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We discuss a model nonfrustrated magnetoelectric in which a sufficiently strong magnetoelectric coupling pro-
duces an incommensurate magnetic order leading to ferroelectricity. Properties of the magnetoelectric in the
magnetic field directed perpendicular to the wave vector describing the spin helix are considered in detail. Anal-
ysis of the classical energy shows that in contrast to the naive expectation, the onset of ferroelectricity occurs
at a field H,1 that is lower than the saturation field Hco. We have He1 = H,2 at large enough magnetoelrctric
coupling. We show that at H = 0, ferroelectricity occurs at T = Trg < Tn. A qualitative discussion of the
phase diagram in the H — T plane is presented within the mean-field approach.

PACS: 75.80.+q, 71.70.Ej, 77.80.-e

1. INTRODUCTION

In recent years, there has been a revival of interest
in magnetic ferroelectrics in which magnetic and fer-
roelectric orders coexist (magnetoelectrics) [1, 2]. Sys-
tems in which the ferroelectric and spiral magnetic or-
der occur simultaneously attract particular attention
presently because of the recognition of the role that
such materials might play in fabricating novel magneto-
electric (ME) devices [3]. A number of such compounds
have been obtained recently: RMnOjz with R = Gd,
Tb, Dy [4-6]; RMn, O35 with R = Ho, Y, Th, Dy [7-9];
Niz3V,0g [10, 11]; spinel oxides RCroO4 with R = Co,
Fe, Mn [12]; MonWOy, [13] etc. In the majority of these
materials, the paraelectric phase with a collinear spin
structure (sinusoidal spin density wave) appears below
the Néel temperature Tn. Upon further cooling, at
T = Trp < Ty, a transition occurs to the phase in
which the ferroelectric order coexists with an incom-
mensurate elliptical (conical in RCryO4) magnetic spi-
ral. Some of such ferroelectric phases (e.g., RMnO3 and
RCry0y4) are stable down to very small temperatures;
in others, transitions to collinear paraelectric phases
occur below Trp. All experiments point to the key
role of the noncollinear spin configurations induced by
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frustrated exchange interactions in producing the elec-
tric polarization [2]. Due to the frustration, T and
Trg are quite small in all compounds found by now,
with only one exception, Bag 5511 5ZnsFe;2092 [14], in
which T is greater than room temperature. A “giant”
ME effect is observed in these materials as a very high
sensitivity of the electric polarization to the magnetic
field: the spin-flop transition in the magnetic field is ac-
companied by rotation of the polarization through 90°
and by an anomaly in the dielectric constant. The value
of the electric polarization was found to be two to three
orders smaller than in the typical ferroelectrics; there is
no such great influence of the electric field on the mag-
netic properties, which indicates that the ME coupling
is small in these compounds. Much effort has been in-
vested in finding materials with a stronger ME coupling
and with higher transition temperatures, which can be
used in practice.

A phenomenological treatment of the magneto-
electric coupling mechanism has been proposed based
on the Landau expansion and symmetry considera-
tions [3,15-17]. A microscopic mechanism of ferroelec-
tricity of the magnetic origin was recently proposed
in Ref. [18], based on the idea that the spin current
Js o< [S; x S;] induced between the noncollinear spins
leads to the electric moment P o< [e;; x j,], where e;;
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is the unit vector connecting spins ¢ and j. This result
can be regarded as the inverse effect of the Dzyaloshin-
skii—Moriya interaction. As a result, the effective ME
interaction can be writen as [19]

VME = B[U X e,»j] . [Sz X S]] s (].)

where U stands for the corresponding ligand displace-
ment. Taking the elastic energy yU?/2 into account
shows that the proposed mechanism can lead to fer-
roelectricity as soon as the noncollinear spin structure
exists.

