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INFRARED ABSORPTION AND RAMAN SCATTERING ONCOUPLED PLASMON�PHONON MODES IN SUPERLATTICESL. A. Falkovsky a*, E. G. Mish
henko a;baLandau Institute for Theoreti
al Physi
s119337, Mos
ow, RussiabDepartment of Physi
s, University of UtahSalt Lake City, UT 84112Re
eived November 7, 2005We theoreti
ally 
onsider a superlatti
e formed by thin 
ondu
ting layers spatially separated between insulatinglayers. The dispersion of two 
oupled phonon�plasmon modes of the system is analyzed by using the Maxwellequations, with the retardation e�e
t in
luded. Both transmission for the �nite plate and the absorption for thesemi-in�nite superlatti
e in the infrared are 
al
ulated. Re�e
tan
e minima are determined by the longitudinaland transverse phonon frequen
ies in the insulating layers and by the density-state singularities of the 
oupledmodes. We also evaluate the Raman 
ross se
tion from the semi-in�nite superlatti
e.PACS: 63.22.+m, 73.21.Cd, 78.30.-j1. INTRODUCTIONCoupling of 
olle
tive ele
tron os
illations (plas-mons) to opti
al phonons in polar semi
ondu
tors waspredi
ted more than four de
ades ago [1℄, experimen-tally observed using Raman spe
tros
opy in n-dopedGaAs [2℄, and extensively investigated sin
e then (see,e.g., [3℄). On the 
ontrary, the intera
tion of opti
alphonons with plasmons in semi
ondu
tor superlatti
esis mu
h less studied. A two-dimensional ele
tron gas(2DEG) 
reated at the interfa
e of two semi
ondu
torshas the properties that di�er drasti
ally from the prop-erties of its three-dimensional 
ounterpart. In parti
u-lar, the plasmon spe
trum of the 2DEG is gapless [4℄owing to the long-range nature of the Coulomb inter-a
tion of 
arriers, !2(k) = v2F�0k=2, where vF is theFermi velo
ity and �0 is the inverse stati
 s
reeninglength in the 2DEG. Coupling of 2D plasmons to op-ti
al phonons has been 
onsidered in Refs. [5; 6℄ for asingle 2DEG layer. The resulting 
oupling is usuallynonresonant be
ause the 
hara
teristi
 phonon energies(30�50 meV) are several times larger than typi
al plas-mon energies. Still, hybrid plasmon�opti
al-phononmodes are of 
onsiderable interest in relation to po-*E-mail: falk�itp.a
.ru

laroni
 transport phenomena [7℄, Raman spe
tros
opy,and infrared opti
al absorption experiments.Plasmon ex
itations in a periodi
 system of the ele
-tron layers have been dis
ussed in a number of theoreti-
al papers [8, 9℄, disregarding the phonon modes. In thepresent paper, we analyze the 
oupled phonon�plasmonmodes for a superlatti
e of 2D ele
tron layers pla
ed be-tween insulating layers and demonstrate the possibilityof a stronger resonant 
oupling of plasmons to opti
alphonons ex
ited in the insulator. This enhan
ement o
-
urs in superlatti
es due to the intera
tion of plasmonsin di�erent layers that spreads the plasmon spe
truminto a mini-band spanning the energies from zero upto the new 
hara
teristi
 energy vFp�0=d, where d isthe interlayer distan
e [10℄. This value 
ould ex
eedtypi
al phonon frequen
ies leading to formation of res-onant hybrid modes around 
rossings of phonons andband plasmons.The 
oupled phonon�plasmon modes are usually
onsidered in the so-
alled ele
trostati
 approximation,with the retardation e�e
t ignored and the terms of !=
in the Maxwell equations negle
ted in 
omparison withthe terms having values of the wave ve
tor k. This is
orre
t if the Raman s
attering is studied, when ! hasthe meaning of the frequen
y transfer. Then, ! is mu
hless than the in
ident frequen
y !i � 
k. But if we are751
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henko ÆÝÒÔ, òîì 129, âûï. 4, 2006interested in absorption for the infrared region, where! is the frequen
y of in
ident light and 
orresponds tothe opti
al phonon frequen
y, ! and 
k are 
ompara-ble. In this 
ase, the retardation e�e
t must be fullyin
luded.The plan of this paper (preliminary results werepublished in Ref. [11℄) is as follows. In Se
. 2, theMaxwell equations for the periodi
 system of thin 
on-du
ting layers sandwi
hed between the insulating layersare solved, yielding the spe
trum of 
oupled phonon�plasmon modes. In Se
. 3, we 
onsider absorption of a�nite sample of layers and re�e
tan
e of a semi-in�nitesystem in the infrared region. In Se
. 4, we analyze theRaman light s
attering from a semi-in�nite system oflayers.2. SPECTRUM OF COUPLED MODESWe 
onsider a superlatti
e formed by periodi
allygrown layers of two polar semi
ondu
tors (e.g., GaAsand AlGaAs) with 2DEG layers formed in the interfa
eregions (Fig. 1).For simpli
ity, we assume a superlatti
e with a sin-gle period d and the thi
kness of a 2DEG layer mu
hless than the period. We also negle
t the di�eren
e inbulk phonon properties of the two materials. Opti
alphonons in polar semi
ondu
tors are most 
onvenientlydes
ribed within the diele
tri
 
