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SYNCHRONIZATION OF CHAOTIC OSCILLATOR TIME SCALESA. E. Hramov *, A. A. Koronovskii, Yu. I. LevinSaratov State University410012, Saratov, RussiaSubmitted 18 June 2004We onsider the haoti osillator synhronization and propose new approah for deteting the synhronizedbehavior of haoti osillators. This approah is based on the analysis of di�erent time sales in the time seriesgenerated by oupled haoti osillators. We show that omplete synhronization, phase synhronization, lagsynhronization, and generalized synhronization are partiular ases of the synhronized behavior alled thetime-sale synhronization. The quantitative measure of the haoti osillator synhronous behavior is proposed.This approah is applied for the oupled Rössler systems.PACS: 05.45.Xt, 05.45.Tp1. INTRODUCTIONSynhronization of haoti osillators is one of thefundamental phenomena in nonlinear dynamis. It o-urs in many physial [1�6℄ and biologial [7�9℄ pro-esses. It seems to play an important role in the abilityof biologial osillators, suh as neurons, to at oop-eratively [10�12℄.Several di�erent types of synhronization of ou-pled haoti osillators have been desribed theoreti-ally and observed experimentally [13�16℄. The om-plete synhronization implies the oinidene of statesof oupled osillators, x1(t) � x2(t), with the di�er-ene between state vetors of oupled systems onverg-ing to zero in the limit as t ! 1 [17�20℄. It ourswhen interating systems are idential. If the param-eters of oupled haoti osillators slightly mismathh,the state vetors are lose, jx1(t)� x2(t)j � 0, but dif-fer from eah other. Another type of synhronized be-havior of oupled haoti osillators with slightly mis-mathed parameters is the lag synhronization: thisis the ase where the state vetors oinide with eahother after a time shift, x1(t+ �) = x2(t). As the ou-pling between the osillators inreases, the time lag �dereases and the synhronization regime tends to theomplete synhronization [21�23℄. The generalized syn-hronization [24�26℄, introdued for drive-response sys-tems, means that there is some funtional relation be-tween oupled haoti osillators, i.e., x2(t) = F[x1(t)℄.*E-mail: aeh�as.ssu.runnet.ru

We �nally mention the phase synhronizationregime. To desribe the phase synhronization, theinstantaneous phase �(t) of a haoti ontinuous timeseries is usually introdued [13�16; 27; 28℄. The phasesynhronization means the entrainment of phasesof haoti signals, with their amplitudes remaininghaoti and unorrelated.All synhronization types mentioned above are re-lated with eah other (see [1; 22; 24℄ for details), butthe relation between them is not ompletely lari�edyet. For eah type of synhronization, there are spe-i� ways to detet the synhronized behavior of ou-pled haoti osillators. The omplete synhronizationan be deteted by omparison of system state vetorsx1(t) and x2(t), whereas the lag synhronization an bedetermined by means of a similarity funtion [21℄. Thease of the generalized synhronization is more intri-ate beause the funtional relation F[: : : ℄ an be veryompliated, but there are several methods to detetthe synhronized behavior of oupled haoti osilla-tors, suh as the auxiliary system approah [29℄ or themethod of nearest neighbors [24, 30℄.Finally, the phase synhronization of two oupledhaoti osillators ours if the di�erene between theinstantaneous phases �(t) of haoti signals x1;2(t) isbounded by some onstant:j�1(t)� �2(t)j < onst: (1)It is possible to de�ne the mean frequeny of the haotisignal,886
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 = limt!1 �(t)t = h _�(t)i; (2)whih is the same for both oupled haoti systems,i.e., phase loking leads to frequeny entrainment. Wenote that for the results to be orret, the mean fre-queny �
 a of haoti signal x(t) must oinide withthe main frequeny 
0 = 2�f0 of the Fourier spe-trum (see [31℄ for details℄). There is no general wayto introdue the phase for haoti time series. Thereare several approahes that allow de�ning the phase for�good� systems with a simple topology of a haoti at-trator (the so-alled phase oherent attrator), whoseFourier spetrum ontains a single main frequeny f0.First of all, a plane in the system phase spae mayexist suh that the projetion of the haoti attratoron it looks like a irular band. For suh a plane, theoordinates x and y an be introdued with the originplaed somewhere near the enter of the haoti attra-tor projetion. The phase an then be introdued asan angle in this oordinate system [32, 21℄, but thisrequires all trajetories of the haoti attrator proje-tion on the (x; y) plane to revolve around the origin.A oordinate transformation an be sometimes usedto obtain a proper projetion [32, 13℄. If the proje-tions of haoti trajetories on the plane ( _x; _y) alwaysrotate around the origin, the veloities _x and _y analso be used; in some ases, this approah is more suit-able [33; 34℄. Another way to de�ne the phase �(t) ofa haoti time series x(t) is to onstrut the analytialsignal [14, 27℄ using the Hilbert transform. Moreover,the Poinaré seant surfae an be used to introduethe instantaneous phase of a haoti dynamial