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FREE-FIELD REPRESENTATION OF PERMUTATION BRANESIN GEPNER MODELSS. E. Parkhomenko *Landau Institute for Theoreti
al Physi
s of Russian A
ademy of S
ien
es142432, Chernogolovka, Mos
ow region, RussiaRe
eived February 3, 2006We 
onsider a free-�eld realization of Gepner models based on the free-�eld realization of N = 2 super
onfor-mal minimal models. Using this realization, we analyze the A=B-type boundary 
onditions starting from theansatz with the left-moving and right-moving free-�eld degrees of freedom glued at the boundary by an arbitrary
onstant matrix. We show that the only boundary 
onditions 
onsistent with the singular ve
tor stru
ture ofunitary minimal model representations are given by permutation matri
es, thereby yielding an expli
it free-�eld
onstru
tion of the permutation branes of Re
knagel.PACS: 11.25.Hf, 11.25.Pm1. INTRODUCTIONInvestigation of D-branes on Calabi�Yau manifoldsat string s
ales is an interesting and important prob-lem. There is a signi�
ant progress in this dire
tiona
hieved mainly due to the intensive study of D-branesat Gepner points of the Calabi�Yau moduli spa
e ini-tiated in [1℄.Be
ause Gepner models are de�ned by a purely al-gebrai
 
onstru
tion [2; 3℄, it is natural that the sym-metry-preserving boundary states (D-branes) in thesemodels 
an also be des
ribed by algebrai
 obje
ts [1�6℄.The question of their geometri
 interpretation thenappears to be nontrivial and interesting. Consider-able progress in the understanding of the geometryof D-branes in the Gepner models has been a
hievedre
ently in [7�16℄. The main idea developed in thesepapers is to relate the interse
tion index of boundarystates [17℄ to the bilinear form of the K-theory 
lassesof bundles on a large-volume Calabi�Yau manifold anduse this relation to asso
iate the K-theory 
lasses tothe boundary states.The natural question that arises here but is hardto answer is whether one 
an �nd a dire
t 
onformal�eld theory des
ription of the geometry of D-branes inGepner models instead of interpolation of large-volumetopologi
al data of bundles to the Gepner point. In try-*E-mail: spark�itp.a
.ru

ing to �nd the dire
t des
ription (as well as to developthe main ingredients for the integral representation forthe boundary 
orrelation fun
tions), the free-�eld 
on-stru
tion of D-branes in Gepner models has been de-veloped in [18℄. It was shown there that the free-�eldrepresentations of the open-string spe
trum betweenthe Re
knagel�S
homerus boundary states 
an be de-s
ribed in terms of representations of the 
hiral deRham 
omplex [19℄ on a Landau�Ginzburg orbifold.The 
hiral de Rham 
omplex is a string generalizationof the usual de Rham 
omplex and is a sheaf of ver-tex algebras [19�21℄. Hen
e, it is a geometri
 obje
t,and this property has been used in [18℄ to geometri
allyinterprete the boundary states in Gepner models (
on-stru
ted in purely algebrai
 terms) as fra
tional braneson Landau�Ginzburg orbifolds. This suggests that the
hiral de Rham 
omplex might be a natural and e�-
ient obje
t for the des
ription of D-brane geometry atstring s
ales.With this in mind, we try in this paper to extendthe free-�eld representation in [18; 22℄ to the 
ase ofpermutation branes [6℄. Our aim is to analyze and rep-resent the free-�eld 
onstru
tion of permutation branes,while the important question of the study and 
ompari-son of the free-�eld geometry of D-branes to the resultsin [23; 24℄ is left for the future.In Se
. 2, we brie�y review the free-�eld 
onstru
-tion of irredu
ible representations in N = 2 minimal1026
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. 3, we s
hemati
ally
onsider the free-�eld realization of Gepner models. InSe
. 4, we investigate A- and B-type gluing 
onditionsin terms of free �elds. We start from the ansatz wherethe left-moving and right-moving free-�eld degrees offreedom are glued at the boundary by an arbitrary 
on-stant matrix and analyze the A- and B-type boundary
onditions in terms of free �elds. Se
tion 5 is the mainpart of the paper. We analyze the 
onsisten
y of theboundary 
onditions with the singular ve
tor stru
tureof minimal models (the butter�y resolution) and showthat only permutation matri
es survive, thereby givingthe free-�eld representation of permutation Ishibashistates. In Se
. 6, we use the Re
knagel solution [6℄ ofCardy's 
onstraints as the well as the orbifold 
onstru
-tion to obtain a free-�eld realization of permutationbranes in Gepner models.2. FREE-FIELD REALIZATION OFIRREDUCIBLE REPRESENTATIONS INTHE N = 2 MINIMAL MODELSIn this se
tion, we brie�y dis
uss the free-�eld 
on-stru
tion in [25℄ of irredu
ible modules in N = 2 super-
onformal minimal models. The free-�eld approa
h toN = 2 minimal models was also 
onsidered in [26; 27℄.2.1. Free-�eld representations of the N = 2super-Virasoro algebraWe introdu
e (in the left-moving se
tor) freebosoni
 �elds X(z) and X�(z) and free fermioni
 �elds (z) and  �(z) with the operator produ
t expansionsgiven by X�(z1)X(z2) = ln(z12) + reg; �(z1) (z2) = z�112 + reg; (1)where z12 = z1 � z2 and reg denotes regular terms asz1 ! z2. Then for an arbitrary number, �, the 
urrentsof the N = 2 super-Virasoro algebra are given byG+(z) =  �(z)�X(z)� 1�� �(z);G�(z) =  (z)�X�(z)� � (z);J(z) =  �(z) (z) + 1��X�(z)� �X(z);T (z) = �X(z)�X�(z) + 12(� �(z) (z)��  �(z)� (z))� 12(�2X(z) + 1��2X�(z)); (2)
and the 
entral 
harge is


 = 3�1� 2�� : (3)As usual, the fermions  (z),  �(z), and G�(z) inthe Neveu�S
hwartz (NS) and Ramond (R) se
tors areexpanded in half-integer (integer) modes. The bosonsX(z), X�(z), J(z), and T (z) are expanded in integermodes in both se
tors.In the NS se
tor, the N = 2 Virasoro superalge-bra a
ts naturally in the Fo
k module Fp;p� generatedby the fermioni
 operators  �[r℄,  [r℄, r < 1=2, andbosoni
 operators X�[n℄, X [n℄, n < 0, from the va
-uum state jp; p�i su
h that [r℄jp; p�i =  �[r℄jp; p�i = 0; r � 12 ;X [n℄jp; p�i = X�[n℄jp; p�i = 0; n � 1;X [0℄jp; p�i = pjp; p�i; X�[0℄jp; p�i = p�jp; p�i: (4)The state jp; p�i is primary with respe
t to the N = 2Virasoro algebra,G�[r℄jp; p�i = 0; r > 0;J [n℄jp; p�i = L[n℄jp; p�i = 0; n > 0;J [0℄jp; p�i = j� jp; p�i = 0;L[0℄jp; p�i = h(h+ 2)� j24� jp; p�i = 0; (5)where j = p� � �p; h = p� + �p:The 
hara
ter fp;p�(q; u) of the Fo
k module Fp;p�is given byfp;p�(q; u) � TrFp;p� (qL[0℄�(
=24)uJ[0℄) == q[h(h+2)�j2℄=4��
=24uj=��(q; u)�(q)3 ; (6)where the Ja
oby theta-fun
tion�(q; u) = q1=8 Xm2Z q(1=2)m2u�m (7)and the Dedekind eta-fun
tion�(q) = q1=24 Ym=1(1� qm) (8)are used.The N = 2 Virasoro algebra has the following setof automorphisms, known as the spe
tral �ow [28℄:1027 3*



