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SYNCHRONIZATION OF CHAOTIC OSCILLATOR TIME SCALESA. E. Hramov *, A. A. Koronovskii, Yu. I. LevinSaratov State University410012, Saratov, RussiaSubmitted 18 June 2004We 
onsider the 
haoti
 os
illator syn
hronization and propose new approa
h for dete
ting the syn
hronizedbehavior of 
haoti
 os
illators. This approa
h is based on the analysis of di�erent time s
ales in the time seriesgenerated by 
oupled 
haoti
 os
illators. We show that 
omplete syn
hronization, phase syn
hronization, lagsyn
hronization, and generalized syn
hronization are parti
ular 
ases of the syn
hronized behavior 
alled thetime-s
ale syn
hronization. The quantitative measure of the 
haoti
 os
illator syn
hronous behavior is proposed.This approa
h is applied for the 
oupled Rössler systems.PACS: 05.45.Xt, 05.45.Tp1. INTRODUCTIONSyn
hronization of 
haoti
 os
illators is one of thefundamental phenomena in nonlinear dynami
s. It o
-
urs in many physi
al [1�6℄ and biologi
al [7�9℄ pro-
esses. It seems to play an important role in the abilityof biologi
al os
illators, su
h as neurons, to a
t 
oop-eratively [10�12℄.Several di�erent types of syn
hronization of 
ou-pled 
haoti
 os
illators have been des
ribed theoreti-
ally and observed experimentally [13�16℄. The 
om-plete syn
hronization implies the 
oin
iden
e of statesof 
oupled os
illators, x1(t) � x2(t), with the di�er-en
e between state ve
tors of 
oupled systems 
onverg-ing to zero in the limit as t ! 1 [17�20℄. It o

urswhen intera
ting systems are identi
al. If the param-eters of 
oupled 
haoti
 os
illators slightly mismath
h,the state ve
tors are 
lose, jx1(t)� x2(t)j � 0, but dif-fer from ea
h other. Another type of syn
hronized be-havior of 
oupled 
haoti
 os
illators with slightly mis-mat
hed parameters is the lag syn
hronization: thisis the 
ase where the state ve
tors 
oin
ide with ea
hother after a time shift, x1(t+ �) = x2(t). As the 
ou-pling between the os
illators in
reases, the time lag �de
reases and the syn
hronization regime tends to the
omplete syn
hronization [21�23℄. The generalized syn-
hronization [24�26℄, introdu
ed for drive-response sys-tems, means that there is some fun
tional relation be-tween 
oupled 
haoti
 os
illators, i.e., x2(t) = F[x1(t)℄.*E-mail: aeh�
as.ssu.runnet.ru

We �nally mention the phase syn
hronizationregime. To des
ribe the phase syn
hronization, theinstantaneous phase �(t) of a 
haoti
 
ontinuous timeseries is usually introdu
ed [13�16; 27; 28℄. The phasesyn
hronization means the entrainment of phasesof 
haoti
 signals, with their amplitudes remaining
haoti
 and un
orrelated.All syn
hronization types mentioned above are re-lated with ea
h other (see [1; 22; 24℄ for details), butthe relation between them is not 
ompletely 
lari�edyet. For ea
h type of syn
hronization, there are spe-
i�
 ways to dete
t the syn
hronized behavior of 
ou-pled 
haoti
 os
illators. The 
omplete syn
hronization
an be dete
ted by 
omparison of system state ve
torsx1(t) and x2(t), whereas the lag syn
hronization 
an bedetermined by means of a similarity fun
tion [21℄. The
ase of the generalized syn
hronization is more intri-
ate be
ause the fun
tional relation F[: : : ℄ 
an be very
ompli
ated, but there are several methods to dete
tthe syn
hronized behavior of 
oupled 
haoti
 os
illa-tors, su
h as the auxiliary system approa
h [29℄ or themethod of nearest neighbors [24, 30℄.Finally, the phase syn
hronization of two 
oupled
haoti
 os
illators o