sys-tem [14, 27℄. Finally, the phase of a haoti time seriesan be introdued by means of the ontinuous wavelettransform [35℄, but the appropriate wavelet funtionand its parameters should be hosen [36℄.All these approahes give orret results for �good�systems with well-de�ned phase, but fail for osillatorswith nonrevolving trajetories. Suh haoti osilla-tors are often alled �systems with ill-de�ned phase�or �systems with the funnel attrator�. Introduingthe phase via the approahes mentioned above usuallyleads to inorret results for system with ill-de�nedphase [31℄. Therefore, the phase synhronization ofsuh systems an be usually deteted by means of in-diret indiations [32, 37℄ and measurements [33℄.In this paper, we propose a new approah for detet-ing the synhronization between two oupled haotiosillators. The main idea of this approah onsists inthe analysis of the system behavior at di�erent timesales, whih allows us to onsider di�erent ases ofsynhronization from a universal standpoint [38℄. Us-

ing the ontinuous wavelet transform [39�42℄, we intro-due the ontinuous set of time sales s and the instan-taneous phases �s(t) assoiated with them. In otherwords, �s(t) is a ontinuous funtion of time t and timesale s. As we show in what follows, if two haoti osil-lators demonstrate any type of synhronized behaviormentioned above, the time series x1;2(t) generated bythese systems involve time sales s that are neessarilyorrelated and satisfy the phase loking onditionj�s1(t)� �s2(t)j < onst: (3)In other words, omplete, lag, phase, and generalizedsynhronizations are the partiular ases of the syn-hronous oupled haoti osillator behavior alled �thetime-sale synhronization�.The struture of this paper is as follows. In Se. 2,we disuss the ontinuous wavelet transform and themethod of the time sales s and de�ne the phases �s(t)assoiated with them. In Se. 3, we onsider the phasesynhronization of two oupled Rössler systems. Wedemonstrate the appliation of our method and dis-uss its relation to traditional approahes. Setion 4deals with synhronization of two oupled Rössler sys-tems with funnel attrators. In this ase, the tradi-tional methods for introduing the phase fail and it isimpossible to detet the phase synhronization regime.Synhronization between systems an be revealed hereonly by means of indiret measurements (see [33℄ for de-tails). We demonstrate the e�ieny of our method forsuh ases and disuss the orrelation between phase,lag, and omplete synhronizations. In Se. 5, we ap-ply our method to the unidiretional oupled Rösslersystems with phase-oherent attrators in whih thegeneralized synhronization is observed. The quantita-tive measure of synhronization is desribed in Se. 6.The onlusions are presented in Se. 7.2. CONTINUOUS WAVELET TRANSFORMThe ontinuous wavelet transform is a powerful toolfor analyzing the behavior of nonlinear dynamial sys-tems. In partiular, the ontinuous wavelet analysishas been used for the detetion of synhronization ofhaoti osillations in the brain [35, 43, 44℄ and haotilaser array [45℄. It has also been used to detet the basifrequeny of osillations in nephron autoregulation [46℄.We propose to analyze the dynamis of oupled haotiosillators by onsidering system behavior at di�erenttime sales s, eah of whih is haraterized by its ownphase �s(t). In de�ning the ontinuous set of instanta-neous phases �s(t), the ontinuous wavelet transformis a onvenient mathematial tool.887



A. E. Hramov, A. A. Koronovskii, Yu. I. Levin ÆÝÒÔ, òîì 127, âûï. 4, 2005We onsider the ontinuous wavelet transform of ahaoti time series x(t),W (s; t0) = 1Z�1 x(t) �s;t0 (t) dt; (4)where  s;t0(t) is the wavelet funtion related to themother-wavelet funtion  0(t) as s;t0(t) = 1ps � t� t0s � : (5)The time sale s orresponds to the width of the waveletfuntion  s;t0(t), t0 is the shift of the wavelet along thetime axis, and the symbol ��� in (4) denotes omplexonjugation. We note that the time sale s is typiallyused instead of the Fourier-transform frequeny f andan be onsidered as the quantity inversed to it.The Morlet wavelet [47℄ 0(�) = 14p� exp(j
0�) exp���22 � (6)has been used as a mother-wavelet funtion. The hoieof the parameter value 
0 = 2� provides the relations = 1=f between the time sale s of the wavelet trans-form and the frequeny f of the Fourier transform.The wavelet surfaeW (s; t0) = jW (s; t0)j exp[j�s(t0)℄ (7)desribes the system dynamis on every time sale s atthe time instant t0. The value of jW (s; t0)j indiatesthe presene and intensity of the time sale s mode inthe time series x(t) at the time instant t0. The quanti-ties E(s; t0) = jW (s; t0)j2 (8)and hE(s)i = Z jW (s; t0)j2 dt0 (9)are the instantaneous and integral energy distributionson time sales, respetively.The phase �s(t) = arg W (s; t) is naturally intro-dued for every time sale s. This means that the be-havior of eah time sale s an be desribed by meansof its own phase �s(t). If two interating haoti osil-lators are synhronized, the orresponding time seriesx1(t) and x2(t) involve sales s orrelated with eahother. This orrelation an be deteted by examiningondition (3), whih must be satis�ed for synhronizedtime sales.

