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THE INFLUENCE OF SPINON THERMODYNAMICAL QUANTITIESGu-Qiang Li *Department of Physi
s, Zhanjiang Normal College524048, Zhanjiang, Guangdong, ChinaRe
eived 4 O
tober 2006We use the bri
k-wall method to investigate thermodynami
al quantities around a stati
 Gibbons �Maeda dila-ton bla
k hole and show that ea
h of these quantities 
ontains an additional spin-dependent term and that theusual result that the entropy density, energy density, and pressure take the same forms as in �at spa
e�timeholds only for the leading term. Our results are 
ompatible with the early 
on
lusions that the bla
k hole entropyis not exa
tly proportional to the horizon area and that Hawking radiation is not to be purely thermal.PACS: 04.70.Dy, 97.60.LfIn theoreti
al physi
s, the thermodynami
s of bla
kholes remains an enigma; it turns out to be a jun
tionof general relativity, quantum me
hani
s, and statis-ti
al physi
s. Logarithmi
 
orre
tions to the Beken-stein �Hawking entropy due to spin �elds have beenextensively investigated [1�5℄. The Hawking radiationvia tunneling from the bla
k hole has also been studiedwidely and was proved not to be exa
tly thermal [6�10℄. This implies that other information in additionto temperature 
ould be preserved in formation andevaporation of a bla
k hole, as argued by Hawking inRef. [11℄.It is generally assumed that the entropy density, theenergy density, and the pressure of an ideal relativis-ti
 gas in 
urved spa
e�time have the same forms asin Minkowski spa
e�time [12℄, where they are indepen-dent of the spin of the �eld, ex
ept that di�erent �eldsobey di�erent statisti
s. The physi
al reason 
an betra
ed ba
k to the equivalen
e prin
iple [13℄.Applying the quantization pro
edure referred to asthe Boulware va
uum state and Killing time t, Li [14,15℄ studied the thermodynami
al quantities around theS
hwarzs
hild bla
k hole and the Reissner �Nordströmbla
k hole and found that the 
orre
ted expressionsfor these quantities in
lude additional spin-dependentterms. Obviously, these results are important and help-ful for further investigation in related subje
ts su
h asbla
k hole entropy and bla
k hole radiation. Our pur-*E-mail: zsgqli�hotmail.
om

pose in this paper is to extend this method to the Gib-bons �Maeda dilaton bla
k hole and to investigate thein�uen
e of spin on the thermodynami
al quantities bythe bri
k-wall method [16℄. Doubts regarding the va-lidity of the bri
k-wall method are expressed in somereferen
es [17, 18℄, but these obje
tions are shown to beover
ome [19℄ when the ground state is 
orre
tly iden-ti�ed and the lo
al des
ription of the statisti
al me-
hani
s is equivalent to that of a quantized �eld in the
urved ba
kground, whi
h is de�ned globally and whoseground state is the Boulware state [20℄.The metri
 of stati
 Gibbons �Maeda dilaton bla
khole is given by [21; 22℄ds2 = (r�r+)(r�r�)r2�D2 dt2� r2�D2(r�r+)(r�r�) dr2�� (r2 �D2)(d�2 + sin2 � d'2); (1)where r� =M �pM2 +D2 � P 2 �Q2are the outer and inner horizons. Here, M , P , Q, andD are the mass, ele
tri
 
harge, magneti
 
harge, anddilaton parameter, related byD = P 2 �Q22M :In spa
e�time (1), the area of the spheri
al surfa
e ata point r outside the horizon isA(r) = 4�(r2 �D2):We introdu
e the null tetrad ve
tors480
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e of spin on thermodynami
al quantitiesl� = � r2 �D2(r � r+)(r � r�) ; 1; 0; 0� ;n� = 12 �1;� (r � r+)(r � r�)r2 �D2 ; 0; 0� ;m� = 1p2(r2 �D2) �0; 0; 1; isin � � : (2)
The nonvanishing spin 
oe�
ients and the only non-vanishing 
omponent of the Weyl tensor 
an then beobtained using the Newman �Penrose formula [23℄ as� = �� = � 
tg �2p2(r2 �D2) ; � = � rr2 �D2 ;� = �r(r � r+)(r � r�)2(r2 �D2)2 ;
 = 14 �2r � r+ + r�r2 �D2 � 2r(r � r+)(r � r�)(r2 �D2)2 � ; (3)
	2 = r(r+ � r�)� 2r22(r2 �D2)2 + (2r2 +D2)(r � r+)(r � r�)2(r2 �D2)3 :Equations (3) tell us that metri
 (1) is of the Petrovtype D. Using the result of Teukolsky [24℄, the �eldequations for the neutrino (s = 1=2), ele
tromagneti
(s = 1), and gravitational (s = 2) �elds in the sour
e-