urs if the di�eren
e between theinstantaneous phases �(t) of 
haoti
 signals x1;2(t) isbounded by some 
onstant:j�1(t)� �2(t)j < 
onst: (1)It is possible to de�ne the mean frequen
y of the 
haoti
signal,886
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hronization of 
haoti
 os
illator time s
ales�
 = limt!1 �(t)t = h _�(t)i; (2)whi
h is the same for both 
oupled 
haoti
 systems,i.e., phase lo
king leads to frequen
y entrainment. Wenote that for the results to be 
orre
t, the mean fre-quen
y �
 a of 
haoti
 signal x(t) must 
oin
ide withthe main frequen
y 
0 = 2�f0 of the Fourier spe
-trum (see [31℄ for details℄). There is no general wayto introdu
e the phase for 
haoti
 time series. Thereare several approa
hes that allow de�ning the phase for�good� systems with a simple topology of a 
haoti
 at-tra
tor (the so-
alled phase 
oherent attra
tor), whoseFourier spe
trum 
ontains a single main frequen
y f0.First of all, a plane in the system phase spa
e mayexist su
h that the proje
tion of the 
haoti
 attra
toron it looks like a 
ir
ular band. For su
h a plane, the
oordinates x and y 
an be introdu
ed with the originpla
ed somewhere near the 
enter of the 
haoti
 attra
-tor proje
tion. The phase 
an then be introdu
ed asan angle in this 
oordinate system [32, 21℄, but thisrequires all traje
tories of the 
haoti
 attra
tor proje
-tion on the (x; y) plane to revolve around the origin.A 
oordinate transformation 
an be sometimes usedto obtain a proper proje
tion [32, 13℄. If the proje
-tions of 
haoti
 traje
tories on the plane ( _x; _y) alwaysrotate around the origin, the velo
ities _x and _y 
analso be used; in some 
ases, this approa
h is more suit-able [33; 34℄. Another way to de�ne the phase �(t) ofa 
haoti
 time series x(t) is to 
onstru
t the analyti
alsignal [14, 27℄ using the Hilbert transform. Moreover,the Poin
aré se
ant surfa
e 
an be used to introdu
ethe instantaneous phase of a 
haoti
 dynami
al sys-tem [14, 27℄. Finally, the phase of a 
haoti
 time series
an be introdu
ed by means of the 
ontinuous wavelettransform [35℄, but the appropriate wavelet fun
tionand its parameters should be 
hosen [36℄.All these approa
hes give 
orre
t results for �good�systems with well-de�ned phase, but fail for os
illatorswith nonrevolving traje
tories. Su
h 
haoti
 os
illa-tors are often 
alled �systems with ill-de�ned phase�or �systems with the funnel attra
tor�. Introdu
ingthe phase via the approa
hes mentioned above usuallyleads to in
orre
t results for system with ill-de�nedphase [31℄. Therefore, the phase syn
hronization ofsu
h systems 
an be usually dete
ted by means of in-dire
t indi
ations [32, 37℄ and measurements [33℄.In this paper, we propose a new approa
h for dete
t-ing the syn
hronization between two 
oupled 
haoti
os
illators. The main idea of this approa
h 
onsists inthe analysis of the system behavior at di�erent times
ales, whi
h allows us to 
onsider di�erent 
ases ofsyn
hronization from a universal standpoint [38℄. Us-