S. E. Parkhomenko ÆÝÒÔ, òîì 129, âûï. 6, 2006G�[r℄! G�t [r℄ � G�[r � t℄;L[n℄! Lt[n℄ � L[n℄ + tJ [n℄ + t2 
6Æn;0;J [n℄! Jt[n℄ � J [n℄ + t 
3Æn;0; (9)where t 2 Z.The spe
tral �ow a
tion on the free �elds 
an beeasily des
ribed if we bosonize the fermions  � and  as  (z) = exp(�y(z));  �(z) = exp(+y(z)) (10)and introdu
e the spe
tral �ow vertex operatorU t(z) = exp��t�y + 1�X� �X� (z)� : (11)It gives the a
tion of the spe
tral �ow on the free-�eldmodes, [r℄!  [r � t℄;  �[r℄!  �[r + t℄;X�[n℄! X�[n℄ + tÆn;0; X [n℄! X [n℄� t�Æn;0: (12)The a
tion of the spe
tral �ow on the vertex oper-ator V(p;p�)(z) is given by the normal ordered produ
tof the vertex U t(z) and Vp;p�(z). It follows from (12)that the spe
tral �ow generates twisted se
tors.2.2. Irredu
ible N = 2 super-Virasororepresentations and the butter�y resolutionThe N = 2 minimal models are 
hara
terized bythe 
ondition that � is integer and � � 2. In the NSse
tor, the irredu
ible highest-weight modules, 
onsti-tuting the (left-moving) spa
e of states of the minimalmodel, are unitary and are labeled by two integers h; j,where h = 0; : : : ; ��2 and j = �h;�h+2; : : : ; h. Thehighest-weight ve
tor jh; ji of the module satis�es the
onditionsG�[r℄jh; ji = 0; r > 0;J [n℄jh; ji = L[n℄jh; ji = 0; n > 0;J [0℄jh; ji = j� jh; ji;L[0℄jh; ji = h(h+ 2)� j24� jh; ji: (13)

The Fo
k modules are highly redu
ible representa-tions of the N = 2 Virasoro algebra and hen
e 
ontainan in�nite number of singular ve
tors. To des
ribe thesingular ve
tor stru
ture, we introdu
e, following [25℄,the pair of fermioni
 s
reening 
urrents S�(z) and thes
reening 
harges Q� asS+(z) =  � exp(X�)(z);S�(z) =  exp(�X)(z);Q� = I dzS�(z): (14)The s
reening 
harges 
ommute with the generators ofN = 2 super-Virasoro algebra (2). But they do not a
twithin ea
h Fo
k module. Instead, they map betweendi�erent Fo
k modules. The spa
e where the s
reening
harges a
t naturally is the dire
t sum of Fo
k modulesF� = M(p;p�)2� Fp;p� ; (15)where � is the momentum latti
e:� = �(p; p�)jp = n�; p� = m;n;m 2 Z� : (16)Appli
ation of the s
reening 
harge to an arbitrary ve
-tor jp; p�i 2 F� gives a singular ve
tor in another Fo
kmodule.The s
reening 
harges are nilpotent and mutuallyanti
ommute,(Q+)2 = (Q�)2 = fQ+; Q�g = 0: (17)Due to important properties (17), we 
an 
ombine the
harges Q� into a BRST operator a
ting in F� andbuild a BRST 
omplex of Fo
k modules Fp;p� 2 F� .This 
omplex, whi
h has been 
onstru
ted in [25℄, de-s
ribes the stru
ture of the N = 2 Virasoro singularve
tors and the 
orresponding submodules, and the 
o-homology of the 
omplex gives the irredu
ible moduleMh;j .We �rst 
onsider the free-�eld 
onstru
tion for the
hiral moduleMh;j=h. In this 
ase, the 
omplex (whi
his known as the butter�y resolution [25℄) 
an be repre-sented by the diagram1028
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We let Ch denote this resolution and let � denote theset where the momenta of the Fo
k spa
es of the resolu-tion take values. The horizontal arrows in this diagramare given by the a
tion of Q+ and the verti
al arrowsare given by the a
tion of Q�. The diagonal arrow inthe middle of the butter�y resolution is given by thea
tion of Q+Q� (whi
h equals �Q�Q+ due to (17)).The ghost-number operator g of the 
omplex is de�nedfor an arbitrary ve
tor jvn;mi 2 Fn;m�+h bygjvn;mi = (n+m)jvn;mi; if n;m � 0;gjvn;mi = (n+m+ 1)jvn;mi; if n;m < 0: (19)The main statement in [25℄ is that 
omplex (18) isexa
t ex
ept at the F0;h module, where the 
ohomologyis given by the 
hiral module Mh;j=h.The butter�y resolution allows writing the 
hara
-ter �h(q; u) � TrMh;h (qL[0℄�
=24uJ[0℄)of the module Mh;h as the Euler 
hara
teristi
 of the
omplex:�h(q; u) = �(l)h (q; u)� �(r)h (q; u);�(l)h (q; u) = Xn;m�0(�1)n+mfn;h+m�(q; u);�(r)h (q; u) = Xn;m>0(�1)n+mf�n;h�m�(q; u); (20)where �(l)h (q; u) and �(r)h (q; u) are the 
hara
ters of theleft and right wings of the resolution.To obtain the resolutions for other (anti
hiral andnon
hiral) modules, we 
an use the observation in [25℄that all irredu
ible modules 
an be obtained from the
hiral modules Mh;j=h, h = 0; : : : ; � � 2, by the spe
-tral �ow a
tion U�t; t = h; h � 1; : : : ; 1. Equiva-lently, we 
an restri
t the set of 
hiral modules to the

range h = 0; : : : ; [�=2℄ � 1 and extend the spe
tral�ow a
tion by t = � � 1; : : : ; 1 (when � is even andh = [�=2℄� 1, the spe
tral �ow orbit be
omes shorter:t = [�=2℄ � 1; : : : ; 1) [29℄. Thus, the set of irredu
iblemodules 
an also be labeled by the setf(h; t)jh = 0; : : : ; [�=2℄� 1; t = �� 1; : : : ; 0g;ex
ept in the 
ase where � is even and the spe
tral�ow orbit be
omes shorter. It turns out that all theresolutions 
an also be obtained by the spe
tral �owa
tion.In view of this dis
ussion, it is more 
onvenient to
hange the notation for irredu
ible modules. In whatfollows, we letMh;t denote the irredu
ible modules, in-di
ating the spe
tral �ow parameter by t.As with the modules and resolutions, the 
hara
ters
an also be obtained by the spe
tral �ow a
tion [25℄:�h;t(q; u) = q
t2=6u
t=3�h(q; uqt): (21)There are the following important automorphism prop-erties of the irredu
ible modules and 
hara
ters [25; 29℄:Mh;t �M��h�2;t�h�1;�h;t(q; u) = ���h�2;t�h�1(q; u); (22)Mh;t �Mh;t+�; �h;t+�(q; u) = �h;t(q; u); (23)where � is odd andMh;t �Mh;t+�; �h;t+�(q; u) = �h;t(q; u);h 6= [�=2℄� 1;Mh;t �Mh;t+[�=2℄;�h;t+[�=2℄(q; u) = �h;t(q; u); h = [�=2℄� 1; (24)where � is even.1029