ontinuum model, whi
hyields the familiar phonon 
ontribution to the diele
tri
fun
tion, " = "1!2LO � !2 � i!�!2TO � !2 � i!� ;
x

z

d

z0 z1Fig. 1. The sta
k of 
ondu
ting 2D layers sandwi
hedbetween diele
tri
 layers of thi
kness d with the di-ele
tri
 
onstant "(!); z0 and z1 are the boundaries(dashed lines) of the sample if a �nite sta
k is 
onsid-ered

where !LO and !TO are the frequen
ies of longitudi-nal and transverse opti
al phonons respe
tively, and� is the the phonon width (we do not distinguish thewidths of the TO and LO modes).Colle
tive modes of our system are des
ribed by theMaxwell equations, whi
h in the Fourier representationwith respe
t to time have the formr(r � E)�r2E = "!2
2 E+ 4�i!
2 j; (1)where the last term involves the in-plane ele
tri
 
ur-rents j indu
ed in the 2DEG layers by the ele
tri
 �eldE. As usual, when the frequen
y of the 
olle
tive modelies above the ele
tron�hole 
ontinuum, it is su�
ientto use the Drude 
ondu
tivity to des
ribe the in-planeele
tri
 
urrents,jk(!; x; z) = ie2nem(!+i
)Xn Æ(z�zn)Ek(!; x; z); (2)where zn = nd are positions of interfa
es (n is an in-teger 
orresponding to the periodi
ity of the sta
k),ne = p2F =2�~2 and m are the ele
tron density (per thesurfa
e unit) and the e�e
tive mass, 
 is the ele
tron
ollision frequen
y, and x and z are the 
oordinatesalong and perpendi
ular to the interfa
es, respe
tively.We 
onsider the 
ase of p-polarization, where the�eld E lies in the xz plane and therefore the 
ur-rent j has then only the x-
omponent. Using theFourier transformations with respe
t to the x 
oordi-nate, E / exp(ikxx), we 
an rewrite Maxwell equa-tions (1) asikx dEzdz � d2Exdz2 � "!2
2 Ex = 4�i!
2 jx;ikx dExdz +�k2x � "!2
2 �Ez = 0:Eliminating Ez = � ikx�2 dExdz ;we obtain the equation for Ex, d2dz2��2+2�CXn Æ(z�zn)!Ex(!; kx; z) = 0; (3)where C = 2�nee2�"!(! + i
)m; � =rk2x � "!2
2 :At the interfa
es z = zn, the Ex-
omponent must be752
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tor, rel. unitsQuasi-momentum, rel. unitsFig. 2. The phonon-like (a) and plasmon-like (b) modes !�(kx; kz) (their 
hara
ter is de�ned at small wave ve
tors kx)of an in�nite number of 2D metalli
 layers (with the 
arrier 
on
entration in every layer ne = 3 � 1011 
m�2) sandwi
hedbetween diele
tri
 layers of thi
kness d. The frequen
ies !�(kx; kz) in units of the phonon frequen
y !LO are plotted asfun
tions of the in-plane wave ve
tor kx and the quasi-momentum kz < �=d (both in units 1=d). The parameters used hereare reported in the literature for GaAs: !LO = 36:5 meV, !TO = 33:6 meV, "1 = 10:6; the thi
kness is taken as d = 1=�0,the s
reening length �0 = 2me2=~2"1 = 2:5 � 106 
m�1
ontinuous and the z-
omponent of the ele
tri
 indu
-tion "Ez has a jump,"(Ez jz=nd+0 �Ez jz=nd�0) == 4� nd+0Znd�0 �(!; kx; z) dz; (4)where the 
arrier density is 
onne
ted to 
urrent (2) bythe 
ontinuity equation�(!; kx; z) = jx(!; kx; z)kx=!: (5)For the in�nite sta
k of layers, �1 < n < 1, in-dependent solutions of Eqs. (3) and (4) represent twoBlo
h states Ex(z) = f�(z) moving along positive andnegative dire
tions of the z axis,f�(z) = exp(�ikznd) fsh [�(z�nd)℄� exp(�ikzd) �� sh [�(z � (n+ 1) d)℄g ; nd < z < (n+ 1) d; (6)with the quasi-momentum kz determined from the dis-persion equation
os(kzd) = 
h(�d)� C sh(�d): (7)The quasi-momentum kz 
an be restri
ted to theBrillouin half-zone 0 < kz < �=d if the phonon andele
tron damping vanishes. In the general 
ase, we�x the 
hoi
e of the eigenfun
tions in Eq. (6) by the