The ME coupling in (1) can produce a spiral in-
commensurate magnetic order and electric moment
even without frustration if § is large enough.
deed, we consider two spins and take the direct ex-
change coupling J between them, ME interaction (1),
and the elastic energy yU?/2 into account. Minimiza-
tion of the total energy with respect to U and ¢,
the angle between the spins, gives U = (3/7)S%sin ¢
and sin ¢ cos ¢ vJ/(B3S)?sin¢g. The ME cou-
pling constant in ThMnOg, currently one of the best
magnetoelectrics of this type, is estimated to be
B ~ 1 meV/A [17]. With the characteristic value of
~ given by 10° meV /A2 and J ~ 1 meV, it follows from
the above estimates that sin ¢ cos ¢ ~ 10°sin ¢, which
leads to ¢ = 0 and indicates that in magnetoelectric
compounds that have been found presently, frustration
is indeed indispensable for the appearance of a non-
collinear magnetic order leading to ferroelectricity. As
mentioned above, every effort is now made to find in-
commensurate magnetoelectrics with a larger ferroelec-
tric moment. But the strong ME interaction can pro-
duce a spiral incommensurate magnetic order and a fer-
roelectric moment without frustration. Thus, it can be
seen from the above consideration of two spins that if 3
were about 30 times larger than in ThMnOj3, a nonzero
solution for ¢ would appear. Moreover, it can be
expected that among the magnetoelectric compounds
with large enough 3 to be obtained (as we hope),
nonfrustrated compounds would have larger transition
temperatures than frustrated ones, other things being
equal.

Thus, it is instructive to discuss nonfrustrated mag-
nets with a strong ME coupling of form (1). Such a
magnet was recently considered in Ref. [19], where col-
lective magnetoelectric modes were discussed. In the
present paper, we discuss a model similar to that in
Ref. [19], focusing on its properties in the magnetic
field directed perpendicular to wave vector describing
the spin helix. Analysis of the classical energy pre-
sented in Sec. 2 shows that in contrast to the naive
expectation, the onset of ferroelectricity occurs at a
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field H,.; that is lower than the saturation field H,.s.
We have H.,; = H.y at strong enough 5. We show that
at H = 0, ferroelectricity occurs at T'=Trp < Tn. A
qualitative discussion of the phase diagram in the H—T
plane is presented within the mean-field approach in
Sec. 3. Section 4 contains our conclusions.

2. CLASSICAL ENERGY

We discuss a magnetoelectric with the ferromag-
netic interaction Jz.zjy in the xy plane and the antiferro-
magnetic interaction Jj; along the z axis with the ME
coupling of form (1). The corresponding Hamiltonian
has the form

1 1
H=3 > J58iS; - 5 >TSS, +
(i-d) (i)
+ ﬂZ[URi X em] . [SRi X SRhLez] +
v 2
+§;Ui +H§i:s;, (2)

where (7, j) and (i, j) respectively denote nearest neigh-
bors along the 2z axis and in the xy plane, e, is the unit
vector along the z axis, the lattice constant is taken to
be equal to unity, 5 and v are positive constants, and
the last term is the Zeeman energy in the field directed
along the z axis (see Fig. 1). At H = 0, spins lie in the
zy plane and their rotation is described by the wave
vector q = (¢,0,0). There is a uniform displacement
U,; = U = (0,U,0) along the y axis. The electric polar-
ization of the sample P is proportional to NU, where
N is the number of spins in the lattice. When H # 0,
the spins cant in the direction opposite to the field di-
rection and make an angle # < /2 with the z axis
(see Fig. 1). Magnetoelectrics with the ferromagnetic
exchange along the z axis or the antiferromagnetic ex-
change in the zy plane can be considered on equal foot-
ing. We discuss the corresponding results qualitatively
in Sec. 4.