S. E. Parkhomenko ÆÝÒÔ, òîì 129, âûï. 6, 2006We note that the butter�y resolution is not periodi
under the spe
tral �ow, unlike the 
hara
ters. It is alsonot invariant under automorphism (22). Instead, theperiodi
ity and invarian
e are re
overed at the level of
ohomology. Therefore, the U�� spe
tral �ow and au-tomorphism (22) are quasi-isomorphisms of 
omplexes.The modules, resolutions, and 
hara
ters in the Rse
tor are generated from the modules, resolutions, and
hara
ters in the NS se
tor by the spe
tral �ow opera-tor U�1=2.3. FREE-FIELD REALIZATION OF THEGEPNER MODEL3.1. Free-�eld realization of the produ
t ofminimal modelsIt is easy to generalize the free-�eld representationin Se
. 1 to the 
ase of tensor produ
t of r N = 2 mi-nimal models 
hara
terized by an r-dimensional ve
tor� = (�1; : : : ; �r)with integer �i � 2.Let E be a real r-dimensional ve
tor spa
e and letE� be the dual spa
e to E. We write h; i for the nat-ural s
alar produ
t in the dire
t sum E � E�. In thesubspa
es E and E�, we �x the sets of basi
 ve
tors Rand R� as R = fsi; i = 1; : : : ; rg;R� = f�is�i ; i = 1; : : : ; rg;hsi; s�j i = Æi;j : (25)Given the sets R and R�, we introdu
e (in the left-moving se
tor) the free bosoni
 �elds Xi(z); X�i (z) andfree fermioni
 �elds  i(z);  �i (z), i = 1; : : : ; r, with sin-gular operator produ
t expansions given by Eq. (1),and the following fermioni
 s
reening 
urrents and their
harges: S+i (z) = si � exp(siX�)(z);S�i (z) = s�i exp(�is�iX)(z);Q�i = I dzS�i (z): (26)For ea
h i = 1; : : : ; r, we use formulas (2) to de�nethe N = 2 Virasoro superalgebra with 
entral 
harge
i = 3(1� 2=�i) as

G+i = si �s�i �X � 1�i si� �;G�i = s�i si�X� � s�i � ;Ji = si �s�i + 1�i si�X� � s�i �X;Ti(z) = 12(si� �s�i � si �s�i � ) ++ si�X�s�i �X � 12 �s�i �2X + 1�i si�2X�� ; (27)
and the vertex operatorsV(pi;p�i ) = exp(p�i s�iX + pisiX�); (28)whi
h are the 
onformal �elds whose 
onformal dimen-sions and 
harges are labeled by integershi = p�i + �ipi; ji = p�i � �ipi:The vertex operators are naturally asso
iated withthe latti
e � = P � P � 2 E �E�;where P 2 E, P � 2 E� su
h that P is gener-ated by (1=�i)si and P � is generated by the basis s�i ,i = 1; : : : ; r. For an arbitrary ve
tor (p;p�) 2 �, weintrodu
e the Fo
k va
uum state jp;p�i in the NS se
-tor by formulas similar to (4) and let Fp;p� denote theFo
k module generated from jp;p�i by the 
reation op-erators of the �elds Xi(z); X�i (z),  i(z), and  �i (z).Let F� be the dire
t sum of Fo
k modules asso
ia-ted with the latti
e �. As an obvious generalization ofthe results in Se
. 1, for ea
h ve
torh =Xi his�i 2 P �;where hi = 0; 1; : : : ; �i � 2, we form the butter�y re-solution C?h as the produ
t 
ri=1C?hi of butter�y re-solutions of the minimal models. The 
orrespondingghost-number operator g is given by the sum of theghost-number operators of ea
h resolution. The dif-ferential � a
ting on the ghost-number-N subspa
e ofthe resolution is given by the sum of di�erentials ofea
h 
omplex C?hi . It is obvious that the 
omplex C?h isexa
t ex
ept at the F0;h module, where the 
ohomologyis given by the produ
tMh;0 = 
ri=1Mhi;0of the 
hiral modules of ea
h minimal model. Hen
e,we 
an represent the 
hara
ter�h;0(q; u) � TrMh;0(qL[0℄�
=24uJ[0℄) (29)1030



ÆÝÒÔ, òîì 129, âûï. 6, 2006 Free-�eld representation of permutation branes : : :of Mh;0 as the produ
t of 
hara
ters�h;0(q; u) =Yi �hi;0(q; u):A

ording to the dis
ussion at the end of Se
. 1, weobtain the resolution and 
hara
ter for the produ
t ofan arbitrary irredu
ible module of minimal models bya
ting on C?h by the spe
tral �ow operatorsU�t =Yi U�tiiof the minimal models. Hen
e, we 
an label the resolu-tions, modules, and 
hara
ters by the pairs of ve
tors(h; t) from the set~� = f(h; t)jhi = 0; : : : ; [�i=2℄� 1;ti = 0; : : : ; �i � 1; i = 1; : : : ; rg:Equivalently, we 
an use the set~�0 = f(h; t)jhi = 0; : : : ; �i � 2;ti = 0; : : : ; hi; i = 1; : : : ; rg:It is also 
lear that the R-se
tor resolutions, modu-les, and 
hara
ters are generated from the NS se
torones by the spe
tral �owU�v=2 = rYi=1U�1=2i ;where v = (1; : : : ; 1).The same free-�eld realization 
an be used in theright-moving se
tor. Therefore, the sets of s
reeningve
tors �R and �R� have to be �xed in the right-movingse
tor. This 
an be done in many ways, the only re-stri
tion is that the 
orresponding 
ohomology spa
ehas to be isomorphi
 to the spa
e of states of the prod-u
t of the minimal models in the right-moving se
tor.Therefore, �R and �R� are de�ned modulo the O(r; r)transformations that leave the matrix of s
alar prod-u
ts hsi; s�j i un
hanged. In what follows, we set�R = R; �R� = R�: (30)Hen
e, we 
an use the same 
omplex to des
ribe theirredu
ible modules in the right-moving se
tor.3.2. Free-�eld realization and Calabi�YauextensionIt is well known that a produ
t of minimal mo-dels 
annot be applied straightforwardly to des
ribe

the string theory on a 
omplex dimension D Calabi�Yau manifold. First, one has to require thatXi 
i = 3D:Se
ond, the so-
alled simple-
urrent orbifold CY�[3; 30; 31℄ of the produ
t of minimal models has to be
onstru
ted. The 
urrents of theN = 2 Virasoro super-algebra of this model are given by the sum of 
urrentsof ea
h minimal model:G�(z) =Xi G�i ;J(z) =Xi Ji; T (z) =Xi Ti: (31)The left-moving (as well as the right-moving) se
-tor of CY� is given by proje
ting the spa
e of states onthe subspa
e of integer J [0℄-
harges and organizing theproje
ted spa
e into the orbits [h; t℄ under the spe
tral�ow operator Uv = rYi=1Ui;see [31℄.The partition fun
tion in the NS se
tor of the CY�sigma-model is the diagonal modular invariant of thespe
tral �ow orbit 
hara
ters restri
ted to the subsetof integer J [0℄-
harges. From the standpoint of theN = 2 Virasoro superalgebra representations, there isno di�eren
e as to whi
h of the sets ~� or ~�0 we use toparameterize the orbit 
hara
ters (although their free-�eld realizations are di�erent). In what follows, we
ombine these two sets into the extended set� = f(h; t)jhi = 0; : : : ; �i � 2;ti = 0; : : : ; �i � 1; i = 1; : : : ; rgand take this extension into a