ondition Im kz > 0, su
h that the solution f+ de-
reases in the positive dire
tion z. Equation (7) im-pli
itly determines the spe
trum !�(kx; kz) of two 
ou-pled plasmon�opti
al-phonon modes shown in Fig. 2 asfun
tions of the in-plane wave ve
tor kx and the quasi-momentum kz . These modes are undamped if the ele
-tron 
ollision rate and the phonon width are small. Themodes arise from the intera
tion of the plasmon bran
hin the 2DEG and the phonon LO mode in the 3D insu-lator. They have a de�nite 
hara
ter far from the in-terse
tion of the 
orresponding dispersion 
urves. Forinstan
e, at small values of kx, the !+(kx; kz) mode ismainly the phonon mode, whereas the !�(kx; kz) modehas mainly the plasmon 
hara
ter. At large values ofkx, they inter
hange their 
hara
ter.We note that kx = kz = 0 is a saddle point for bothbran
hes !�(kx; kz). In the vi
inity of this point, thefrequen
y grows as a fun
tion of kx and de
reases within
reasing kz . This is evident from Fig. 3 and 
an beexpli
itly shown in the limit of kx � !j"(!)j=
, whenthe retardation e�e
ts of the ele
tromagneti
 �eld arenegligible. Then, � � kx and Eq. (7) yields two solu-tions,!2�(kx; kz) = 12(
2 + !2LO)�� 12h(
2 + !2LO)2 � 4
2!2TOi1=2; (8)10 ÆÝÒÔ, âûï. 4 753
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Fig. 3. Dispersion of 
oupled phonon�plasmon modes of an in�nite number of 2D metalli
 layers sandwi
hed betweendiele
tri
 layers. The frequen
ies !�(kx; kz) (in units of !LO) are plotted as fun
tions of (a) the in-plane wave ve
tor kx fortwo values of the quasi-momentum kz and (b) the quasi-momentum kz for two values of the in-plane wave ve
tor kx; kx;z inunits of the inverse period 1=d = 2:5 �106 
m�1. The dash-dotted lines represent the upper boundary !�(kx; kz = 0) of twophonon�plasmon modes and the solid lines mark the lower boundary 
orresponding to !�(kx; kz = �=d). The parametersare the same as in Fig. 2where we introdu
ed the notation
2(kx; kz) = !20(kx) sh(kxd)
h(kxd)� 
os(kzd) ;!20(kx) = 2�nee2kxm"1and omitted the phonon and ele
tron damping. Thefrequen
y !0(kx) is the 
onventional square-root spe
t-rum of 2D plasmons in the limit of layer separationlarge 
ompared to the wavelength, d � k�1x . Thequantity
(kx; kz) des
ribes the plasmon spe
trum thatwould exist in a superlatti
e 
onsisting of nonpolarsemi
ondu
tors (when !LO = !TO).The mode !+(kx; kz) has a gap, while the othermode has a linear dispersion, !�(kx; kz) = s(kz)jkxj atkx � d�1; kz, with the velo
ity given bys(kz) = vFs �0d2[1� 
os(kzd)℄ ;where �0 = 2me2=~2"1 is the stati
 s
reening ra-dius in the 2DEG. For a �xed value of the in-planewave ve
tor kx, every mode develops a band (withrespe
t to the quasi-momentum kz) with boundaries,!upper(kx) � !(kx; kz) � !lower(kx), where!2upper = 
2(kx; 0) = !20(kx) 
th kxd2for the upper boundary and!2lower = 
2 �kx; �d� = !20(kx) th kxd2