ing the 
ontinuous wavelet transform [39�42℄, we intro-du
e the 
ontinuous set of time s
ales s and the instan-taneous phases �s(t) asso
iated with them. In otherwords, �s(t) is a 
ontinuous fun
tion of time t and times
ale s. As we show in what follows, if two 
haoti
 os
il-lators demonstrate any type of syn
hronized behaviormentioned above, the time series x1;2(t) generated bythese systems involve time s
ales s that are ne
essarily
orrelated and satisfy the phase lo
king 
onditionj�s1(t)� �s2(t)j < 
onst: (3)In other words, 
omplete, lag, phase, and generalizedsyn
hronizations are the parti
ular 
ases of the syn-
hronous 
oupled 
haoti
 os
illator behavior 
alled �thetime-s
ale syn
hronization�.The stru
ture of this paper is as follows. In Se
. 2,we dis
uss the 
ontinuous wavelet transform and themethod of the time s
ales s and de�ne the phases �s(t)asso
iated with them. In Se
. 3, we 
onsider the phasesyn
hronization of two 
oupled Rössler systems. Wedemonstrate the appli
ation of our method and dis-
uss its relation to traditional approa
hes. Se
tion 4deals with syn
hronization of two 
oupled Rössler sys-tems with funnel attra
tors. In this 
ase, the tradi-tional methods for introdu
ing the phase fail and it isimpossible to dete
t the phase syn
hronization regime.Syn
hronization between systems 
an be revealed hereonly by means of indire
t measurements (see [33℄ for de-tails). We demonstrate the e�
ien
y of our method forsu
h 
ases and dis
uss the 
orrelation between phase,lag, and 
omplete syn
hronizations. In Se
. 5, we ap-ply our method to the unidire
tional 
oupled Rösslersystems with phase-
oherent attra
tors in whi
h thegeneralized syn
hronization is observed. The quantita-tive measure of syn
hronization is des
ribed in Se
. 6.The 
on
lusions are presented in Se
. 7.2. CONTINUOUS WAVELET TRANSFORMThe 
ontinuous wavelet transform is a powerful toolfor analyzing the behavior of nonlinear dynami
al sys-tems. In parti
ular, the 
ontinuous wavelet analysishas been used for the dete
tion of syn
hronization of
haoti
 os
illations in the brain [35, 43, 44℄ and 
haoti
laser array [45℄. It has also been used to dete
t the basi
frequen
y of os
illations in nephron autoregulation [46℄.We propose to analyze the dynami
s of 
oupled 
haoti
os
illators by 
onsidering system behavior at di�erenttime s
ales s, ea
h of whi
h is 
hara
terized by its ownphase �s(t). In de�ning the 
ontinuous set of instanta-neous phases �s(t), the 
ontinuous wavelet transformis a 
onvenient mathemati
al tool.887
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onsider the 
ontinuous wavelet transform of a
haoti
 time series x(t),W (s; t0) = 1Z�1 x(t) �s;t0 (t) dt; (4)where  s;t0(t) is the wavelet fun
tion related to themother-wavelet fun
tion  0(t) as s;t0(t) = 1ps � t� t0s � : (5)The time s
ale s 
orresponds to the width of the waveletfun
tion  s;t0(t), t0 is the shift of the wavelet along thetime axis, and the symbol ��� in (4) denotes 
omplex
onjugation. We note that the time s
ale s is typi
allyused instead of the Fourier-transform frequen
y f and
an be 
onsidered as the quantity inversed to it.The Morlet wavelet [47℄ 0(�) = 14p� exp(j
0�) exp���22 � (6)has been used as a mother-wavelet fun
tion. The 
hoi
eof the parameter value 
0 = 2� provides the relations = 1=f between the time s
ale s of the wavelet trans-form and the frequen
y f of the Fourier transform.The wavelet surfa
eW (s; t0) = jW (s; t0)j exp[j�s(t0)℄ (7)des
ribes the system dynami
s on every time s
ale s atthe time instant t0. The value of jW (s; t0)j indi
atesthe presen
e and intensity of the time s
ale s mode inthe time series x(t) at the time instant t0. The quanti-ties E(s; t0) = jW (s; t0)j2 (8)and hE(s)i = Z jW (s; t0)j2 dt0 (9)are the instantaneous and integral energy distributionson time s
ales, respe
tively.The phase �s(t) = arg W (s; t) is naturally intro-du
ed for every time s
ale s. This means that the be-havior of ea
h time s
ale s 
an be des
ribed by meansof its own phase �s(t). If two intera
ting 
haoti
 os
il-lators are syn
hronized, the 
orresponding time seriesx1(t) and x2(t) involve s
ales s 
orrelated with ea
hother. This 
orrelation 
an be dete
ted by examining
ondition (3), whi
h must be satis�ed for syn
hronizedtime s
ales.