ount by a 
orrespondingmultiplier (��eld identi�
ation�) [2℄.The orbit 
hara
ters (with the restri
tion to theinteger-
harge subspa
e) 
an be written in the expli
itform su
h that the stru
ture of the simple-
urrent ex-tension be
omes 
lear [3; 31℄:
hh;t(q; u) = 1�2 ��1Xn;m=0TrMh;t(Unvq(L[0℄�
=24)uJ[0℄�� exp (i2�mJ [0℄)U�nv) == 1�2 ��1Xn;m=0�h;t+nv(�; � +m); (32)1031
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mf�ig:The partition fun
tion of the CY� model is given byZCY (q; �q) = 12r X[h;t℄2�CY �j 
h[h;t℄(q)j2; (33)where �CY denotes the subset of � restri
ted to thespa
e of integer J [0℄ 
harges and [h; t℄ denotes the spe
-tral �ow orbit of the point (h; t). The fa
tor 1=2r 
or-responds to the extended set � of irredu
ible modulesand � is the length of the orbit [h; t℄. In the general
ase, the orbits with di�erent lengths 
ould appear, butwe do not 
onsider these 
ases in order to avoid theproblem of the �xed-point resolution [5; 30; 31℄.3.3. Free-�eld realization of Gepner modelsThe Gepner models [2℄ of Calabi�Yau superstring
ompa
ti�
ation are given by the (generalized) Glioz-zi�S
herk�Olive proje
tion [2; 3℄ applied to the prod-u
t of the spa
e of states of the CY� model and thespa
e of states of external fermions and bosons des
ri-bing spa
e�time degrees of freedom of the string. Inthe framework of the simple-
urrent extension forma-lism, Gepner's 
onstru
tion has been further developedin [30�32℄.We introdu
e the so-
alled supersymmetrized(Green�S
hwartz) 
hara
ters [2; 3℄Ch[h;t℄(q; u) = 14�2 2��1Xn;m=0Tr(Mh;t
�)(Um=2tot �� exp (i�nJtot[0℄)q(Ltot�
tot=24)uJtot[0℄U�m=2tot ); (34)where the tra
e is 
al
ulated in the produ
t of theMh;t and the Fo
k module � generated by the exter-nal (spa
e�time) fermions and bosons in the NS se
tor,Jtot[0℄ and Ltot[0℄ are zero modes of the total U(1) 
ur-rent and stress-energy tensor, whi
h in
ludes the 
on-tributions from spa
e�time degrees of freedom,
tot = 
+ 32(8� 2D) = 12is the total 
entral 
harge, and Utot is the total spe
tral�ow operator a
ting in the produ
t Mh;t 
�.The modular-invariant Gepner model partitionfun
tion is given by [2; 3; 31℄ZGep(q; �q) = 12r (Im �)�(4�D=2) �� X[h;t℄2�CY �j 
h[h;t℄(q)j2: (35)

4. THE ISHIBASHI STATES IN FOCKMODULESThe boundary states to be 
onstru
ted in what fol-lows 
an be regarded as bilinear forms on the spa
e ofstates of the model. It is understood in what followsthat the right-moving se
tor of the model is realized bythe free �elds �Xi(�z); �X�i (�z); � i(�z); � �i (�z), i = 1; : : : ; r,and the right-moving N = 2 super-Virasoro algebra isgiven by the formulas similar to (2).There are two types of boundary states preservingthe N = 2 super-Virasoro algebra [33℄, usually 
alledthe B-type(L[n℄� �L[�n℄)jBii = (J [n℄ + �J [�n℄)jBii = 0;(G+[r℄ + i� �G+[�r℄)jBii == (G�[r℄ + i� �G�[�r℄)jBii = 0; (36)and A-type states(L[n℄� �L[�n℄)jAii == (J [n℄� �J [�n℄)jAii = 0;(G+[r℄ + i� �G�[�r℄)jAii == (G�[r℄ + i� �G+[�r℄)jAii = 0; (37)where � = �1.In the tensor produ
t of the left-moving Fo
kmodule Fp;p� and right-moving Fo
k module �F�p;�p� ,we 
onstru
t the simplest states satisfying 
ondi-tions (36) and (37). We 
all these states the Fo
k-spa
eIshibashi [34℄ states.4.1. B-type Ishibashi states in the Fo
k moduleIn the NS se
tor, we 
onsider the following ansatzfor fermions:( �i [r℄� i�
ij � �j [�r℄)jp;p�; �p; �p�; �; Bii = 0;( i[r℄� i�
�ij � j [�r℄)jp;p�; �p; �p�; �; Bii = 0; (38)where 
ij , 
�ij are arbitrary nondegenerate matri
es.Substituting these relations in (36) and using (27)and (31), we �nd
ik
�in = Ækn;
ijdi = dj ; 
�ijd�i = d�j�pk = �
jkpj � dk; �p�k = �
�jkp�j � d�k;(
jkXj [n℄ + �Xk[�n℄ ++ dkÆn;0)jp;p�; �p; �p�; �; Bii = 0;(
�jkX�j [n℄ + �X�k [�n℄ ++ d�kÆn;0)jp;p�; �p; �p�; �; Bii = 0; (39)
where dk = 1=�k, d�k = 1, and we 
ombine these 
oe�-
ients into the r-dimensional ve
tors1032
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onditions intori
 
oordinates on the target spa
e:�i[n℄ = ip2�i (X�i [n℄� �iXi[n℄);Ri[n℄ = 1p2�i (X�i [n℄ + �iXi[n℄);
i[s℄ = ip2�i ( �i [s℄� �i i[s℄);�i[s℄ = 1p2�i ( �i [s℄ + �i i[s℄): (40)
Then Eqs. (38) and (39) be
ome��i[s℄� i�2 �r�j�i
ij +r�i�j
�ij� ��j [�s℄�� �2 �r�j�i 
ij �r�i�j
�ij� �
j [�s℄� jBii = 0;�
i[s℄ + �2 �r�j�i 
ij �r�i�j
�ij� ��j [�s℄�� i�2 �r�j�i
ij +r�i�j
�ij� �
j [�s℄� jBii = 0;� �Rj [�n℄ + 12 �r�i�j
�ij +r�j�i
ij�Ri[n℄�� i2 �r�i�j 
�ij �r�j�i 
ij� �i[n℄++ s 2�j Æn;0! jBii = 0;���j [�n℄ + i2 �r�i�j
�ij �r�j�i
ij�Ri[n℄++ 12 �r�i�j 
�ij +r�j�i 
ij� �i[n℄� jBii = 0:

(41)
Be
ause the tori
 
oordinates (�i; Ri) are real, we mustimpose the reality 
onstraint
�ij = �j�i �
ij : (42)The linear Fo
k-spa
e B-type Ishibashi state in theNS se
tor is given by the standard expression [35; 36℄jp;p�;
; �; Bii = Yn=1 exp�� 1n (X�i [�n℄
�ik �Xk[�n℄++ Xi[�n℄
ik �X�k [�n℄)��� Yr=1=2 exp(i�( �i [�r℄
�ik � k[�r℄ ++  i[�r℄
ik � �k[�r℄))�� jp;p�;�
Tp� d;�(
�)Tp� � d�i: (43)

4.2. A-type Ishibashi states in the Fo
k moduleThe A-type Ishibashi states in the Fo
k module 
anbe found similarly. The linear ansatz for the fermionshas the form( �i [r℄� i��ij � j [�r℄)jp;p�; �p; �p�; �; Aii = 0;( i[r℄ � i���ij � �j [�r℄)jp;p�; �p; �p�; �; Aii = 0; (44)where �ij and ��ij are arbitrary nondegenerate matri-
es. Substituting these relations in (37) and using (2),we �nd�ik��in = Ækn;�ijdi = d�j ; ��ijd�j = di;�pk = ���jkp�j � dk; �p�k = ��jkpj � d�k;(�jkXj [n℄ + �X�k [�n℄ + d�kÆn;0)�� jp;p�; �p; �p�; �; Aii = 0;(��jkX�j [n℄ + �Xk[�n℄ + dkÆn;0)�� jp;p�; �p; �p�; �; Aii = 0: (45)
In tori
 
oordinates (40), the 
onditions be
ome��i[s℄� i�2 � �ijp�j�i +p�j�i��ij� ��j [�s℄++ �2 � �ijp�i�j �p�i�j��ij� �
j [�s℄� jAii = 0;�
i[s℄ + �2 � �ijp�i�j �p�i�j��ij� ��j [�s℄++ i�2 � �ijp�j�i +p�j�i��ij� �
j [�s℄� jAii = 0;� �Rj [�n℄ + 12 � �ijp�j�i +p�j�i��ij�Ri[n℄++ i2 � �ijp�i�j �p�i�j��ij� �i[n℄++ 2d�jÆn;0� jAii = 0;���j [�n℄ + i2 � �ijp�i�j �p�i�j��ij�Ri[n℄�� 12 � �ijp�j�i +p�i�j��ij� �i[n℄� jAii = 0:

(46)
The reality 
onstraint takes the form��ij = 1�i�j ��ij : (47)The linear A-type Ishibashi state in the NS se
toris given similarly to the B-type one,1033



S. E. Parkhomenko ÆÝÒÔ, òîì 129, âûï. 6, 2006jp;p�;�; �; Aii == Yn=1 exp�� 1n(Xi[�n℄�ik �Xk[�n℄++ X�i [�n℄��ik �X�k [�n℄)��� Yr=1=2 exp(i�( i[�r℄�ik � k[�r℄ ++  �i [�r℄��ik � �k[�r℄))�� jp;p�;�(��)Tp� � d;��Tp� d�i: (48)5. PERMUTATION ISHIBASHI STATES INTHE PRODUCT OF MINIMAL MODELS5.1. B-type permutation Ishibashi statesThe free-�eld realizations of the irredu
ible modulesdes
ribed in Se
s. 1 and 2 and the 
onstru
tions in (43)and (48) suggest that the Ishibashi states in the prod-u
t of minimal models 
an also be represented by thefree �elds. We 
onsider the following superposition ofB-type Fo
k-modules Ishibashi states (43):jIh;
; �; Bii = Æ(
h� h)�� X(p;p�)2�h 
p;p� jp;p�;
; �; Bii; (49)

where the 
oe�
ients 
p;p� are arbitrary and the sum-mation is performed over the momenta of the butter�yresolution C?h. Be
ause the partition fun
tion is diago-nal, the delta-fun
tion Æ(
h�h) has been inserted. Itis 
lear that this state satis�es relations (36).Before the Gliozzi�S
herk�Olive proje
tion, the
losed-string states of the model that 
an intera
t withIshibashi state (49) 
ome from the produ
t of the left-moving and right-moving Fo
k modulesFp;p� 
 �F�
Tp�d;�(
�)Tp��d� ;where (p;p�) 2 �h. The left-moving modules in su-perposition (49) 
onstitute the butter�y resolution C?h,whose 
ohomology is given by the module Mh. Whatabout the Fo
k modules in the right-moving se
tor?To have a nontrivial intera
tion with the states in themodel, the right-moving Fo
k modules must also formthe produ
t of resolutions of minimal models (18). Butthis 
ontradi
ts the relations between left-moving andright-moving momenta in (39). This 
ontradi
tion maybe resolved if we allow the right-moving Fo
k modulesto form the produ
t of resolutions ea
h of whi
h is dualto (18). The dual resolution ~C?h to the minimal-modelresolution (18) is given by the diagram... ...# #: : : ! �F�1� 1� ;�1�h�� ! �F� 1� ;�1�h��# #: : : ! �F�1� 1� ;�1�h ! �F� 1� ;�1�h & �F1� 1� ;�1�h+� ! �F2� 1� ;�1�h+� ! : : :# #�F1� 1� ;�1�h+2� ! �F2� 1� ;�1�h+2� ! : : :# #... ...
(50)

(here, h is an integer taking values from 0 to ��2). Thearrows in this diagram are given by the same operatorsas in diagram (18).Hen
e, the right-moving Fo
k modules have to formthe dual resolution ~C?h = rOi=1 ~C?hi
and the matri
es 
T and (
�)T have to map the set ofleft-moving momenta �h onto a set of momenta ��h thathas to be isomorphi
 to �h. Therefore, we 
on
ludethat 
T has to be an element of the dire
t produ
t ofthe permutation groups Nri on ri-elements
 2 Nr1:::rN = Nr1 
Nr2 : : :
NrN ; (51)1034
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h are determined by the sets r1; : : : ; rN of 
oin-
iding elements in the ve
tor �. In other words, it isimplied here that�1 = : : : = �r1 ; �r1+1 = : : : = �r1+r2 ; : : :In view of (42), we also have
�ij = 
ij : (52)Therefore, relations (41) take the form(�i[s℄� i�
ij ��j [�s℄)jBii = 0;(
i[s℄� i�
ij�
j [�s℄)jBii = 0; �Rj [�n℄ + 
ijRi[n℄ +s 2�j Æn;0! jBii = 0;(��j [�n℄ + 
ij�i[n℄)jBii = 0: (53)Hen
e, the ith minimal model in the right-moving se
-tor intera
ts with the 
�1(i)th minimal model in theleft-moving se
tor.With the matrix 
 �xed by (51), we 
an de�ne the
oe�
ients 
p;p� from the BRST-invarian
e 
ondition.It is a straightforward generalization of the 
onditionfound for the N = 2 minimal models in [22℄. To formu-late this 
ondition, we must des
ribe the total spa
e ofstates of the model in terms of free �elds.For this, we �rst form the produ
t of 
omplexesC?h 
 ~C?h to build the 
omplex: : :! C�2h ! C�1h ! C0h ! C+1h ! : : : ; (54)whi
h is graded by the sum of the ghost numbers g+�gand, for an arbitrary ghost number I , the spa
e CIh isgiven by the sum of produ
ts of the Fo
k modules fromthe resolution C?h and ~C?h su
h that g+�g = I . The dif-ferential Æ of the 
omplex is de�ned by the di�erentials� and �� of the 
omplexes C?h and ~C?h,Æjvg 
 �v�gi = j�vg 
 �v�gi+ (�1)gjvg 
 ���v�gi; (55)where jvgi is an arbitrary ve
tor from the 
omplex C?hwith ghost number g, while j�v�gi is an arbitrary ve
-tor from the 
omplex ~C?h with ghost number �g andg+ �g = I . The 
ohomology of 
omplex (54) is nonzeroonly at grade 0 and is given by the produ
t of irre-du
ible modules Mh 
 �Mh;t=2h;where �Mh;t=2h is the produ
t of anti
hiral modules ofminimal models.The Ishibashi state that we seek 
an be 
onsidereda linear fun
tional on the Hilbert spa
e of the produ
t

of models; it then has to be an element of the homol-ogy group. Therefore, the BRST-invarian
e 
onditionfor the state 
an be formulated as follows.We de�ne the a
tion of the di�erential Æ on the statejIh;
; �; Bii ashhÆ�(Ih;
; �; B)jvg 
 �v�gi �� hhIh;
; �; BjÆg+�g jvg 
 �v�gi; (56)where vg
 �v�g is an arbitrary element from Cg+�gh . Thenthe BRST-invarian
e 
ondition means thatÆ�jIh;
; �; Bii = 0: (57)As a straightforward generalization of Theorem 2in [22℄, we �nd that superposition (49) satis�esBRST-invarian
e 
ondition (57) if the 
oe�
ients 
p;p�take values �1 in a