for the lower boundary. Figure 3b illustrates the be-havior of the gapless, so-
alled a
ousti
 mode for smallvalues of kz < kx, where it a
quires a gap. We seethat the frequen
y of this mode de
reases rapidly inthe region kz > kx.In the rest of the paper, we analyze various ex-perimental impli
ations resulting from the existen
e ofhybrid plasmon�phonon modes. Su
h modes 
an beobserved in both the infrared absorption and Ramanspe
tros
opy.3. INFRARED ABSORPTION ON COUPLEDPLASMON�PHONON MODESWe now 
al
ulate the re�e
tan
e and the transmis-sion of a plane wave with the p-polarization, in
identfrom the va
uum on a thin plate 
onsisting of a sta
k oflayers. We suppose that the boundaries of the sampleare parallel to the layers and interse
t the z axis at z0and z1 = Nd+ ~z1 with 0 < z0, ~z1 < d (see Fig. 1). Weassume thatEx(z) = exp �ikiz(z � z0)�+A exp ��ikiz(z � z0)�in the va
uum (z < z0), where kiz =p(!=
)2 � k2x andA is the amplitude of the re�e
ted wave. In the regionz > z1, the transmitted wave has the formEx(z) = T exp[ikiz(z � z1)℄;754
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Fig. 4. Cal
ulated p-polarized re�e
tion�absorption spe
tra of GaAs plates (of the thi
kness l = 300d) with the superlatti
esof di�erent ele
tron 
on
entrations in a layer: a � ne = 0; b � ne = 5 � 1010 
m�2; 
 � ne = 6 � 1011 
m�2; d �ne = 1:2 � 1012 
m�2. The frequen
ies, the phonon width � = 0:01, and the ele
tron relaxation frequen
y 
 = 0:01 aregiven in units of !LO. The in
iden
e angle is � = �=4: Other parameters are the same as in Fig. 2and we seek the �eld inside the plate as a sum of twosolutions (6),Ex(z) = C+f+(z) + C�f�(z);with the de�nite values of kx, !, and kz = kz(!; �)obeying dispersion equation (7).As usual, the boundary 
onditions at z0 and z1 re-quire the 
ontinuity of the x-
omponent Ex of the ele
-tri
 �eld parallel to the layers and of the z-
omponentDz of the ele
tri
 indu
tion normal to the layers. These
ond 
ondition rewritten via the ele
tri
 �eld Exgives, e.g., at z = z0,"�2E0x(z0+) = � 1ki2z E0x(z0�):