3. PHASE SYNCHRONIZATION OF TWORÖSSLER SYSTEMSWe �rst onsider two oupled Rössler systems withslightly mismathed parameters [27, 28℄,_x1;2 = �!1;2y1;2 � z1;2 + "(x2;1 � x1;2);_y1;2 = !1;2x1;2 + ay1;2;_z1;2 = p+ z1;2(x1;2 � ); (10)where a = 0:165, p = 0:2, and  = 10. The parameters!1;2 = !0�� determine the parameter detuning and "is the oupling parameter (!0 = 0:97,� = 0:02). It wasshown [21℄ that the phase synhronization is observedfor these ontrol parameter values and the oupling pa-rameter " = 0:05.In this ase, the phase of the haoti signal an beeasily introdued in one of the ways mentioned above,beause the phase oherent attrator with rather simpletopologial properties is realized in the system phasespae. The attrator projetion on the (x; y) planeresembles the smeared limit yle where the phasepoint always rotates around the origin (Fig. 1a). TheFourier spetrum S(f) ontains the basi frequenypeak f0 � 0:163 (see Fig. 1b), whih oinides withthe mean frequeny �f = �
=2� determined from the in-stantaneous phase �(t) dynamis (2). Therefore, thephase synhronization regime an be deteted in twooupled Rössler systems (10) by means of traditionalapproahes without ompliations.When the oupling parameter " is equal to 0:05, thephase synhronization between haoti osillators is ob-served. Phase loking ondition (1) is satis�ed and themean frequenies �
1;2 are entrained. Hene, the timesales s0 � 6 of both haoti systems orrespondingto the mean frequenies �
1;2 should be orrelated witheah other. Correspondingly, the phases �s1;2(t) asso-iated with these time sales s should be loked andondition (3) should be satis�ed. The time sales thatare nearest to the time sale s0 should also be or-related, but the interval of the orrelated time salesdepends on the oupling strength. At the same time,there should be time sales that remain unorrelated.These unorrelated time sales ause a di�erene be-tween haoti osillations of oupled systems.Figure 2 illustrates the behavior of di�erent timesales for two oupled Rössler systems (10) with phaseoherent attrators. It is lear that the phase di�er-ene �s1(t)� �s2(t) for sales s0 = 6 is bounded, and888
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4. SYNCHRONIZATION OF TWO RÖSSLERSYSTEMS WITH FUNNEL ATTRACTORSWe onsider a more ompliated example where itis impossible to orretly introdue the instantaneousphase �(t) of the haoti signal x(t). It is lear thatin suh ases, the traditional methods of deteting thephase synhronization fail and it is neessary to use theother tehniques, e.g., indiret measurements [33℄. Onthe ontrary, our approah gives orret results andallows deteting the synhronization between haotiosillators as easily as before.As an illustration, we onsider two nonidential ou-pled Rössler systems with funnel attrators (Fig. 3),889
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phase loking was not observed (see Fig. 4b).It is lear that the mehanism of synhronizationof oupled haoti osillators is the same in both asesonsidered in Se. 3 and 4. The synhronization phe-nomenon is aused by the existene of time sales s insystem dynamis orrelated with eah other. There-fore, there is no reason to divide the onsidered syn-hronization examples into di�erent types.It has been shown [21℄ that there is a ertain rela-tion between phase, lag, and omplete synhronizationsfor haoti osillators with slightly mismathed param-eters. With the inrease of the oupling strength, thesystems undergo the transition from unsynhronizedhaoti osillations to phase synhronization. With afurther inrease of the oupling, lag synhronization isobserved. As of the oupling parameter inreases fur-ther, the time lag dereases and both systems tend tohave the omplete synhronization regime.We onsider the dynamis of di�erent time sales sof two nonidential oupled Rössler systems (11) whenthe oupling parameter value inreases. If there is nophase synhronization between the osillators, their dy-namis remain unorrelated for all time sales s. Fi-gure 5 illustrates the dynamis of two oupled Rösslersystems when the oupling parameter " is small enough(" = 0:025). The power spetra hE(s)i of the wavelettransform for Rössler systems di�er from eah other(Fig. 5a), but the maximum values of the energy or-respond approximately to the same time sale s inboth systems. It is lear that the phase di�erene�s1(t) � �s2(t) is not bounded for almost all timesales (Fig. 5b). One an see that the phase di�erene�s1(t)� �s2(t) inreases for the time sale s = 3:0, but890