ordan
e with the expression
p;p� = p2 
os�(2gp;p� + 1)�4� 
0;h; (58)where gp;p� is the ghost number.Thus, superposition (49) respe
ts the singular ve
-tor stru
ture of the produ
t of minimal N=2 Virasoroalgebra representations and gives an expli
it 
onstru
-tion of permutation Ishibashi states. We also note thatthe BRST-
ondition does not �x the phase of the ove-rall 
oe�
ient 
0;h.We now 
onsider the 
losed-string transition am-plitude between a pair of permutation Ishibashi stateswith the permutations 
0 and 
. It is given byhhIh0 ;
0; �; Bj(�1)g(
0;
) �� qL[0℄�
=24uJ[0℄jIh;
; �; Bii == Æ(h� h0)Æ(
0h0 � h0)Æ(
h� h)�� X(p;p�)2�h(�1)g(
0;
)j
p;p� j2 �� Æ(
0
�1p� p)Æ(
0
�1p� � p�)�� hhp;p�;
0; �j(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jp;p�;
; �; Bii: (59)
Due to the insertion of (�1)g(
0;
), the amplitude is 
al-
ulated a

ording to the ghost number of the intermedi-ate 
losed-string states, and the ghost number operatorg(
0;
) depends on the permutation matri
es. To sim-plify the 
al
ulation, we set the number N of permuta-tion groups equal to 1 (and hen
e �1 = : : : = �r = �).Due to the fa
torÆ(
0
�1p� p)Æ(
0
�1p� � p�);the summation is restri
ted to the subspa
e of �h thatis invariant with respe
t to the permutation 
0
�1.This allows us to write1035
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0; �j(�1)g(
0;
)qL[0℄�
=24uJ[0℄jp;p�;
; �; Bii == q(1=2)(j�j1(2p�1p1+p1+p�1=�)+:::j�j�(�)(2p��(�)p�(�)+p�(�)+p��(�)=�)�
=24 �� u(j�j1(p�1=��p1)+:::+j�j�(�)(p��(�)=��p�(�)) (os
illator 
ontribution); (60)where j�ji is the length of ith 
y
le of the permutation� � 
0
�1 and �(�) is the number of 
y
les of thepermutation.The os
illator 
ontribution 
an be 
onveniently 
al-
ulated for the bosons and fermions separately. Thebosoni
 
ontribution 
an be 
al
ulated as follows. First,from (43), we haveYa;
 hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j ��Yn=1 exp�� 1nX�a [n℄ �X
0(a)[n℄��� Ym=1 exp��qmm X
[�m℄ �X�
(
)[�m℄��� jp;p�;�
Tp� d;�
Tp� � d�i == Yn=1 Xk1;::: ;kr=0 Xl1;::: ;lr=0 1k1! : : : kr!l1! : : : lr! �� qn(l1+:::+lr)nk1+:::+lr �� hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j �� (X�1 [n℄)k1( �X
0(1)[n℄)k1 : : :�� (X�r [n℄)kr ( �X
0(r)[n℄)kr �� (X1[�n℄)l1( �X�
(1)[�n℄)l1 : : :�� (Xr[�n℄)lr ( �X�
(r)[�n℄)lr �� jp;p�;�
Tp� d;�
Tp� � d�i == Yn=1(1� qnj�j1)�1 : : : (1� qnj�j�(�))�1: (61)Similarly,Ya;
 hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j ��Yn=1 exp�� 1nXa[n℄ �X�
0(a)[n℄��� Ym=1 exp��qmm (X�
 [�m℄ �X
(
)[�m℄)��� jp;p�;�
Tp� d;�
Tp� � d�i == Yn=1(1� qnj�j1)�1 : : : (1� qnj�j�(�))�1: (62)The �rst part of the fermioni
 
ontribution is givenby

Yb;d hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j �� Yr=1=2(1� i� �b [r℄ � 
�1(b)[r℄) �� Ys=1=2(1 + i�u�1qs d[�s℄ � �
(d)[�s℄)�� jp;p�;�
Tp� d;�
Tp� � d�i == Ys=1=2 rXk=0Tr(�)j^kV u�kqks; (63)where Tr(�)j^kV denotes the tra
e of the matrix� = 
0
�1 a
ting by permuting 
omponents in thespa
e ^kV for the r-dimensional real ve
tor spa
e V .We see that the last expression 
an be rewritten simi-larly to (61),Yb;d hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j �� Yr=1=2(1� i�( �b [r℄ � (
0)�1(b)[r℄) �� Ys=1=2(1 + i�u�1qs d[�s℄ � �
(d)[�s℄)�� jp;p�;�
Tp� d;�
Tp� � d�i == Ys=1=2(1� (�1)j�j1u�j�j1qsj�j1) : : :�� (1� (�1)j�j�(�)u�j�j�(�)qsj�j�(�)): (64)Analogously,Ya;
 hp;p�;�(
0)Tp� d;�(
0)Tp� � d�j �� Yr=1=2(1� i� �a[r℄ � (
0)�1(a)[r℄)�� Ys=1=2(1 + i�u�1qs 
[�s℄ � �
(
)[�s℄)�� jp;p�;�
Tp� d;�
Tp� � d�i == Ys=1=2(1� (�1)j�j1uj�j1qsj�j1) : : :�� (1� (�1)j�j�(�)uj�j�(�)qsj�j�(�)): (65)1036
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ting the results, we obtainhhIh0 ;
0; �; Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄jIh;
; �; Bii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)j
0;hj2 �� X(p;p�)2�h(�1)g(
0;
)Æ(�p� p)Æ(�p� � p�)��q(1=2)(P�(�)i=1 j�ji(2p�i pi+pi+p�i =�))�
=24uP�(�)i=1 j�ji(p�i =��pi)�� �(�)Yi=1 Yn=1(1� (�1)j�jiu�j�jiq(n�1=2)j�ji)�� (1� (�1)j�jiuj�jiq(n�1=2)j�ji)(1� qnj�ji)�2: (66)
The transition amplitude betweenjIh0 ;
0;��;Biiand jIh;
; �; Biiis given by a similar expression. Indeed, the 
hange� ! �� a�e
ts only the fermioni
 
ontribution in(63)�(65) and thereforehhIh0 ;
0;��;Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄jIh;
; �; Bii = Æ(h� h0)Æ(
0h� h)Æ(
h� h)j
0;hj2 �� X(p;p�)2�h(�1)g(
0;
)Æ(�p� p)Æ(�p� � p�)q(1=2)(P�(�)i=1 j�ji(2p�i pi+pi+p�i =�))�
=24uP�(�)i=1 j�ji(p�i =��pi) �� �(�)Yi=1 Yn=1(1� u�j�jiq(n�1=2)j�ji)(1� uj�jiq(n�1=2)j�ji)(1� qnj�ji)�2: (67)We now �x the dependen
e of the ghost-numberoperator on the permutation matri
es. Taking repre-sentation (20) into a

ount, we �nd that the amplitudeis given by the produ
t of minimal-model 
hara
ters ifg(
0;
) = �(�)Xi=1 gi: (68)Thus, the ghost number re
eives the 
ontribution gifrom the ith invariant subspa
e of �h. In other words,we 
onsider the spa
e of intermediate 
losed-stringstates as the produ
t of the �(�) minimal-model but-ter�y resolutions (18). Hen
e, the amplitude is givenby the produ
t of minimal-model 
hara
ters ashhIh0 ;
0; �; Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;
; �; Bii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)j
0;hj2 �� �(�)Yi=1 exp��i�(1� j�ji)hi� ��� �hi ��; � + 1� j�ji2 � ; (69)where f is the fermion-number operator and we use therelationTrMhi ((�1)(1�j�ji)fq(Li[0℄�
i=24)uJi[0℄) == exp��i�(1� j�ji)hi� ��� �hi ��; � + 1� j�ji2 � : (70)