The boundary 
onditions give the following equa-tions for C+; C�; A; and T :1 +A = C+f+(z0) + C�f�(z0);�1 +A = �C+f 0+(z0) + C�f 0�(z0)� "kiz=i�2;T = C+f+(z1) + C�f�(z1);�T = �C+f 0+(z1) + C�f 0�(z1)� "kiz=i�2:Solving these equations, we �nd the transmitted am-plitude T = 2"kizi�2 f 0+(z1)f�(z1)� f+(z1)f 0�(z1)a11a22 � a12a21755 10*
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y, rel. units0 1 20Fig. 5. Interferen
e in the sample of thi
knessl = 3000d, d = 4 �10�7 
m; the ele
tron 
on
entrationis 1011 
m�2and the re�e
ted amplitudeA = �1 + 2a21f�(z0)� a22f+(z0)a11a22 � a12a21 ;where a11 = f 0+(z0)"kiz=i�2 � f+(z0);a22 = f 0�(z1)"kiz=i�2 + f�(z1);a12 = f 0�(z0)"kiz=i�2 � f�(z0);a21 = f 0+(z1)"kiz=i�2 + f+(z1):The transmission jT j2 and re�e
tion jAj2 
oe�-
ients are shown in Fig. 4 for samples with vari-ous ele
tron 
on
entrations ne. The in
iden
e an-gle is taken � = �=4: Other parameters are as fol-lows: the thi
kness l = Nd = 300d, the latti
e periodd = 1=�0 = 4�10�7 
m, the phonon width � = 0:02!LO,and the ele
tron s
attering rate 
 = 0:01!LO. For all
on
entrations, kzd� 1, and there are many layers onthe wave length of the �eld. Therefore, the re�e
tan
eis not sensitive to the sample surfa
e positions z0 and~z1. But if the thi
kness d is larger, as shown in Fig. 5,an interferen
e phenomenon is seen.To avoid the interferen
e e�e
t, we have 
al
ulatedthe re�e
tan
e for a semi-in�nite sample. The results
an be seen in Fig. 6, where the theoreti
al 
urves arepresented for the various ele
tron 
on
entrations andthe latti
e periods. There is a singularity at !LO. Ford = 1=�0 and the intermediate ele
tron 
on
entrationin the layer (the dashed lines in Fig. 6), there are tworegions (one is at higher frequen
ies and the other is

just below !TO= 0.9!LO), where the sample with lay-ers is more transparent than the sample without any(shown by the dashed-dotted lines).This is an e�e
t of the 
oupled phonon�plasmonmodes: the minima of the re�e
tion 
oe�
ient 
orre-spond to the density-state singularities of the phonon�plasmon 
oupled modes at kz = 0 and kx ! 0 (seeFig. 3a). The frequen
ies of these singularities are de-termined by Eq. (8) with 
2 = 4�nee2=md"1. Fora large ele
tron 
on
entration (solid lines in Fig. 6),the re�e
tion is in
omplete only in the narrow intervalbounded by the singularities at !TO and !LO. Finally,the re�e
tion 
oe�
ient tends to unity at low frequen-
ies be
ause the skin depth of the metalli
 system goesto in�nity in this 
ase. For the sample with the largeperiod d = 5=�0 (Fig. 6b), the e�e
t of 
arriers is seenat a higher 
on
entration.4. RAMAN SCATTERING FROM COUPLEDMODESWe now 
onsider the Raman s
attering of the radia-tion in
ident from a va
uum with the ve
tor potentialAi, the frequen
y !i, and the wave ve
tor ki on thesample o

upying the semi-in�nite spa
e z > z0, where0 < z0 < d. The 
orresponding quantities in the s
at-tered wave are denoted by As, !s, and ks.In addition to these �elds, an ele
tri
 �eld E isex
ited in the Raman light s
attering in polar 
rys-tals along with the longitudinal opti
al vibrations u.The �eld E 
orresponds to the ex
itation of plas-mons, whereas the vibrations u are asso
iated with thephonon ex
itations.These pro
esses 
an be des
ribed by the e�e
tiveHamiltonianH = Z d3rNjk(t; r)Asj(t; r)Aik(t; r); (9)where the operatorNjk(t; r) = guijkûi(t; r) + gEijkEi(t; r) (10)is linear in the phonon u and photon E operators.We are interested in the inelasti
 s
attering on thephonon�plasmon 
oupled modes. Therefore, we assumethat the frequen
y transfer ! = !i � !s is of the orderof the phonon frequen
ies !LO, but the frequen
ies !iand !s of the in
ident and s
attered �elds are mu
hgreater than the phonon frequen
ies. We 
an then ig-nore the e�e
t of 
arriers in the layers on the prop-agation of both s
attered As(t; r) as well as in
ident756
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ulated p-polarized re�e
tion�absorption spe
tra for the semi-in�nite superlatti
e versus the frequen
y in units of!LO at the in
iden
e angle � = �=4 for di�erent ele
tron 
on
entrations: ne = 0 (dash-dotted lines); ne = 2 � 1011 
m�2(dashed lines), and ne = 1012 
m�2 (solid lines); the latti
e period is d = 1=�0 = 4 � 10�7 
m (a) and d = 5=�0 (b); thephonon width is � = 0:01 and the ele
tron relaxation rate is 
 = 0:01 (in units !LO)Ai(t; r) light, taking the in
ident �eld in the sample(z > z0) in the formtj exp[ikiz(z � z0)℄;normalized to the in
ident �ow; tj is the trans-mission 
oe�
ient from the va
uum to the sample,kiz =p"(!i)(!i=
)2 � ki2x .When the s
attered �eld As is taken as a variablein Hamiltonian (9), we obtain an additional 
urrentjs(t; r),�
 ÆHÆAsj = jsj (t; r) = �
Njk(t; r)Aik(t; r); (11)in the Maxwell equation for this �eld. The phononand plasmon �elds in the operator Njk(t; r) are thesour
e of the Raman s
attering, whereas the in
ident�eld Ai(t; r) is 
onsidered as an external for
e for s
at-tering.Eliminating the z-
omponent, we write the Maxwellequation for the p-polarization of the s
attered �eld (xzis the s
attering plane) as� d2dz2 + ks2z (!s)�Esx(!s; ksx; z) = I(!s; ksx; z);whereI(!s; ksx; z) = � 4�i!s"(!s) �� �ks2z (!s)jsx(!s; ksx; z) + iksx djsz(!s; ksx; z)dz � (12)