free 
ase 
an be 
ombined into the equationsf[D � (2p+ 1)�℄[�� 2p
 + �℄�� [Æ + 2(p� 1)�℄[Æ � 2s�℄�� (2s� 1)(s� 1)	2g
q = 0;f[�� 2(p+ 1)
 + (1� 2p)�℄[D � �℄�� [Æ � 2(p+ 1)�℄[Æ � 2s�℄�� (2s� 1)(s� 1)	2g
q = 0; (4)
where D, �, and Æ are the dire
tional derivatives givenby D = l���, � = n���, and Æ = m���, 
q are themode fun
tions, and q represents the set of quantumnumbers. The �rst equation is for spin states p = sand the other is for p = �s.In the quantization pro
edure referred to as theBoulware va
uum state and Killing time t, the modefun
tions of these �elds in the vi
inity of the Gibbons �Maeda dilaton bla
k hole 
an be written as
q = 
Elmp = rp�spRlE(r)pYlm(�; ')e�iEt: (5)Substituting Eqs. (3) and (5) in Eqs. (4), we obtainthe radial equation� d2dr2+ � (p+1)(2r�r+�r�)(r�r+)(r�r�) + prr2�D2 � ddr ++ (r2 �D2)2E2(r � r+)2(r � r�)2 ++ iEC(r; p) +B(r; p)� �2(r � r+)(r � r�) � pRlE(r) = 0; (6)whereB(r; p) = �2pD2 � 2p(4p� 5)r2 + (4p2 + 3)(r+ + r�)r + (2p+ 1)r+r�r2 �D2 ++ (r � r+)(r � r�)(r2 �D2)2 �(4p2 + 3p+ 7)r2 + (2p2 � 3p+ 1)D2� ; (7)C(r; p) = 4pr � p(r2 �D2)(2r � r+ + r�)(r � r+)(r � r�) ;and the angular equation� 1sin � ��� (sin �) ��� + 1sin2 � �2�'2++ 2ip 
os�sin2 � ��'�p2 
tg2 ��p+�2� pYlm(�; ') = 0: (8)Equation (8) shows that pYlm(�; ') is a spin-weighted spheri
al harmoni
, and the separation 
on-
stant � satis�es the relation�2 = (l � p)(l + p+ 1); (9)where l and m are integers satisfying the inequalitiesl � s and � l � m � l: (10)Writing pRlE(r) = exp[iS(r; p; l; E)℄7 ÆÝÒÔ, âûï. 3 481



Gu-Qiang Li ÆÝÒÔ, òîì 131, âûï. 3, 2007and using the Wentzel �Kramers �Brillouin (WKB)approximation, we obtain the radial wave numberk � �rS:k = � (r2 �D2)2E2(r � r+)2(r � r�)2++B(r; p)� (l � p)(l + p+ 1)(r � r+)(r � r�) �1=2 (11)under the bri
k-wall boundary 
onditions
q = 0 at r = r+ + " and r = r+ + "+ L;where " is the distan
e of the bri
k wall from the hori-zon, 0 < " � r+, and L is the thi
kness of the bri
kwall. Then the 
onstraint of the semi
lassi
al quantum
ondition imposed on k isrH+"+LZrH+" k dr = n�; (12)where n is a nonnegative integer, and the number ofeigenstates with the energy smaller than E is given by

g(E) =Xp Xl (2l+ 1)n = 1�Xp lmaxZs (2l+ 1) dl �� rH+"+LZrH+" dr� (r2 �D2)2E2(r � r+)2(r � r�)2++ B(r; p)� (l � p)(l + p+ 1)(r � r+)(r � r�) �1=2 == 23�Xp rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 �� �E2 + (r � r+)(r � r�)(r2 �D2)2 �(r; p)�3=2 : (13)Here, lmax is determined by Eq. (11) and�(r; p) = B(r; p)� s+ p: (14)The free energy at the inverse Hawking temperature�H is given by��HF = �X� ln (1� exp(��HE�)) : (15)The �+� sign in Eq. (15) 
orresponds to the Fermi
ase and the ��� sign 
orresponds to the Bose 
ase.Using Eq. (13) to determine the density of states, weobtain the free energy
F = � 1�H 1Z0 dE dg(E)dE ln (1� exp(��HE)) =