3. PHASE SYNCHRONIZATION OF TWORÖSSLER SYSTEMSWe �rst 
onsider two 
oupled Rössler systems withslightly mismat
hed parameters [27, 28℄,_x1;2 = �!1;2y1;2 � z1;2 + "(x2;1 � x1;2);_y1;2 = !1;2x1;2 + ay1;2;_z1;2 = p+ z1;2(x1;2 � 
); (10)where a = 0:165, p = 0:2, and 
 = 10. The parameters!1;2 = !0�� determine the parameter detuning and "is the 
oupling parameter (!0 = 0:97,� = 0:02). It wasshown [21℄ that the phase syn
hronization is observedfor these 
ontrol parameter values and the 
oupling pa-rameter " = 0:05.In this 
ase, the phase of the 
haoti
 signal 
an beeasily introdu
ed in one of the ways mentioned above,be
ause the phase 
oherent attra
tor with rather simpletopologi
al properties is realized in the system phasespa
e. The attra
tor proje
tion on the (x; y) planeresembles the smeared limit 
y
le where the phasepoint always rotates around the origin (Fig. 1a). TheFourier spe
trum S(f) 
ontains the basi
 frequen
ypeak f0 � 0:163 (see Fig. 1b), whi
h 
oin
ides withthe mean frequen
y �f = �
=2� determined from the in-stantaneous phase �(t) dynami
s (2). Therefore, thephase syn
hronization regime 
an be dete
ted in two
oupled Rössler systems (10) by means of traditionalapproa
hes without 
ompli
ations.When the 
oupling parameter " is equal to 0:05, thephase syn
hronization between 
haoti
 os
illators is ob-served. Phase lo
king 
ondition (1) is satis�ed and themean frequen
ies �
1;2 are entrained. Hen
e, the times
ales s0 � 6 of both 
haoti
 systems 
orrespondingto the mean frequen
ies �
1;2 should be 
orrelated withea
h other. Correspondingly, the phases �s1;2(t) asso-
iated with these time s
ales s should be lo
ked and
ondition (3) should be satis�ed. The time s
ales thatare nearest to the time s
ale s0 should also be 
or-related, but the interval of the 
orrelated time s
alesdepends on the 
oupling strength. At the same time,there should be time s
ales that remain un
orrelated.These un
orrelated time s
ales 
ause a di�eren
e be-tween 
haoti
 os
illations of 
oupled systems.Figure 2 illustrates the behavior of di�erent times
ales for two 
oupled Rössler systems (10) with phase
oherent attra
tors. It is 
lear that the phase di�er-en
e �s1(t)� �s2(t) for s
ales s0 = 6 is bounded, and888
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xFig. 1. (a) A phase 
oherent attra
tor and (b) the Fourier spe
trum for the �rst Rössler system (10). The 
oupling parameter" between the os
illators is equal to zero
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aFig. 2. (a) Wavelet power spe
tra hE(s)i for the �rst (solid line) and the se
ond (dashed line) Rössler systems (10). (b) Thedependen
e of the phase di�eren
e �s1(t)� �s2(t) on time t for di�erent time s
ales s. The 
oupling parameter betweenthe os
illators is " = 0:05. Phase syn
hronization for two 
oupled 
haoti
 os
illators is observedtherefore time s
ales s0 = 6 
orresponding to the mainfrequen
y f0 of the Fourier spe
trum are syn
hronized.It is important to note that the wavelet power spe
-tra hE1;2(s)i that are 
lose to ea
h other (Fig. 2a) andtime s
ales s 
hara
terized by a large value of energy(e.g., s = 5) 
lose to the main time s
ale s0 = 6:0 arealso 
orrelated. There are also time s
ales that are notsyn
hronized, for example, s = 3:0, s = 4:0 (Fig. 2b).Therefore, phase syn
hronization of two 
oupled
haoti
 os
illators with phase 
oherent attra
tors man-ifests itself as a syn
hronous behavior of the time s
aless0 (and time s
ales s 
lose to s0) 
orresponding to the
haoti
 signal mean frequen
y �
.

4. SYNCHRONIZATION OF TWO RÖSSLERSYSTEMS WITH FUNNEL ATTRACTORSWe 
onsider a more 
ompli
ated example where itis impossible to 
orre
tly introdu
e the instantaneousphase �(t) of the 
haoti
 signal x(t). It is 
lear thatin su
h 
ases, the traditional methods of dete
ting thephase syn
hronization fail and it is ne
essary to use theother te
hniques, e.g., indire
t measurements [33℄. Onthe 
ontrary, our approa
h gives 
orre
t results andallows dete
ting the syn
hronization between 
haoti
os
illators as easily as before.As an illustration, we 
onsider two nonidenti
al 
ou-pled Rössler systems with funnel attra
tors (Fig. 3),889
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xFig. 3. (a) A phase pi
ture and (b) the power spe
trum of os
illations for the �rst Rössler system (11). The 
ouplingparameter " is equal to zero_x1;2 = �!1;2y1;2 � z1;2 + "(x2;1 � x1;2);_y1;2 = !1;2x1;2 + ay1;2 + "(y2;1 � y1;2);_z1;2 = p+ z1;2(x1;2 � 
); (11)where " is a 
oupling parameter and !1 = 0:98,!2 = 1:03. The 
ontrol parameter values have beensele
ted by analogy with [33℄ as a = 0:22, p = 0:1,and 
 = 8:5. We note that under these 
ontrol pa-rameter values, none of the methods mentioned aboveallows de�ning the phase of the 
haoti
 signal 
orre
tlyin entire range of the 
oupling parameter " variation.Therefore, nobody 
an determine by means of dire
tmeasurements whether the syn
hronization regime o
-
urs for several values of ". On the other hand, our ap-proa
h allows easily dete
ting syn
hronization betweenthe 
oupled os
illators under 
onsideration for all val-ues of the 
oupling parameter.In [33℄, it was shown by means of indire
t measure-ments that for the 
oupling parameter value " = 0:05,syn
hronization of two 
oupled Rössler systems (11)o

urs. Our approa
h based on the analysis of the dy-nami
s of di�erent time s
ales s gives analogous results.The behavior of the phase di�eren
e �s1(t)��s2(t) forthis 
ase is presented in Fig. 4b. One 
an see that phaselo
king o

urs for the time s
ales s = 5:25, whi
h are
hara
terized by the largest energy value in the waveletpower spe
tra hE(s)i (Fig. 4a).We note that the phase di�eren
e �s1(t) � �s2(t)is also bounded at the time s
ales 
lose to s = 5:25.We 
an say that the time s
ales s = 5:25 (and 
loseto them) of two os
illators are syn
hronized with ea
hother. At the same time, other time s
ales (e.g.,s = 4:5; 6:0) remain un
orrelated. For su
h time s
ales,

