b ; (20)b00 +K3b = "23b3 + �a+ b ; (21)where "2 and "3 are the transverse emittan
e values inthe y and z dire
tions, � = Nb=�n0r2b
2e is a dimension-less spa
e-
harge parameter, and the primes denote dif-ferentiation with respe
t to the variable s = 
t. Prop-erties of this system of equations are dis
ussed in detailin Ref. [47℄.Equations (20) and (21) 
an be presented in theHamiltonian form with the Hamiltonian depending onthe 
anoni
al 
oordinates a and b and on the 
anoni
almomenta �2 and �3. It is given byH(�2; �3; a; b) = 12 ��22 + �23 +K2a2 ++ K3b2 + "22a2 + "23b2�� � ln(a+ b); (22)1059 4*
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Fig. 7. Iso
ontours of the potential fun
tion �(a; b)for a) K2 = 2:5, K3 = 5, "2 = 1, "3 = 1, and � = 1and b) for K2 = 1, K3 = 2:25, "2 = 1, "3 = 1, and� = 5from whi
h we 
on
lude that for a > 0 and b > 0, thebun
h performs nonlinear os
illations around the equi-librium. In Fig. 7, we plot iso
ontours of the potentialfun
tion,�(a; b) = 12 �K2a2 +K3b2 + "22a2 + "23b2��� � ln(a+ b); (23)for K2 = 2:5, K3 = 5, "2 = 1, "3 = 1, and � = 1in frame (a), and for K2 = 1, K3 = 2:25, "2 = 1,"3 = 1, and � = 5 in frame (b). From the form of thepotential fun
tion �(a; b), we 
an see that in the gen-eral 
ase, the frequen
ies of the os
illations along the yand z dire
tions are di�erent and depend on the os
il-lation amplitudes. If the emittan
es "2 and "3, whi
hare determined by the inje
tion me
hanism, vanish, asin Fig. 7b, the iso
ontours of �(a; b) 
an interse
t theaxis at a = 0 or b = 0. This 
orresponds to the 
asewhere one semi-axis of the bun
h be
omes equal to zeroin nonlinear os
illations and the bun
h aspe
t ratio for-mally tends to in�nity. We note that in the axially sym-metri
 
on�guration, the spa
e-
harge e�e
t preventsthe bun
h radius from vanishing. For a �at ele
tronbeam, the spa
e-
harge e�e
ts are not strong enoughand the bun
h demagni�
ation in one of the dire
tionsbe
omes possible.The transverse equilibrium of the ele
tron bun
hin the wake 
orresponds to the lo
al minimum of thefun
tion �(a; b) given by Eq. (23). It is obtained bya stati
 solution of Eqs. (20) and (21) for whi
h theterms in the right-hand sides vanish. We 
onsider the


ase where the emittan
es vanish. Solving these alge-brai
 equations with "2 = 0 and "3 = 0, we obtainaeq =r�K2K3 ; beq =r�K3K2 (24)for the equilibrium. We point out that in equilibrium,the ele
tron bun
h has an ellipti
 
ross se
tion withthe aspe
t ratio aeq=beq equal to the aspe
t ratio of thewake: aeq=beq = A22=A33. The ele
tron density insidethe bun
h in the equilibrium is equal toneqb = Nb�r2bab = n0
2e : (25)It is 
2e times greater than the ion density in the plasma.The 
hara
teristi
 transverse size rb of the bun
h 
anbe found as rb =s Nb�n0
2e ; (26)i.e., the dimensionless spa
e 
harge parameter� = Nb=�n0r2b
2e is equal to unity, � = 1, for theequilibrium 
on�guration.Using de�nition (26) of the transverse size rb of thebun
h and linearizing Eqs. (20) and (21) in the vi
inityof the equilibrium solution (24) with "2 = 0, "3 = 0,aeq =pA22=A33, and beq =pA33=A22, i.e., represent-ing the fun
tions a and b as a = aeq+Æa and b = beq+Æbwith Æa� a and Æb� b, we obtainÆ�a = �!2b �� A33A22 +A33 + A22A33(A22 +A33)2 � Æa++ A22A33(A22 +A33)2 Æb� ; (27)Æ�b = �!2b � A22A33(A22 +A33)2 Æa++ � A22A22 +A33 + A22A33(A22 +A33)2 � Æb� : (28)These equations des
ribe os
illations with the frequen-
ies !b1 = !b; !b2 = !br 2A22A33A22 +A33 : (29)As we see, for A22 � A33, the frequen
y !b2 is mu
hlower than !b1. We also see that the frequen
y val-ues in the 
ase where the spa
e-
harge e�e
t is takeninto a

ount, Eq. (29), are di�erent from the frequen-
ies in Eq. (10) obtained within the framework of thetest-parti
le approximation.1060