= 8>>>>>>>><>>>>>>>>: � 2!�345�4H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 � �6�2H Xp rH+"+LZrH+" (r2 �D2)�(r; p) dr(r � r+)(r � r�) ; s = 1; 2;� 7!�3180�4H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 � �12�2H rH+"+LZrH+" (r2 �D2)�(r; p) dr(r � r+)(r � r�) ; s = 1=2; (16)
where ! =Xp 1 (! = 2 for the gravitational and ele
-tromagneti
 �elds and ! = 1 for the neutrino �eld).Using the formulas S = �2H �F��H

and U = �(�HF )��H ;we 
an obtain the entropy and energy as482
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al quantities
S = 8>>>>>>>><>>>>>>>>:

8!�345�3H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 + �3�H rH+"+LZrH+" (r2 �D2)2��(r) dr(r � r+)(r � r�) ; s = 1; 2;7!�345�3H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 + �6�H rH+"+LZrH+" (r2 �D2)2��(r) dr(r � r+)(r � r�) ; s = 1=2; (17)
U =8>>>>>>>><>>>>>>>>:

2!�315�4H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 + �6�2H rH+"+LZrH+" (r2 �D2)2��(r) dr(r � r+)(r � r�) ; s = 1; 2;7!�360�4H rH+"+LZrH+" (r2 �D2)3dr(r � r+)2(r � r�)2 + �12�2H rH+"+LZrH+" (r2 �D2)2��(r) dr(r � r+)(r � r�) ; s = 1=2; (18)where ��(r) = 8>>>>>>>>>>><>>>>>>>>>>>:
1r2 �D2 Xp �(r; p) = 16s2r2 � 2(4s2 + 3)(r+ + r�)r � 2r+r�(r2 �D2)2 ++2(r � r+)(r � r�)[(4s2 + 7)r2 + (2s2 + 1)D2℄(r2 �D2)3 � 2sr2 �D2 ; s = 1; 2;1r2 �D2 �(r; p) = B(r; p)� s+ pr2 �D2 ; s = 1=2: (19)

On the other hand, the total entropy and energyareS = rH+"+LZrH+" �(r)A(r) drpg00 == rH+"+LZrH+" �(r)4�(r2 �D2) drpg00 ; (20)U = rH+"+LZrH+" �(r)A(r) dr == rH+"+LZrH+" �(r)4�(r2 �D2) dr; (21)where we have taken a spheri
al shell as the volumeelement. The fa
tor1pg00 =s r2 �D2(r � r+)(r � r�)does not appear in the integral for the total energy ofthe thermal ex
itations [18℄. Comparing Eqs. (20) and(21) with Eqs. (17) and (18), we obtain the entropydensity and energy density

�(r) == 8>><>>: 2!�245 T 3(r) + 112��(r)T (r); s = 1; 2;7!�2180 T 3(r) + 124��(r)T (r); s = 1=2; (22)
�(r) == 8>><>>: !�230 T 4(r) + 124��(r)T 2(r); s = 1; 2;7!�2240 T 4(r) + 148��(r)T 2(r); s = 1=2; (23)where T (r) is the lo
al temperature determined by theTolman relation [17℄T (r) = 1�Hpg00 = 1�Hs r2 �D2(r � r+)(r � r�) : (24)The pressure is given by [25℄P (r) = �(r)T (r) � �(r): (25)Substituting Eqs. (22) and (23) in Eq. (25), we obtainthe pressure483 7*



Gu-Qiang Li ÆÝÒÔ, òîì 131, âûï. 3, 2007P (r) == 8>><>>: !�290 T 4(r) + 124��(r)T 2(r); s = 1; 2;7!�2720 T 4(r) + 148��(r)T 2(r); s = 1=2: (26)The equation of state is�(r)� 3P (r) = 8><>: � 112��(r)T 2(r); s = 1; 2;� 124��(r)T 2(r); s = 1=2: (27)In summary, we have evaluated the entropy den-sity, energy density, and pressure for the perfe
t rela-tivisti
 gases of massless parti
les with spins s = 1=2,1, and 2 in the vi
inity of the stati
 Gibbons �Maedadilaton bla
k hole by the WKB approximation, whi
hare given by Eqs. (22), (23), and (26), respe
tively.Our results show that any one of these quantities fora spin �eld in
ludes an additive spin-dependent term.These additional terms 
annot be negle
ted at su�-
iently low temperature, for example, in the vi
inity ofa near-extremal bla
k hole, and lead to the equationsof state (27) being also spin-dependent. The usual re-sult for any spin �eld that the entropy density, energydensity, and pressure take the same forms as in a �atspa
e�time holds only for the leading term in powersof the temperature. Of 
ourse, when r is su�
ientlylarge, the spa
e�time be
omes a Minkowski one, thespin-dependent terms de
rease as 1=r2 or more rapidlyand 
an be negle
ted, and therefore the result is 
on-sistent with that in Minkowski spa
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