phase lo
king was not observed (see Fig. 4b).It is 
lear that the me
hanism of syn
hronizationof 
oupled 
haoti
 os
illators is the same in both 
ases
onsidered in Se
. 3 and 4. The syn
hronization phe-nomenon is 
aused by the existen
e of time s
ales s insystem dynami
s 
orrelated with ea
h other. There-fore, there is no reason to divide the 
onsidered syn-
hronization examples into di�erent types.It has been shown [21℄ that there is a 
ertain rela-tion between phase, lag, and 
omplete syn
hronizationsfor 
haoti
 os
illators with slightly mismat
hed param-eters. With the in
rease of the 
oupling strength, thesystems undergo the transition from unsyn
hronized
haoti
 os
illations to phase syn
hronization. With afurther in
rease of the 
oupling, lag syn
hronization isobserved. As of the 
oupling parameter in
reases fur-ther, the time lag de
reases and both systems tend tohave the 
omplete syn
hronization regime.We 
onsider the dynami
s of di�erent time s
ales sof two nonidenti
al 
oupled Rössler systems (11) whenthe 
oupling parameter value in
reases. If there is nophase syn
hronization between the os
illators, their dy-nami
s remain un
orrelated for all time s
ales s. Fi-gure 5 illustrates the dynami
s of two 
oupled Rösslersystems when the 
oupling parameter " is small enough(" = 0:025). The power spe
tra hE(s)i of the wavelettransform for Rössler systems di�er from ea
h other(Fig. 5a), but the maximum values of the energy 
or-respond approximately to the same time s
ale s inboth systems. It is 
lear that the phase di�eren
e�s1(t) � �s2(t) is not bounded for almost all times
ales (Fig. 5b). One 
an see that the phase di�eren
e�s1(t)� �s2(t) in
reases for the time s
ale s = 3:0, but890



ÆÝÒÔ, òîì 127, âûï. 4, 2005 Syn
hronization of 
haoti
 os
illator time s
ales
φs1(t) − φs2(t)

1000 2000 t

160

120

0

b

s = 5.25

s = 6.00

s = 4.50

s = 3.00

40

80

−40

0

1.0

0.5

0

〈E(s)〉

84 12 s

a

1

2

Fig. 4. (a) The normalized energy distribution in the wavelet spe
trum hE(s)i for the �rst (line 1 ) and the se
ond (line 2 )Rössler systems (11); (b) the phase di�eren
e �s1(t)� �s2(t) for two 
oupled Rössler systems. The value of the 
ouplingparameter is sele
ted as " = 0:05. The time s
ales s = 5:25 are 
orrelated with ea
h other and syn
hronization is observed
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Fig. 5. (a) The normalized energy distribution in the wavelet spe
trum hE(s)i for the �rst (line 1 ) and the se
ond (line 2 )Rössler systems; (b) the phase di�eren
e �s1(t)� �s2(t) for two 
oupled Rössler systems. The value of 
oupling parameteris sele
ted as " = 0:025. There is no phase syn
hronization between the systemsde
reases for s = 4:5. This means that there shouldbe a time s
ale 3:0 < s� < 4:5 at whi
h the phasedi�eren
e remains bounded. This time s
ale s� playsthe role of a point separating the time s
ale areas withthe phase di�eren
e in
reasing and de
reasing, respe
-tively. In this 
ase, the measure of time s
ales at whi
hthe phase di�eren
e remains bounded is zero and we
annot speak about the syn
hronous behavior of 
ou-pled 
haoti
 os
illators (see also Se
. 6).As soon as any of the time s
ales of the �rst 
haoti
os
illator be
omes 
orrelated with another time s
aleof the se
ond os
illator (e.g., when the 
oupling pa-rameter in
reases), phase syn
hronization o