ÆÝÒÔ, òîì 132, âûï. 5 (11), 2007 On the produ
tion of �at ele
tron bun
hes : : :The stru
ture of the mode is des
ribed by the rela-tions ÆaÆb ! = 1A222 +A233 �� A33 A22�A22 A33 !0BBB� X� C1;� exp(�i!b1t)X� C2;� exp(�i!b2t) 1CCCA ; (30)where C1;� and C2;� are 
onstants given by the initial
onditions. This expression 
orresponds to the skewedellipse form of the potential energy iso
ontours in thevi
inity of the bun
h equilibrium position presented inFig. 7b.6. DISCUSSION AND CONCLUSIONIn 
on
lusion, a method is suggested for ele
troninje
tion via transverse wake wave breaking, when theele
tron traje
tory self-interse
tion leads to the for-mation of an ele
tron bun
h elongated in the trans-verse dire
tion. In this s
heme, we use a laser pulsefo
used into an elongated spot. This results in awake�eld generation lo
alized in the axially nonsym-metri
 region with the 
omponents of the transverseele
tri
 �eld not equal to ea
h other. With the aidof 
atastrophe theory, we demonstrate that a stru
-turally stable regime of transverse wake breaking leadsto the transversally elongated ele
tron bun
h genera-tion. Three-dimensional parti
le-in-
ell simulations ofthe laser pulse intera
tion with an underdense plasmashow that ele
trons inje
ted via the transverse wakewave breaking form a bun
h with an aspe
t ratio largerthan unity, whi
h qualitatively 
on�rms the theory.Ele
trons a

elerated by the wake perform betatronos
illations with di�erent amplitudes and frequen
iesalong two transverse 
oordinates. An exa
t analyti
 so-lution of the ele
tron hydrodynami
s equations demon-strates the spa
e-
harge e�e
ts, whi
h modify the ele
-tron bun
h equilibrium and the frequen
ies and stru
-ture of the mode of betatron os
illations.For a typi
al total number of ele
trons in the bun
ha

elerated by the wake equal to Ntot = 1010, whi
h
orresponds to the 
harge 1.6 nC, and the bun
hlength 10 �m, the ele
tron number per unit length isNb = 1013 
m�1. If the plasma density and ele
trongamma fa
tor are n0 = 1019 
m�3 and 
e = 500, ex-pression (26) yields the bun
h size in the transversedire
tion as rb � 0:01 �m. In this 
ase, betatron fre-quen
ies (29) are !b1 � 1014 s�1 and !b2 � 1:4 �1013 s�1,if we assume that the aspe
t ratio A22=A33 equals 100.

One of the most important appli
ations of laser-produ
ed relativisti
 ele
trons is to generate positronbun
hes for their inje
tion into 
onventional a

eler-ators. To obtain polarized positron beams, an addi-tional 
ir
ularly polarized laser pulse (
ounterpropa-gating with the ele
tron bun
h) may be used to gener-ate longitudinally polarized gamma-ray photons, whi
hthen 
ollide with a thin-�lm target [49℄.The emittan
e of laser-a

elerated ions 
an alsobe manipulated by 
hanging the stru
ture of eitherthe target irradiated by the laser pulse or the formof the fo
using system. In the �rst 
ase, we referto the double-layer target proposed in Ref. [50℄ inorder to produ
e beams with 
ontrolled quality, andstudied in detail via 
omputer simulations [51℄ andexperiments [52℄. The authors of Ref. [50℄ proposedusing two-layer targets in whi
h the �rst layer 
onsistsof heavy multi
harged ions and the se
ond layer (thinand narrow in the transverse dire
tion) 
onsists oflight ions (e.g., protons). Elongating the thin protonlayer in one dire
tion results in the generation of a�at proton beam. A more 
omplex form of the protonlayer may be used to provide a uniform irradiationof the target, whi
h is required in the appli
ationsof laser-a

elerated ions for hadron therapy. These
ond 
ase uses an ion fo
using te
hnique 
orre-sponding to a thin hollow 
ylindri
al shell irradiatedby a femtose
ond high-power laser pulse when theion bun
h �ies through it. As demonstrated in theexperiments in Ref. [53℄, this te
hnique allows simul-taneously fo
using the proton beam and 
uting it intoquasi-monoenergeti
 beamlets. The use of an ellipti
al
ylinder shell provides a way for transverse emittan
emanipulation. In addition, a phase rotator, whi
h alsoprodu
es quasi-monoenergeti
 ion beamlets [54℄ whenits transverse ele
tri
 �eld is made anisotropi
, 
anprodu
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