To find ¢, U, and 6, we must minimize the classical
energy with respect to U, ¢, and 6. The classical energy
is given by

E
N 2.J%5% cos®> § — J*¥ S?(cos® 6 + sin? @ cos ) —

— BS2Usin%fsing + %UQ — HScosf, (3)

where S is the spin value. The equations for the min-
imum of Eq. (3) have two solutions: (i) that with a
collinear spin structure, ¢ = U = 0, and (ii) that with
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Fig.1. Projections of spins on xy and xz planes are shown in the noncollinear phase of the magnetoelectric discussed. The
magnetic field H, the electric polarization P, and the canting angle # of spins in the magnetic field are shown

a spiral spin structure, ¢ # 0 and U # 0. The last
solution is given by

2
U= 5 sin? @ sin ¢, (4a)
Y
Jay = COSQ sin? 6, (4b)
2 2qQ3
H = Cat cosf (sin29 + 27 —jzy), (4c)
Y

where two dimensionless constants are introduced as

. yJY _J* 5)
SN I CIE

Stability conditions of the solutions are determined
from the requirement of positive definiteness of the bi-
linear form 9*E/(0xdy), where z,y = U,q,0. In par-
ticular, the stability criteria of (4) are given by

q#0,

1— 9, 29
cosf < \/J++].

It can be seen from Eq. (4b) that this solution exists if

(7)

We assume below that condition (7) holds. The other
solution of Eq. (3) gives the collinear spin structure

(6a)

(6b)

Jay < 1.

U=q=0,

H/H
cos@z{ 1/ e

where H.o = 45.J%. Solution (8) is stable at sufficiently
large fields, such that the condition

cosf > \/1 = juy

(8a)
H S H627

(8Db)
H > Hc27

(9)
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Fig. 2. Plot of the right-hand side of Eq. (4c) as a func-
tion of cos f. Values of H and 6 are given by Eqgs. (13)
and (12), respectively

is satisfied. We conclude from Eqs. (7) and (9) that
if (7) does not hold, only the collinear spin structure
exists. In contrast, when (7) is satisfied, the collinear
solution is stable only at H > HZ’, where

H = 45T \/T— joy.

which is found using Eq. (8b) and assuming the equal-
ity in Eq. (9). The angle 659 corresponding to the field
H?Y is given by

(10)

cos i) = /1 —

= Jay- (11)
We note that Eq. (4b) gives ¢ = 0 at 6§ = 655.

We now turn to the transition between the spiral
and collinear configurations. At H = 0 and 6 = 7/2,
the spiral configuration is realized. As is clear from

Eq. (4c), the angle 6 is an ambiguous function of H. A
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plot of the right-hand side of Eq. (4c) is presented in

Fig. 2. It shows a maximum at # = 6, where

~ /11— ja 27
cosf = ]++j

If the right-hand side of Eq. (12) is larger than unity, it
follows that # = 0 in the consideration presented below
and only the regime with 6 > f remains. According to
Eq. (6b), we should take the solutions of Eq. (4c) with
6 > #. The value of the magnetic field corresponding
to the maximum in Fig. 2 is given by

< _jmy>3/2

It can be easily shown using Eqs. (10) and (13) and the
Cauchy inequality that H > H??. Then, analysis shows
that the type of the phase transition is determined by
the value of the angle 059 at which inequality (9) turns
into the equality. Two regimes are possible at which
we have continuous and discontinuous transitions, re-
spectively: 639 < 6 and 059 > 6. Tt can be easily shown
using Eqs. (11) and (12) that ¢ < (>)f is equiva-
lent to juy + j. < (>)1. We discuss these two regimes
separately.

(12)

43253
gl

1+2j.
3

H= (13)

A. Continuous transition

The transition is continuous if 857 > 6, i.e., if

Jaoy + 72 > 1. (14)

The angle 6 decreases as the field increases and the spi-
ral solution turns into the collinear one at H = H}{: ¢
and U reduce gradually to zero as H approaches HZ?
and 6 approaches 057; at H = HZ?, we have 0 = 027,
g = U = 0, the stability criterion of spiral solution (6a)
ceases to hold and collinear solution (8) becomes stable
(criterion (9) begins to hold). All spins become parallel
to the field direction at H = H.y. As a result, we ob-
tain the phase diagram shown in Fig. 3a corresponding
to the line 7' = 0.