urs (seeFig. 4). The time s
ales s 
hara
terized by the largest

value of energy in the wavelet spe
trum hE(s)i aremore likely to be
ome 
orrelated �rst. The other times
ales remain un
orrelated as before. The phase syn-
hronization between 
haoti
 os
illators leads to phaselo
king (3) at the 
orrelated time s
ales s.As the parameter of 
oupling between the 
haoti
os
illators in
reases, more and more time s
ales be
ome
orrelated and one 
an say that the degree of syn
hro-nization grows. Therefore, with the further in
rease ofthe 
oupling parameter value (e.g., " = 0:07) in 
oup-led Rössler systems (11), the time s
ales that were un-
orrelated before be
ome syn
hronized (Fig. 6b). Itis evident that the time s
ales s = 4:5 are syn
hro-nized in 
omparison with the previous 
ase (" = 0:05,891
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Fig. 6. (a) The normalized energy distribution in the wavelet spe
trum hE(s)i for the �rst (line 1 ) and the se
ond (line 2 )Rössler systems; (b) the phase di�eren
e �s1(t)� �s2(t) for two 
oupled Rössler systems. The value of 
oupling parameteris sele
ted as " = 0:07
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Fig. 7. (a) The normalized energy distribution in the wavelet spe
trum hE(s)i for the Rössler system; (b) the phase di�er-en
e �s1(t) � �s2(t) for two 
oupled Rössler systems. The value of the 
oupling parameter is sele
ted as " = 0:25. Lagsyn
hronization is observed, all time s
ales are syn
hronizedFig. 4b) when these time s
ales were un
orrelated. Thenumber of time s
ales s demonstrating phase lo
kingin
reases, but there are nonsyn
hronized time s
ales asbefore (e.g., the time s
ales s = 3 and s = 6 remainnonsyn
hronized).The o

urren
e of lag syn
hronization [21℄ be-tween os
illators means that all time s
ales are 
or-related. Indeed, the lag-syn
hronization 
onditionx1(t� �) � x2(t) implies that W1(s; t� �) �W2(t; s)and therefore �s1(t� �) � �s2(t). In this 
ase, phaselo
king 
ondition (3) is obviously satis�ed for all times
ales s. For instan
e, when the 
oupling parame-ter of 
haoti
 os
illators (11) be
omes large enough(s = 0:25), lag syn
hronization of two 
oupled os-


illators o

urs. In this 
ase, the power spe
tra ofthe wavelet transform 
oin
ide with ea
h other (seeFig. 7a) and phase lo
king takes pla
e for all times
ales s (Fig. 7b). We note that the phase di�eren
e�s1(t) � �s2(t) is not equal to zero in the 
ase of lagsyn
hronization. It is 
lear that this di�eren
e dependson the time lag � .A further in
rease of the 
oupling parameterleads to a de
rease of the time lag � [21℄. Bothsystems tend to have the 
omplete syn
hronizationregime x1(t) � x2(t), and hen
e the phase di�eren
e�s1(t)� �s2(t) tends to be zero for all time s
ales.The dependen
e of the syn
hronized time s
alerange [sm; sb℄ on the 
oupling parameter is shown in892
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ales
2
0
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0.1 ε0.2
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6 sb

sm

sb = 30.5

Fig. 8. The dependen
e of the syn
hronized time s
alerange [sm; sb℄ on the 
oupling strength " for two 
ou-pled Rössler systems (11) with funnel attra
torsFig. 8. The range [sm; sb℄ of syn
hronized time s
alesappears at " � 0:039. The appearan
e of the syn
hro-nized time s
ale range 
orresponds to the phase syn-
hronization regime. As the 
oupling parameter valuein
reases, the range of syn
hronized time s
ales ex-pands until all time s
ales be
ome syn
hronized. Syn-
hronization of all time s
ales means the presen
e ofthe lag syn
hronization regime.We 
an therefore say that the time-s
ale syn
hro-nization is the most general syn
hronization type uni-fying (at least) the phase, lag, and 
omplete syn
hro-nization regimes.
5. GENERALIZED SYNCHRONIZATIONREGIMEWe 
onsider another type of syn
hronized behavior,the so-
alled generalized syn
hronization. It has beenshown above that phase, lag, and 
omplete syn
hro-nizations are naturally related to ea
h other and thesyn
hronization type depends on the number of syn-
hronized time s
ales. The details of the relations be-tween phase and generalized syn
hronizations are not
lear at all. There are several works [1, 22℄ dealing withthe problem of how phase and generalized syn
hroniza-tions are 
orrelated with ea
h other. For instan
e, ithas been reported in [22℄ that two unidire
tional 
ou-pled Rössler systems 
an demonstrate the generalizedsyn
hronization, while the phase syn
hronization hasnot been observed. This 
ase 
an easily be explainedby means of the time s
ale analysis. The equations ofthe 
oupled Rössler system are