and ksz(!s) =p"(!s)(!s=
)2 � ks2x is the normal 
om-ponent of the wave ve
tor in the medium for the s
at-tered wave.The s
attered �eld in the va
uum z < z0 is ex-pressed in terms of I(!s; ksx; z):Esx(!s; ksx; z) = 2"(!s)!s 
os �s=
ksz + "(!s)!s 
os �s=
I0 �� exp [�i(z � z0)!s 
os �s=
℄ ;Esz(!s; ksx; z) = ks!s 
os �s
ks2z Esx(!s; ksx; z);whereI0 = i2ksz 1Zz0 dz0 exp [iksz(z0 � z0)℄ I(!s; ksx; z0) (13)and �s is the propagation angle of s
attered wave inthe va
uum.The energy �ow from the surfa
e of the sample isgiven by jEsx(!s; ksx; z < z0)j2. Therefore, we have to
al
ulate hI�(!s; ksx; z)I(!s; ksx; z0)i (14)averaged quantum-me
hani
ally and statisti
ally,where a

ording to Eqs. (12) and (11), we meet theFourier transform of the 
orrelation fun
tionKjk;j0k0(t; r; t0; r0) = hN �jk(t; r)Nj0k0 (t0; r0)i:Be
ause this 
orrelator depends on the di�eren
es t�t0and x�x0, we 
an expand it in the Fourier integral with757
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henko ÆÝÒÔ, òîì 129, âûï. 4, 2006respe
t to these di�eren
es. Then, we have the Fouriertransform Kjk;j0k0(!; kx; z; z0), whi
h 
an be expressedin terms of the generalized sus
eptibility a

ording tothe �u
tuation�dissipation theorem:Kjk;j0k0(!; kx; z; z0) == 21� e�!=T Im�jk;j0k0(!; kx; z; z0):The generalized sus
eptibility �jk;j0k0(!; kx; z; z0) isinvolved in the responsehNjk(!; kx; z)i == � 1Zz0 dz0�jk;j0k0 (!; kx; z; z0)Uj0k0 (!; kx; z0) (15)to the for
eUjk(! = !i � !s; kx = kix � ksx; z) == Asj(!s; ksx; z)Aik(!i; kix; z) / eiqzz;where qz = kiz + ksz .To 
al
ulate the generalized sus
eptibility�jk;j0k0(!; kx; z; z0), we write the equations forthe averaged phonon u and plasmon E �elds. In theright-hand side of the motion equation for the phonon�eld,(!2TO � !2 � i!�)ui(!; kx; z) == Z� Ei(!; kx; z)� guijk� Ujk(!; kx; z); (16)the variation of Hamiltonian (9) with respe
t to thevibrations u gives an additional term to the for
e fromthe ele
tri
 �eld; � is the density of the redu
ed massand Z is the e�e
tive 
harge.The equation for the plasmon �eld E 
an be ob-tained if this �eld is taken as a variable in Hamilto-nian (9): r � (E+ 4�P) = 4��: (17)The 
harge density � is 
onne
ted to the 
urrent byEq. (5). The polarization P in
ludes the dipole mo-ment Zu, the 
ontribution �1E of the �lled ele
tronstate, and the variational term �ÆH=ÆE:Pi = Zui + �1Ei � gEijkUjk:Here, we 
an put ui from Eq. (16). In Eq. (17), weobtain the term with "1 = 1+ 4��1 and gEijk ! ~gEijk :~gEijk = gEijk + guijkZ�(!2TO � !2 � i!�) : (18)