B. Discontinuous transition

The transition is discontinuous if 3¢ < 6, ie., if

Jay +J2 < L. (15)
This regime corresponds to a larger spin-lattice cou-
pling (larger ) than that discussed above. In this
case, the angle .; cannot be reached gradually be-
cause, in particular, the spiral solution is unstable at
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6 < 6 > 637, Therefore, the transition is of the first or-
der in this case. When H reaches HZ?, ¢ does not van-
ish and the spiral solution remains stable. At the same
time, the collinear solution is also stable at H > HJY,
but the energy of the spiral solution is lower than that
of the collinear one at H = H}?. As the magnetic field
is further increased, the ground state energies of these
two solutions come together and the transition occurs
when they become equal. The corresponding field can
be greater or lower than H.y. In the first case, all spins
in the collinear phase are parallel to the field (fo =0);
in the second case, 9510 # 0 and all spins become par-
allel to each other at H > H. only. In the second
scenario, using Eqs. (3), (4), and (8), it is easy to find
the critical field

HI? = 05 s 1 day t iz

Vi

The transition is accompanied by a decrease in the an-
gle 8, from #7° given by

(16)

V=
to 659 given by Eq. (11), and in the wave vector ¢ of
the spiral switches, from

(17)

fo
cos 02,

jzy

COS(qn = T
z

(18)
to ¢ = 0. Then we are led to the part of the phase dia-
gram in the H —T plane shown in Fig. 3b corresponding
to the line "= 0.

We obtain that H/® < H, if

ey ¥/ > 1.

If 3 is so large that this criterion does not hold, there
is only one critical field H., and we are led to the line
T = 0 on the phase diagram shown in Fig. 3¢. The
expression for H, is quite complicated and we do not
present it here.

We now discuss the phase diagrams at 7' > 0.

(19)

3. FINITE TEMPERATURES

We find the equation for the phase transition line
between collinear and spiral phases within the mean-
field approximation (MFA). The energy in (3) is a func-
tion of T. Working in the MFA, we assume that the
spin value is reduced by thermal fluctuations,

).

T
1 —

T (20)

sm:s(
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T
TN

II1

Jay(0) +4:(0) > 1

TrE

TA
Tn

Jey(0) +4:(0) <1

Vizy(0) +1/5:(0) < 1

TrE

where Ty = 25%(.J* + 2J%%) within the MFA, S > 1,
and T' < Ty . For simplicity, we neglect the dependence
of the constants 3, v, and J on T in Eq. (3). As soon as
the spin value depends on T, all S-dependent quantities
occurring in the above discussion are also functions of
T. In particular, using Egs. (10) and (16), we can find
the phase transition line in the H — T plane between
the spiral and collinear phases. This line is different in
the case of the second-order and first-order phase tran-
sitions at T' = 0, i.e., at j,, (T = 0)+4.(T = 0) > 1 and
Jay(T = 0)+7.(T = 0) < 1, which should be discussed
separately.

A. Second-order phase transition at 7' =0
(Jay (T = 0) + 3= (T =0) > 1)

Evidently, the phase transition line starting at
(H = 0,Twy) must lead to the point (He, T = 0). It
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Jay(0) +3:(0) <1

Vizy(0) 4+ 1/7:(0) > 1

Fig.3. Phase diagram in the H — T plane of the mag-
netoelectric discussed in some limit cases indicated in
each plane (the constants j are given by Eqs. (5) and
j(0) = j(T = 0)). There is an incommensurate mag-
netic order with the wave vector q and electric moment
P in phase I. Spins are parallel to each other and are
canted by a finite angle to the magnetic field in para-
electric phase Il. All spins are parallel to the magnetic
field and P = 0 in phase lll. Solid and dashed lines re-
spectively denote lines of second and first-order phase
transitions. Increasing /3 corresponds to passing from
plane (a) to (b) and (c). a) The line of the phase tran-
sition between | and Il is given by Eq. (21) within the
mean-field approximation. b) The transition between |
and Il is of the second and first order above and be-
low T, respectively, where T* is given by Eq. (22).
The line of phase transitions in this case is given within
the MFA by Egs. (21) and (23) above and below T,
respectively. ¢) There is only one critical field H. at
T = 0 in this regime. The temperatures 7" and T**
are given by Eqgs. (22) and (24)