Analogously,hhIh0 ;
0;��;Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;
; �; Bii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)j
0;hj2 �� �(�)Yi=1 exp��i� hi� ��hi ��; � + 12� : (71)It was mentioned in Se
. 2 that the irredu
ible rep-resentations are generated by the spe
tral �ow a
tion.Hen
e, for an arbitrary module Mh;t, (h; t) 2 �, theIshibashi state is generated by the a
tion of the spe
-tral �ow operators on Ishibashi state (49). It is easy toverify that the statejIh;t;
; �; Bii =Yi U tii �U�tii jIh;
; �; Bii (72)satis�es the B-type boundary 
onditions if
t� t = 0: (73)However, we must take into a

ount that theright-moving spa
e of states of the model is governed bythe dual butter�y resolutions (twisted by the right-mo-ving spe
tral �ow operators). A representative of the
hiral primary �eld from the dual resolution is1037



S. E. Parkhomenko ÆÝÒÔ, òîì 129, âûï. 6, 2006UhG+ �12 � h� : : :G+ ��12� ����� 1�;�1� h� � �����1 + h� ;�1� : (74)Thus, the highest-weight ve
tors of the model are given by the produ
ts of the minimal-model states as����pi = ti�i ; p�i = hi � ti; �pi = �1 + hi � ti � l�i ; �p�i = �1� ti � l� : (75)Therefore, Ishibashi states (72) nontrivially overlapwith states (75) if, in addition to (73), we haveh
�1(i) = hi;hi � 2ti � l = 0 mod �i: (76)It is easy to see from (12) that this state satis�esboundary 
onditions (38), (39). Hen
e, (36) is ful�lled.The state is also BRST-
losed be
ause the spe
tral �ow
ommutes with s
reening 
harges.The transition amplitude between su
h states is aspe
tral-�ow twist of amplitudes (69) and (71),hhIh0;t0 ;
0; �; Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;t;
; �; Bii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)Æ(�)(t� t0)�� j
0;hj2 �(�)Yi=1 exp��i�(1� j�ji)hi � 2ti� ��� �hi;ti ��; � + 1� j�ji2 � ; (77)hhIh0;t0 ;
0;��;Bj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;t;
; �; Bii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)Æ(�)(t� t0)�� j
0;hj2 �(�)Yi=1 exp��i� hi � 2ti� ��� �hi;ti ��; � + 12� : (78)5.2. A-type permutation Ishibashi statesWe 
onsider the free-�eld representation for A-typeIshibashi states. It is obvious that A-type Ishibashistates are given by superpositions like (49).Similarly to the B-type 
ase, we 
an 
on
lude thatthe matrix �T is proportional to the element of thepermutation group Nr1:::rN . More pre
isely,� = �1
1 
 : : :
 �N
N ;�� = 1�1
1 
 : : :
 1�N 
N ; (79)

where 
i 2 Nri , i = 1; : : : ; N .Boundary 
onditions (46) take the form that is mir-ror to (53),(�i[s℄� i�
ij ��j [�s℄)jAii = 0;(
i[s℄ + i�
ij�
j [�s℄)jAii = 0; �Rj [�n℄ + 
ijRi[n℄ +s 2�j Æn;0! jAii = 0;(��j [�n℄�
ij�i[n℄)jAii = 0: (80)
The BRST-
ondition for A-type states is slightlydi�erent from that in the B-type 
ase. The reason isthat in a

ordan
e with (44) and (45), the appli
ationof one of the left-moving BRST 
harges, e.g., Q+i , toan A-type state gives the right-moving BRST 
harge�Q�G�1(i) multiplied by �i, as opposed to the B-type
ase. In fa
t, we are free to arbitrarily res
ale the right-moving BRST 
harges be
ause this does not 
hange the
ohomology of the 
omplex in the right-moving se
torand the 
ohomology of the total 
omplex (54). Hen
e,we de�ne the right-moving BRST 
harges su
h that thise�e
t is 
an
eled,�S+i (�z) = i��i si � � exp(si �X�)(�z);�S�i (�z) = i��is�i � exp(�is�i �X)(�z);�Q�i = I d�z �S�i (�z): (81)
As a result, the BRST-invariant A-type Ishibashistate jIh;
; �; Aii is given by a formula similar to (49)and (58) with the restri
tion Æ(
h� h), and, similarlyto the B-type 
ase, the phase of the 
oe�
ient 
0;h isalso arbitrary.The A-type version of transition amplitude (69) 
anbe 
al
ulated similarly to the B-type 
ase, with the re-sult given by1038
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0; �; Aj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;
; �; Aii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)j
0;hj2 �� �(�)Yi=1 exp��i�(1� j�ji)hi� ��� �hi ��; � + 1� j�ji2 � ; (82)where � = 
0
�1 and we have set the number N ofpermutation groups equal to 1 for simpli
ity.For an arbitrary moduleMh;t, (h; t) 2 �, the A-ty-pe Ishibashi state is generated by the a
tion of spe
tral�ow operators. It is easy to verify that the statejIh;t;
; �; Aii =Yi U tii �U tii jIh;
; �; Aii (83)satis�es the A-type boundary 
ondition if the spe
tral�ow parameter t satis�es (73). Although the right-mo-ving spa
e of states of the model is governed by the dualbutter�y resolutions (twisted by right-moving spe
tral�ow operators), the only restri
tions on h and t are
h = h; 
t = t: (84)The 
orresponding transition amplitude is given simi-larly to the B-type 
ase ashhIh0;t0 ;
0; �; Aj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;t;
; �; Aii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)Æ�(t� t0)j
0;hj2 �� �(�)Yi=1 exp��i� (1� j�ji) hi � 2ti� ��� �hi;ti ��; � + 1� j�ji2 � ; (85)hhIh0;t0 ;
0;��;Aj(�1)g(
0;
)qL[0℄�
=24uJ[0℄ �� jIh;t;
; �; Aii == Æ(h� h0)Æ(
0h� h)Æ(
h� h)Æ�(t� t0)j
0;hj2 �� �(�)Yi=1 exp��i� hi � 2ti� ��hi;ti ��; � + 12� : (86)Thus, expressions (77) and (85) reprodu
e the 
or-responding results in [6℄ 
orre
tly (with the 
orre
tfermioni
 
ontribution). This allows us to use the solu-tion of Cardy's 
onstraint found for permutation branesin [6℄ to 
onstru
t the free-�eld representation of per-mutation branes.

6. FREE-FIELD REPRESENTATION OFPERMUTATION BRANES IN THE GEPNERMODEL6.1. A-type boundary states in the Calabi�YauextensionIt has already been noted that a produ
t of minimalmodels 
annot be applied straightforwardly to des
ribestring theory on a Calabi�Yau manifold in the bulk.Instead, the so-
alled simple-
urrent orbifold, whosepartition fun
tion is a diagonal modular-invariant par-tition fun
tion with respe
t to orbit 
hara
ters (32),must be introdu
ed. The extension of this te
hniqueto 
onformal �eld theory with a boundary has beendeveloped in [1; 5; 6; 8; 31℄.As we have seen, the BRST invarian
e �xes thefree-�eld permutation Ishibashi states up to an arbi-trary 
onstant 
h;t. Hen
e, our problem is to applythe (simple 
urrent) orbifold 
onstru
tion and Cardy's
onstraint to the superposition of free-�eld permuta-tion Ishibashi states to �x the 
oe�
ients 
h;t. Fortu-nately, Cardy's 
onstraint for the permutation braneshas been found in [6℄. It therefore su�
es only to quotethe solution.Thus, the free-�eld realization of permutation A-ty-pe branes 
an be given as follows. We start from thespe
tral-�ow-invariant permutation boundary statesj[�;�℄;
; �; Aii = ��2 X(h;t)2 ~� Æ(
h� h)Æ(
t� t)��Wh;t�;�;
 ��1Xm;n=0 exp (i2�nJ [0℄)�� Umv �UmvjIh;t;
; �; Aii (87)(� is the normalization 
onstant). They are labeledby the spe
tral-�ow orbit 
lasses [�;�℄ of the ve
tors(�;�) 2 �. The 
oe�
ientsWh;t�;�;
 that solve Cardy's
onstraint are given by [6℄1039
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 == �(
)Ya=1 S(�a;�a)(ha;ta)(S(0;0);(ha;ta))�1=2j
ja ;S(�a;�a)(ha;ta) == S�a;ha exp(i� (ha � 2ta)(�a � 2�a)� );S�a;ha = p2� sin�� (ha + 1)(�a + 1)� � :
(88)