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value of energy in the wavelet spetrum hE(s)i aremore likely to beome orrelated �rst. The other timesales remain unorrelated as before. The phase syn-hronization between haoti osillators leads to phaseloking (3) at the orrelated time sales s.As the parameter of oupling between the haotiosillators inreases, more and more time sales beomeorrelated and one an say that the degree of synhro-nization grows. Therefore, with the further inrease ofthe oupling parameter value (e.g., " = 0:07) in oup-led Rössler systems (11), the time sales that were un-orrelated before beome synhronized (Fig. 6b). Itis evident that the time sales s = 4:5 are synhro-nized in omparison with the previous ase (" = 0:05,891
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illators ours. In this ase, the power spetra ofthe wavelet transform oinide with eah other (seeFig. 7a) and phase loking takes plae for all timesales s (Fig. 7b). We note that the phase di�erene�s1(t) � �s2(t) is not equal to zero in the ase of lagsynhronization. It is lear that this di�erene dependson the time lag � .A further inrease of the oupling parameterleads to a derease of the time lag � [21℄. Bothsystems tend to have the omplete synhronizationregime x1(t) � x2(t), and hene the phase di�erene�s1(t)� �s2(t) tends to be zero for all time sales.The dependene of the synhronized time salerange [sm; sb℄ on the oupling parameter is shown in892
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5. GENERALIZED SYNCHRONIZATIONREGIMEWe onsider another type of synhronized behavior,the so-alled generalized synhronization. It has beenshown above that phase, lag, and omplete synhro-nizations are naturally related to eah other and thesynhronization type depends on the number of syn-hronized time sales. The details of the relations be-tween phase and generalized synhronizations are notlear at all. There are several works [1, 22℄ dealing withthe problem of how phase and generalized synhroniza-tions are orrelated with eah other. For instane, ithas been reported in [22℄ that two unidiretional ou-pled Rössler systems an demonstrate the generalizedsynhronization, while the phase synhronization hasnot been observed. This ase an easily be explainedby means of the time sale analysis. The equations ofthe oupled Rössler system are

_x1 = �!1y1 � z1;_y1 = !1x1 + ay1;_z1 = p+ z1(x1 � )_x2 = �!2y2 � z2 + "(x1 � x2);_y2 = !2x2 + ay2;_z2 = p+ z2(x2 � ); (12)
where x1 = (x1; y1; z1)T and x2 = (x2; y2; z2)T are therespetive state vetors of the �rst (drive) and the se-ond (response) Rössler systems. The ontrol parame-ter values are hosen as !1 = 0:8, !2 = 1:0, a = 0:15,p = 0:2,  = 10, and " = 0:2. Generalized synhroniza-tion ours in this ase (see [22℄ for details). The timesale analysis explains why it is impossible to detetphase synhronization in system (12) despite general-ized synhronization being observed.We onsider Fourier spetra of oupled haoti os-illators (Fig. 9). There are two main spetral ompo-nents with the frequenies f1 = 0:125 and f2 = 0:154in these spetra. The analysis of the behavior of timesales shows that both the time sales s1 = 1=f1 = 8:0of the oupled osillators orresponding to the fre-queny f1 and time sales lose to s1 are synhronized,while the time sales s2 = 1=f2 � 6:5 and those loseto this value do not demonstrate synhronous behavior(Fig. 10b).The soure of suh behavior of time sales beomeslear from the wavelet power spetra hE(s)i of bothsystems (see Fig. 10a). The time sale s1 of the driveRössler system is haraterized by a large value of en-ergy, while the part of energy assoiated with this saleof the response system is quite small. Therefore, thedrive system ditates its own dynamis at the time sales1 to the response system. The opposite situation o-urs for the time sales s2 (Fig. 10a). The drive systemannot ditate its dynamis to the response system be-ause the part of energy assoiated with this time saleis small in the �rst Rössler system and large enoughin the seond one. Therefore, time sales s2 are notsynhronized.Thus, the generalized synhronization of the unidi-retional oupled Rössler systems appears as the timesale synhronized dynamis, similarly to other syn-hronization types. It is also lear why the phase syn-hronization was not observed in this ase. Figure 9shows that the instantaneous phases �1;2(t) of haotisignals x1;2(t) introdued by means of traditional ap-proahes are determined by both frequenies, f1 and f2,but only the spetral omponents with the frequeny f1are synhronized. Therefore, observation of the instan-taneous phases �1;2(t) does not allow deteting phase893
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alized synhronization using only the results obtainedfrom the analysis of the time sale dynamis.