is also clear that the phase transition line between the
noncollinear and collinear phases must start at (H,q,0)
and end at (0, Trg), where Trp < Tx. Using Egs. (10)
and (20), we can easily find the equation for H(T'):

T [HRO) - [H (1)
Tn 2(4577)2

(21)

which gives a parabola in the H —T plane (see Fig. 3a).
In particular, we have Trrp = Tn[l — j4,(0)]/2 from
Eq. (21). The requirement T' <« Tn then implies that
Jay(0) ~ 1.

B. First-order phase transition at T'=0
(Jay (T = 0) + 3= (T =0) < 1)

The phase diagram is different depending on
whether condition (19) holds at T' = 0.
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1.

Jay(0) +1/7:(0) > 1

It can be seen from Eqs. (5) that thermal fluctua-
tions increase j,, and j.. Above a certain temperature
T*, the sum j,(T) + j.(T') then becomes larger than
unity. Hence, at 7' > T* and T' < T™*, where

1-— ]xy(o) B jz(o)
2

is found from the condition j,,(T*) + j,(T*) = 1, the
transition is of the second and first order, respectively.
The second-order phase transition line at 7' > T is
given by Eq. (21). The first-order phase transition line
at T < T* can be found using Eq. (16), with the result

T*

=Tn (22)

T _ HI0) - H(T)
TN a 4S5 J*#

3:(0). (23)

We then pass to plane (b) in Fig. 3.

2. Jay(0) +1/5:(0) <1

The phase diagram in this case is shown in Fig. 3c.
The temperature T** is found from the condition
Vizy(T**) +\/j:(T**) = 1, with the result

T =Ty (1 — Sin(0) - W) e

At T' < T**, there are transitions from the spiral phase
to the collinear one with all spins aligned along the field
direction (phase III). In contrast, at T > T**, there is
first-order a transition to the collinear phase with 6 # 0
and then a second-order phase transition to phase III.
The phase transition between the spiral and collinear
phases is of the first and second order at T' < T* and
T > T*, respectively, where T* is given by Eq. (22).

4. CONCLUSIONS

We have discussed a nonfrustrated magnetoelectric
with Hamiltonian (2) in the magnetic field with the
spin—lattice coupling of form (1) assumed to be strong
enough to produce the spiral spin structure inducing
ferroelectricity. The ground-state energy was analyzed.
We show that in contrast to the naive expectation, the
onset of ferroelectricity occurs at H < H., where H.y
is lower than the saturation field H.y if the constant
B in Eq. (1) is not too large. The type of the phase
transition between the collinear paraelectric phase and
the spiral ferroelectric phase depends on values of the
constants j given by Eqgs. (5): the transition is of the
second order if condition (14) holds and of the first or-
der if it does not hold. Moreover, if inequality (19) is
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not satisfied, there is only one critical field at which
the first-order transition occurs from the spiral phase
to the phase in which all spins are parallel to the field.
From a qualitative analysis using the mean-field
approach, we obtained the phase diagram in the H — T
plane shown in Fig. 3. Increasing 3 corresponds to suc-
cessively passing from plane (a) to (b) and (¢). We also
note that the phase diagram remains qualitatively the
same for a magnetoelectric with the antiferromagnetic
coupling among spins in the zy plane (cf. Eq. (2)).
In contrast, if the exchange coupling along the z
axis is ferromagnetic, the constant j. should be set
equal to zero in the above consideration. As a conse-
quence, we obtain the phase diagram shown in Fig. 3ec.
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