The summation over n implements the J [0℄-proje
tion,while the summation over m introdu
es spe
t-ral-�ow-twisted se
tors. This state depends only onthe spe
tral-�ow orbit 
lass. Moreover, the restri
tionof an integer J [0℄-
harge of the orbits [�;�℄ is ne
essaryfor the self-
onsisten
y of expression (87).We now apply the inner automorphism group of theGepner model to 
onstru
t additional boundary states.Namely, we use the operatorexp �i2�Xi �iJi[0℄! 2 U(1)rto generate new boundary states. We 
onsider theproperties of the statej[�;�℄;
; �; Aii� �� exp �i2�Xi �iJi[0℄!j[�;�℄;
; �; Aii: (89)It satis�es the 
onditions similar to (37) ex
ept the re-lations for fermioni
 �elds, G�[r℄ + i�Xi exp (�i2��
(i)) �G�
(i)[�r℄!�� j[�;�℄;
; �; Aii� = 0;� �i [r℄ � i��i exp (i2��
(i)) � 
(i)[�r℄��� j[�;�℄;
; �; Aii� = 0;� i[r℄� i ��i exp (�i2��
(i)) � �
(i)[�r℄��� j[�;�℄;
; �; Aii� = 0:
(90)

This state is not invariant under the diagonal N = 2Virasoro algebra unless�i 2 Z; i = 1; : : : ; r: (91)

Hen
e, the group U(1)r redu
es to Zr. It is worth not-ing that the 
ase where all the �i are half-integer 
anbe ignored be
ause of the 
an
elation a
hieved by the� ! �� rede�nition. It is easy to see dire
tly that thestates thus obtained are given byj[�;�℄
; �; Aii� = ��2 X(h;t)2�
Wh;t[�;�℄ �� ��1Xm;n=0 exp (i2�nJ [0℄)�� exp �i2�mXi �i 
i3 !Umv �Umv �� exp �i2�Xi �i hi � 2ti�i !jIh;t;
; �; Aii == ��2 X(h;t)2�
 �(
)Ye=1 S�e;he(S0;he)�j
je=2 �� exp�i� (�e � 2�e)(he � 2te)� ��� exp0��i� (he � 2te)� j
jeXa=1 2�e+a1A�� exp0�i4�m j
jeXa=1 �e+a� 1A�� ��1Xm;n=0 exp (i2�nJ [0℄)Umv �UmvjIh;t;
; �; Aii: (92)Hen
e, the boundary states 
an be parameterized byj[�;�℄;
; �; Aii == exp �i2�Xi �iJi[0℄!j[�; 0℄;
; �; Aii; (93)su
h that di�erent boundary states are labeled by dif-ferent values ofj�je = j
jeXa=1�e+a; e = 1; : : : ; �(
);and spe
tral-�ow-invariant boundary states are re
ove-red when 2� �(
)Xe=1 j�je 2 Z: (94)1040
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 denote the subset of � satisfying (73)and (76). Then for an arbitrary pair of ve
tors(�;�) 2 �CY , the free-�eld realization of a spe
tral-�ow-invariant B-type boundary state is given byj[�;�℄;
; �; Bii = ��2 X(h;t)2�
Wh;t[�;�℄;
 �� ��1Xm;n=0 exp (i2�nJ [0℄)�� Umv �U�mvjIh;t;
; �; Bii; (95)where the 
oe�
ients Wh;t�;�;
 are given by (88). It
an be veri�ed that this state depends only on thespe
tral-�ow orbit 
lass [�;�℄ of the ve
tors (�;�). Itis also obvious that [�;�℄ has to be restri
ted to the setof J [0℄-integer 
harges by the reasons similar to thosegiven in the A-type 
ase.The other boundary states are generated by the in-ner automorphism group of the Gepner model, simi-larly to the A-type 
ase. Namely, the statej[�;�℄;
; �; Bii� �� exp (�i2�Xi �iJi[0℄)j[�;�℄;
; �; Bii (96)satis�es the 
onditions similar to (90) and is not invari-ant under the diagonal N = 2 Virasoro algebra unless�i 2 Z; i = 1; : : : ; r: (97)Hen
e, the group U(1)r redu
es to Zr and we 
an pa-rameterize the boundary states byj[�;�℄;
; �; Bii == exp �i2�Xi �iJi[0℄!j[�; 0℄;
; �; Bii; (98)su
h that di�erent boundary states are labeled by dif-ferent values ofj�je = j
jeXa=1�e+a; e = 1; : : : ; �(
):In 
on
lusion of this se
tion, we make the followingremarks. First, our free-�eld 
onstru
tion allows in-terpreting A=B-type gluing 
onditions (37) and (36)geometri
ally. Indeed, in terms of the free �elds, the B-type gluing 
onditions, for example, are given by (53).

Thus �1 eigenvalues of the permutation matrix 
 
anbe interpreted as labeling the Neumann and Diri
hletboundary 
onditions, while 
omplex eigenvalues real-ize mixed boundary 
onditions [33℄. This result seemsto 
ontradi
t the 
al
ulation of D-brane 
harges per-formed in Refs. [23; 24℄. It has been found there thatD0-branes 
orrespond to transposition matri
es per-muting only one pair of minimal models. It followsfrom (53) that in this 
ase, we have only one Diri
h-let 
ondition and the 
orresponding free-�eld bound-ary state gives a 
odimension-one D-brane. We do notknow at the moment how to resolve or explain the 
on-tradi
tion. Perhaps, a more profound geometri
 inves-tigation of the open-string spe
trum in terms of the
hiral de Rham 
omplex has to be performed, but thisrequires additional investigation.Se
ond, we note that the free-�eld representationsof permutation boundary states are determined moduloBRST-exa
t states satisfying A- or B-type boundary
onditions. We interpret this ambiguity in the free-�eldrepresentation as a result of adding brane�antibranepairs annihilating under the ta
hyon 
ondensation pro-
ess [37℄. Stri
tly speaking, the BRST-exa
t state am-biguity is not the usual brane�antibrane-pair ambiguityand has to be 
onsidered in a generalized sense, be-
ause BRST-exa
t states also 
ontain states with op-posite 
harges in the NS se
tor. In this 
ontext, thefree-�eld representations of boundary states 
an be re-garded as superpositions of branes �owing under the(generalized) ta
hyon 
ondensation pro
ess to nontri-vial boundary states in Gepner models. It is also im-portant to note that automorphisms (22) give di�erentfree-�eld representations of boundary states be
ausethe 
orresponding butter�y resolutions are not invari-ant under these automorphisms. However, their 
oho-mology are invariant. Hen
e, these di�erent representa-tions have to be identi�ed and the free-�eld boundarystate 
onstru
tion is to be 
onsidered in the sense ofderived 
ategories [38℄.6.3. Free-�eld representation of permutationboundary states in Gepner modelsIt is 
ompletely 
lear from (34) and (35) how toin
orporate the spa
e�time degrees of freedom in our
onstru
tion in order to obtain a free-�eld 
onstru
tionof permutation branes in the Calabi�Yau extension tothe 
ase of Gepner models. This is straightforward(see, e.g., [1; 7; 18; 31℄), and we do not give the detailshere.This work was supported in part by4 ÆÝÒÔ, âûï. 6 1041
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