Equation (17) 
an be substantially simpli�ed inthe 
ase under 
onsideration where the the wave ve
-tors ki, ks, and 
onsequently the momentum transferk = ki �ks are determined by the frequen
y of the in-
ident opti
al radiation, whereas the frequen
y transfer! of the ex
ited �elds E and u is mu
h less than the in-
ident frequen
y, ! = !i�!s � !i. Therefore, we 
annegle
t the retardation terms !=
 
ompared to kx (sothat � = kx) and introdu
e the potential, E = �r�.We obtain the following equation for the potential:� d2dz2 � k2x + 2kxCX Æ(z � zl)� �(!; kx; z) == � 4�"(!) �ikx~gExjk + ~gEzjk ddz�Ujk(!; kx; z): (19)The solution of this equation is found by using theGreen's fun
tion obeying the same Eq. (19) but withthe Æ(z � z0) fun
tion in the right-hand side. As isvery well known, the Green's fun
tion is expressed interms of the solutions of the 
orresponding homoge-neous equation. With f�(!; kx; z) from Eq. (6), wewriteG(z; z0) = i2� sin (kzd) sh (�d) ��( f+(z)f�(z0); z > z0;f�(z)f+(z0); z < z0; (20)where the quasi-momentum kz = kz(!s; �) has to bedetermined from dispersion relation (7) ignoring theretardation, � = kx.A

ording to the Td symmetry of the GaAs lat-ti
e, the Raman tensors guijk and gEijk have only twoindependent 
omponents, gxxx and gxyz, in the 
rystalaxes. Let the s
attered light be always polarized in thexz plane. We now 
onsider two geometries. For theparallel s
attering geometry (a), the in
ident light is
onsidered to be polarized in the x dire
tion, then thex-
omponents of the exited phonon and plasmon �elds
an be a
tive in the Raman s
attering due to gxxx.For the 
rossed geometry (b), the in
ident light is po-larized in the y dire
tion. Then, z-
omponents of theexited �elds are a
tive and we take the terms with gxyzinto a

ount. Thus, for the generalized sus
eptibility�xx;xx(!; kx; z; z0) de�ned by Eq. (15), we have�xx;xx(!; kx; z; z0) = gu2xxx=�!2TO�!2�i!�Æ(z�z0)�� 4�k2x"(!) ~gExxxG(z; z0): (21)758
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1 2 3Ramanintensit

y
Ramanintensit
ya b

0:5 0:7 0:9 1:1 1:3 0:6 1:0 1:4 1:8Frequen
y transfer, rel. unitsFrequen
y transfer, rel. unitsFig. 7. Raman intensity versus the frequen
y transfer (in units !LO): (a) for three values of the 
arrier 
on
entration(ne = 0:8 � 1012 
m�1 (
urve 1 ), ne = 1:4 � 1012 
m�1 (
urve 2 ), and ne = 2 � 1012 
m�1 (
urve 3 )) in the parallel-pola-rization geometry with the s
attering dire
tion making the angle of �=4 with the ba
ks
attering dire
tion and (b) for the
rossed polarization with the s
attering angle varying from 0 (bottom) to �=2 (top) by the step of �=10 and the 
arrier
on
entration ne = 2 � 1012 
m�2. The values of the other parameters are the same as in Fig. 2To obtain the Raman 
ross se
tion, Eq. (14), weevaluate the integral1Zz0 dz dz0 exp[i(qzz0 � q�zz)℄ Im�ij;ij(k; !; z; z0);where the asterisk denotes a 
omplex 
onjugation. Forthe terms with G(z; z0), we obtainInt = 1Zz0 dzf�(z) 1Zz dz0f+(z0) exp[i(qzz0 � q�zz)℄ ++ 1Zz0 dzf+(z) zZz0 dz0f�(z0) exp[i(qzz0 � q�zz)℄;where the �rst term is1Zz0 dzf�(z) 1Zz dz0f+(z0) exp[i(qzz0 � q�zz)℄ == 1Xn;m=0 exp[i(qz � q�z)nd+ i(kz � qz)md℄�� z0+dZz0 dz f�(z) z+dZz dz0f+(z0) exp[i(qzz0 � q�zz)℄: (22)The sum over the integer n 
an be extended to in-�nity, being then equal to Æ=2d, if the thi
kness ofthe sample is larger 
ompared to the skin-depth Æ of