6. MEASURE OF SYNCHRONIZATIONFrom the examples given above, we an see thatany type of synhronous behavior of oupled haotiosillators leads to the ourrene of synhronized timesales. Therefore, the measure of synhronization anbe introdued. This measure � an be de�ned as thepart of the wavelet spetrum energy assoiated withthe synhronized time sales,894



ÆÝÒÔ, òîì 127, âûï. 4, 2005 Synhronization of haoti osillator time sales�1;2 = 1E1;2 sbZsm hE1;2(s)i ds; (13)where [sm; sb℄ is the range of time sales for whih on-dition (1) is satis�ed andE1;2 = 1Z0 hE1;2(s)i ds (14)is the total energy of the wavelet spetrum. This mea-sure � is zero for the nonsynhronized osillations andunity for the omplete and lag synhronization regimes.If the phase synhronization regime is observed, � takesa value between zero and unity depending on the partof energy assoiated with the synhronized time sales.Hene, the synhronization measure � allows not onlydistinguishing the synhronized and nonsynhronizedosillations, but also haraterizing the degree of ti-me-sale synhronization quantitatively.Figure 11 presents the dependene of the time-salesynhronization measure �1 for the �rst Rössler osilla-tor of system (11) onsidered in Se. 4 on the ouplingparameter ". It is lear that the part of the energy asso-iated with the synhronized time sales grows monoto-nially with the growth of the oupling strength. Sim-ilar results have been obtained for the generalized syn-hronization of two oupled Rössler systems onsideredin Se. 5.We have already mentioned that when the oupledosillators do not demonstrate synhronous behavior,there are time sales s� at whih the phase di�erene
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�s1(t) � �s2(t) is bounded. Suh time sales play therole of points separating the time sale areas where thephase di�erene inreases and dereases, respetively(see also Se. 4). Nevertheless, the presene of suhtime sales does not mean the ourrene of haotisynhronization beause the part of energy assoiatedwith them is equal to zero. Therefore, the synhro-nization measure � of suh osillations is zero, and thedynamial regime realized in the system in this aseshould be lassi�ed as nonsynhronous.7. CONCLUSIONSSummarizing this work, we note several prinipalaspets. First, we have proposed to onsider the timesale dynamis of oupled haoti osillators. It al-lows us to onsider the di�erent types of behavior ofoupled osillators (suh as the omplete synhroniza-tion, the lag synhronization, the phase synhroniza-tion, the generalized synhronization, and the nonsyn-hronized osillations) from the universal standpoint.In this ase, time-sale synhronization is the mostommon type of synhronous oupled haoti osillatorbehavior. Therefore, the other types of synhronous os-illations (phase, lag, omplete, and generalized) maybe onsidered the partiular ases of time-sale syn-hronization. The quantitative harateristi � of thesynhronization measure has also been introdued. Itis important to note that our method (with insigni�-ant modi�ations) an also be applied to dynamialsystems synhronized by the external (e.g., harmoni)signal.Seond, the traditional approah for the phase syn-hronization deteting based on the introdution of theinstantaneous phase �(t) of the haoti signal is suit-able and orret for suh time series haraterized bythe Fourier spetrum with a single main frequeny f0.In this ase, the phase �s0 assoiated with the timesale s0 orresponding to the main frequeny f0 of theFourier spetrum oinides approximately with the in-stantaneous phase �(t) of the haoti signal introduedby means of the traditional approahes (see also [36℄).Indeed, beause the other frequenies (the other timesales) do not play a signi�ant role in the Fourier spe-trum, the phase �(t) of the haoti signal is lose to thephase �s0(t) of the main spetral frequeny f0 (and themain time sale s0, respetively). It is obvious thatin this ase, the mean frequenies �f = h _�(t)i=2� and�fs0 = h _�s0(t)i=2� should oinide with eah other andwith the main frequeny f0 of the Fourier spetrum(see also [31℄),895
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