_x1 = �!1y1 � z1;_y1 = !1x1 + ay1;_z1 = p+ z1(x1 � 
)_x2 = �!2y2 � z2 + "(x1 � x2);_y2 = !2x2 + ay2;_z2 = p+ z2(x2 � 
); (12)
where x1 = (x1; y1; z1)T and x2 = (x2; y2; z2)T are therespe
tive state ve
tors of the �rst (drive) and the se
-ond (response) Rössler systems. The 
ontrol parame-ter values are 
hosen as !1 = 0:8, !2 = 1:0, a = 0:15,p = 0:2, 
 = 10, and " = 0:2. Generalized syn
hroniza-tion o

urs in this 
ase (see [22℄ for details). The times
ale analysis explains why it is impossible to dete
tphase syn
hronization in system (12) despite general-ized syn
hronization being observed.We 
onsider Fourier spe
tra of 
oupled 
haoti
 os-
illators (Fig. 9). There are two main spe
tral 
ompo-nents with the frequen
ies f1 = 0:125 and f2 = 0:154in these spe
tra. The analysis of the behavior of times
ales shows that both the time s
ales s1 = 1=f1 = 8:0of the 
oupled os
illators 
orresponding to the fre-quen
y f1 and time s
ales 
lose to s1 are syn
hronized,while the time s
ales s2 = 1=f2 � 6:5 and those 
loseto this value do not demonstrate syn
hronous behavior(Fig. 10b).The sour
e of su
h behavior of time s
ales be
omes
lear from the wavelet power spe
tra hE(s)i of bothsystems (see Fig. 10a). The time s
ale s1 of the driveRössler system is 
hara
terized by a large value of en-ergy, while the part of energy asso
iated with this s
aleof the response system is quite small. Therefore, thedrive system di
tates its own dynami
s at the time s
ales1 to the response system. The opposite situation o
-
urs for the time s
ales s2 (Fig. 10a). The drive system
annot di
tate its dynami
s to the response system be-
ause the part of energy asso
iated with this time s
aleis small in the �rst Rössler system and large enoughin the se
ond one. Therefore, time s
ales s2 are notsyn
hronized.Thus, the generalized syn
hronization of the unidi-re
tional 
oupled Rössler systems appears as the times
ale syn
hronized dynami
s, similarly to other syn-
hronization types. It is also 
lear why the phase syn-
hronization was not observed in this 
ase. Figure 9shows that the instantaneous phases �1;2(t) of 
haoti
signals x1;2(t) introdu
ed by means of traditional ap-proa
hes are determined by both frequen
ies, f1 and f2,but only the spe
tral 
omponents with the frequen
y f1are syn
hronized. Therefore, observation of the instan-taneous phases �1;2(t) does not allow dete
ting phase893
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Fig. 9. Fourier spe
tra for (a) the �rst (drive) and (b) the se
ond (response) Rösler systems (12). The 
oupling parameteris " = 0:2. Generalized syn
hronization o

urs
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Fig. 10. (a) The normalized energy distribution in the wavelet spe
trum hE(s)i for the �rst (line 1 ) and the se
ond (line 2 )Rössler systems. The time s
ales indi
ated with arrows 
orrespond to the frequen
ies f1 = 0:125 and f2 = 0:154; (b) thephase di�eren
e �s1(t)� �s2(t) for two 
oupled Rössler systems. The generalized syn
hronization is observedsyn
hronization in this 
ase although the syn
hroniza-tion of time s
ales takes pla
e.Thus, one 
an see that there is a 
lose relation be-tween di�erent types of the 
haoti
 os
illator syn
hro-nization. A

ording to the results mentioned above,we 
an say that phase, lag, 
omplete, and generalizedsyn
hronizations are parti
ular 
ases of time-s
ale syn-
hronization. Therefore, it is possible to 
onsider di�er-ent types of syn
hronized behavior from the universalstandpoint. Unfortunately, it is not 
lear how one 
andistinguish the phase syn
hronization1) and the gener-1) We here mean that phase syn
hronization between 
haoti
os
illators o

urs if the instantaneous phase �(t) of the 
haoti
signal may be 
orre
tly introdu
ed by means of traditional ap-proa
hes and phase lo
king 
ondition (1) is satis�ed.

alized syn
hronization using only the results obtainedfrom the analysis of the time s
ale dynami
s.
6. MEASURE OF SYNCHRONIZATIONFrom the examples given above, we 
an see thatany type of syn
hronous behavior of 
oupled 
haoti
os
illators leads to the o