the in
ident or s
attered waves. The sum over m re-du
es to a nonvanishing fa
tor only under the Bragg
ondition kz � qz = 2�n=d, whi
h expresses the mo-mentum 
onservation law in the ex
iting pro
esses ofthe phonon�plasmon 
oupled modes. In the ma
ro-s
opi
 limit, when the wave length of the exited modeis large 
ompared to the period d, only the main Braggmaximum (n = 0) is observed for ea
h of the 
oupledmodes. In this 
ase, we 
an expand the matrix elementin Eq. (22) in powers of kxd and kzd.Omitting the overall fa
tors, we have the Ramanintensity for the parallel geometry (a) in the formIntxx(!; kx) = Im� gu2xxx=�!2TO � !2 � i!� ++�gExxx + guxxxZ=�!2TO � !2 � i!��2 4�k2x(k2z � q2z)"(!)� (23)and for the 
rossed geometry (b),Intxy(!; kx) = Im( gu2xyz=�!2TO � !2 � i!� ++�gExyz+ guxyzZ=�!2TO�!2�i!��2 4�q2z(k2z�q2z)"(!)) : (24)The wave ve
tor kz of the 
oupled phonon�plasmonmode is determined by Eq. (7). For example, if the in-
iden
e is normal to the sample surfa
e and � is thes
attering angle, thenkx = !i sin �
 ; qz = !i
 �p"(!i)+q"(!i)� sin2 � � ;759
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henko ÆÝÒÔ, òîì 129, âûï. 4, 2006where we take into a

ount that !i � !s.In Eqs. (23) and (24), we dropped slowly vary-ing fa
tors depending on the parameters of the in
i-dent and s
attered radiations, for instan
e, their di-ele
tri
 
onstants as well as the temperature fa
tor1=[1+ exp (�!=T )℄: In numeri
al 
al
ulations, we usedthe relation between the verti
es gu and gE known fromexperiments and given by the Faust �Henry 
onstantCFH = guZ=gE�!2TO = �0:5:The results of 
al
ulations are shown in Fig. 7.We note that for the 
ase of normal propagation ofboth in
ident and s
attered radiation, kx = 0, the se-
ond term in Eq. (23) vanishes, and the Raman peakat parallel polarizations (geometry a) is situated at thefrequen
y !TO. The other peaks in Fig. 7a 
orrespondto the ex
itations of the 
oupled phonon�plasmons.But for the 
rossed polarizations (geometry (b)) andkx ! 0, the dispersion equation (7) with C ! 0gives kz = ikx. Then, using Eq. (24) and the rela-tion !2LO � !2TO = 4�Z2="1� between the frequen
iesof the LO and TO phonons, we see that the peak o

ursonly at !LO, be
ause the terms with poles at !TO are
an
elled. This peak 
orresponds to a zero of diele
-tri
 
onstant "(!). At other s
attering angles, a peakappears at !TO independently of the s
attering angle.Two other peaks on ea
h 
urves in Fig. 7b 
orrespondto the ex
itation of the phonon�plasmons.5. CONCLUSIONSIn this work, we investigated the infrared absorbtionand Raman s
attering on the 
oupled phonon�plasmonmodes with the help of a simple model of superlatti
esformed by thin 
ondu
ting layers separated with insu-lating layers. This model admits a dispersion relationof an analyti
al form. Our results for the re�e
tan
eand the Raman spe
tra show that the observed pi
ture
an be drasti
ally modi�ed by means of the 
arrier 
on-
entration, the superlatti
e period, and the frequen
y.
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