urren
e of syn
hronized times
ales. Therefore, the measure of syn
hronization 
anbe introdu
ed. This measure � 
an be de�ned as thepart of the wavelet spe
trum energy asso
iated withthe syn
hronized time s
ales,894
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haoti
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illator time s
ales�1;2 = 1E1;2 sbZsm hE1;2(s)i ds; (13)where [sm; sb℄ is the range of time s
ales for whi
h 
on-dition (1) is satis�ed andE1;2 = 1Z0 hE1;2(s)i ds (14)is the total energy of the wavelet spe
trum. This mea-sure � is zero for the nonsyn
hronized os
illations andunity for the 
omplete and lag syn
hronization regimes.If the phase syn
hronization regime is observed, � takesa value between zero and unity depending on the partof energy asso
iated with the syn
hronized time s
ales.Hen
e, the syn
hronization measure � allows not onlydistinguishing the syn
hronized and nonsyn
hronizedos
illations, but also 
hara
terizing the degree of ti-me-s
ale syn
hronization quantitatively.Figure 11 presents the dependen
e of the time-s
alesyn
hronization measure �1 for the �rst Rössler os
illa-tor of system (11) 
onsidered in Se
. 4 on the 
ouplingparameter ". It is 
lear that the part of the energy asso-
iated with the syn
hronized time s
ales grows monoto-ni
ally with the growth of the 
oupling strength. Sim-ilar results have been obtained for the generalized syn-
hronization of two 
oupled Rössler systems 
onsideredin Se
. 5.We have already mentioned that when the 
oupledos
illators do not demonstrate syn
hronous behavior,there are time s
ales s� at whi
h the phase di�eren
e
0.2
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Fig. 11. The dependen
e of the syn
hronization mea-sure �1 for the �rst Rössler system (11) on the 
ouplingstrength ". The measure �2 for the se
ond Rössler os-
illator behaves in a similar manner (not shown in the�gure)

�s1(t) � �s2(t) is bounded. Su
h time s
ales play therole of points separating the time s
ale areas where thephase di�eren
e in
reases and de
reases, respe
tively(see also Se
. 4). Nevertheless, the presen
e of su
htime s
ales does not mean the o

urren
e of 
haoti
syn
hronization be
ause the part of energy asso
iatedwith them is equal to zero. Therefore, the syn
hro-nization measure � of su
h os
illations is zero, and thedynami
al regime realized in the system in this 
aseshould be 
lassi�ed as nonsyn
hronous.7. CONCLUSIONSSummarizing this work, we note several prin
ipalaspe
ts. First, we have proposed to 
onsider the times
ale dynami
s of 
oupled 
haoti
 os
illators. It al-lows us to 
onsider the di�erent types of behavior of
oupled os
illators (su
h as the 
omplete syn
hroniza-tion, the lag syn
hronization, the phase syn
hroniza-tion, the generalized syn
hronization, and the nonsyn-
hronized os
illations) from the universal standpoint.In this 
ase, time-s
ale syn
hronization is the most
ommon type of syn
hronous 
oupled 
haoti
 os
illatorbehavior. Therefore, the other types of syn
hronous os-
illations (phase, lag, 
omplete, and generalized) maybe 
onsidered the parti
ular 
ases of time-s
ale syn-
hronization. The quantitative 
hara
teristi
 � of thesyn
hronization measure has also been introdu
ed. Itis important to note that our method (with insigni�-
ant modi�
ations) 
an also be applied to dynami
alsystems syn
hronized by the external (e.g., harmoni
)signal.Se
ond, the traditional approa
h for the phase syn-
hronization dete
ting based on the introdu
tion of theinstantaneous phase �(t) of the 
haoti
 signal is suit-able and 
orre
t for su
h time series 
hara
terized bythe Fourier spe
trum with a single main frequen
y f0.In this 
ase, the phase �s0 asso
iated with the times
ale s0 
orresponding to the main frequen
y f0 of theFourier spe
trum 
oin
ides approximately with the in-stantaneous phase �(t) of the 
haoti
 signal introdu
edby means of the traditional approa
hes (see also [36℄).Indeed, be
ause the other frequen
ies (the other times
ales) do not play a signi�
ant role in the Fourier spe
-trum, the phase �(t) of the 
haoti
 signal is 
lose to thephase �s0(t) of the main spe
tral frequen
y f0 (and themain time s
ale s0, respe
tively). It is obvious thatin this 
ase, the mean frequen
ies �f = h _�(t)i=2� and�fs0 = h _�s0(t)i=2� should 
oin
ide with ea
h other andwith the main frequen
y f0 of the Fourier spe
trum(see also [31℄),895
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haoti
 time series is 
hara
terized by the Fourierspe
trum without a single basi
 frequen
y (like thespe
trum shown in Fig. 3b), the traditional approa
hesfail. One has to 
onsider the dynami
s of the systemat all time s
ales, but this 
annot be done by meansof the instantaneous phase �(t). On the 
ontrary, ourapproa
h based on the analysis of time s
ale dynami
s
an be used for both types of 
haoti
 signals.Finally, our approa
h 
an be easily applied to theexperimental data be
ause it does not require any apriori information on the 
onsidered dynami
al sys-tems. Moreover, in several 
ases, the in�uen
e of thenoise 
an be redu
ed by means of the wavelet trans-form (see [39, 48, 49℄ for details). We believe that ourapproa
h will be useful and e�e
tive for the analysis ofphysi
al, biologi
al, physiologi
al, and other data, su
has des
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