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STATIC AND DYNAMIC CHARGE INHOMOGENEITYAND CRYSTAL-FIELD FLUCTUATIONS FOR 4f IONSIN HIGH-T
 CUPRATESA. S. Moskvin *, Yu. D. Panov, N. V. Mel'nikovaUral State University620083, Ekaterinburg, RussiaSubmitted 16 June 2004The main me
hanism of inhomogeneous broadening and relaxation of 
rystal-�eld ex
itations for rare-earth ionsin 
uprates is believed to be provided by the �u
tuations of 
rystalline ele
tri
 �eld indu
ed by a stati
 anddynami
 
harge inhomogeneity generi
 for the doped 
uprates. Su
h an inhomogeneity is assumed to be a resultof topologi
al phase separation. We address the generalized granular model as one of the model s
enarios todes
ribe the stati
 and dynami
 
harge ingomogeneity in 
uprates. The 
harge subsystem is believed to be sim-ilar to that of the Wigner 
rystal with the melting transition and phonon-like positional ex
itation modes. We
onsider a simple model of 
harge inhomogeneity that allows us to elu
idate the main universal features of thedensity of CF states and the respe
tive inhomogeneous broadening. The formal des
ription of R-ion relaxationmainly 
oin
ides with that of the re
ently suggested magnetoelasti
 me
hanism by Lovesey and Staub.PACS: 74.72.-h, 76.30.Kg, 78.70.Nx1. INTRODUCTIONInelasti
 neutron s
attering (INS) spe
tros
opy isa powerful tool that allows unambiguously determin-ing the Stark multiplet stru
ture and 
rystal-�eld (CF)potential in rare-earth (R) based high-T
 super
ondu
t-ing materials su
h as Y1�xRxBa2Cu3O6+y [1, 2℄. Thiste
hnique provides detailed information on the ele
-troni
 ground state of the R-ions, whi
h is importantto understand the thermodynami
 magneti
 proper-ties and the observed 
oexisten
e between super
on-du
tivity and long-range magneti
 ordering of the R-ion sublatti
e at low temperatures. Moreover, INSspe
tros
opy may be e�e
tively used for a quantitativemonitoring of the de
ay of the antiferromagneti
 stateof the parent 
ompound and the evolution of the super-
ondu
ting state upon doping, be
ause the linewidthsof CF transitions are believed to dire
tly probe the ele
-troni
 sus
eptibility. The relaxation behavior appearsto be extremely dependent on the energy at whi
h thesus
eptibility is probed. The 
rystal-�eld INS spe
-tros
opy is widely used to reveal the opening of anele
troni
 gap in the normal state of underdoped su-*E-mail: alexandr.moskvin�usu.ru

per
ondu
tors [1℄ and to examine its anisotropy [3, 4℄.Re
ently, the Ho3+ CF-INS spe
tros
opy was used toinvestigate the oxygen and 
opper isotope e�e
ts onthe pseudogap in the high-temperature super
ondu
-tors Ho-124 and (LaHoSr)2CuO4 [5, 6℄. But the me
h-anism of the relaxation of rare-earth ions in 
upratesbe
omes the issue of hot debates [7, 8℄ that questionthe 
urrent interpretation of information dete
ted bythe INS spe
tros
opy.In the normal state, the ex
ited 
rystal-�eld lev-els of an R-ion intera
t with phonons, spin �u
tua-tions, and 
harge 
arriers. These intera
tions limit thelife-time of the ex
itation; thus the observed 
rystal-�eld transitions exhibit line broadening. Similarly tothe 
ase of the 
onventional Fermi-liquid metals, theintera
tion with the 
harge 
arriers is 
onsidered thedominating relaxation me
hanism in 
uprates. Thisintera
tion is usually assumed to be an isotropi
 ex-
hange 
oupling with the e�e
tive spin HamiltonianHex = �2I(gJ � 1)(s � J), where I is an ex
hange inte-gral that should be nearly independent of the parti
ularR-ion under 
onsideration, gJ is the Lande fa
tor, s isthe spin moment of a 
harge 
arrier, and J is the to-tal momentum of the R-ion. Su
h a s
enario seems to1267 6*
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hannel ofneutron s
attering is taken into a

ount. The detailedtheory of the respe
tive relaxation me
hanism was de-veloped by Be
ker, Fulde, and Keller (BFK-model) [9℄.The 
orresponding intrinsi
 linewidth appears to in-
rease almost linearly with temperature (�(T ) / �2T )a

ording to the well-known Korringa law [10℄. Here,� is the 
oupling 
onstant, � = I(gJ � 1)N(EF ), whereN(EF ) is the density of states (DOS) at the Fermi level.The deviation from a linear temperature dependen
e atlow temperatures has been usually interpreted in termsof the opening of a (pseudo)gap and the asso
iatedredu
tion in damping. Fitting the high-temperaturelinewidth data in the framework of the simple or mod-i�ed Korringa law, one obtains the 
oupling 
onstantvalues that typi
ally vary from 0.003 to 0.006 [1; 3�6℄.We emphasize that the spin 
hannel of relaxationdire
tly implies the relevan
e of the Fermi-liquid s
e-nario for 
uprates, with many signatures of non-Fermi-liquid behavior ignored. However, the spin-ex
hange model has a number of visible in
onsisten-
ies, �rstly as 
on
erns the magnitude of the 
ou-pling 
onstant. Indeed, a linear temperature depen-den
e of the relaxation time above T
 observed in EPRstudies of S-ion Gd3+ in YBa2Cu3O7 after Korringa�tting yields the magnitude of the ex
hange integralI � 3 � 10�4 eV (Ref. [12℄), whi
h dire
tly pointsto unrealisti
ally big values of the spin 
oupling 
on-stants � found in all the INS experiments on CF tran-sitions. Some problems exist with the Lande fa
tors
aling proportional (gJ � 1). In studying the systemY1�xRxBa2Cu3O6+y (R = Er, Ho, Tm), Mukherjee etal. [11℄ found j�(Tm)=�(Ho)j � 2 instead of the the-oreti
ally expe
ted value (gTm � 1)=(gHo � 1) = 2=3,and j�(Tm)=�(Er)j � 4:5, instead of the expe
ted(gTm � 1)=(gEr � 1) = 5=6. This 
lear disagreementeviden
es against the ex
hange me
hanism. The spin-ex
hange s
enario fails to explain the �strange� dop-ing dependen
e of Tm3+ relaxation in Tm-123 [13℄ andNd3+ relaxation in (LaSrNd)2CuO4 [14℄.Finally, Staub et al. [15℄ have found that theLorentzian linewidth of the quasi-elasti
 neutron s
at-tering for Tb3+ in YBa2Cu3O7 
an be properly de-s
ribed by the simple (exp(�=kBT )� 1)�1 law typi
alof the Orba
h pro
esses governed by latti
e vibrations.They have shown that su
h an interpretation also de-s
ribes the results obtained earlier for Ho3+ and Tm3+.They 
on
lude that the intera
tions with the 
harge
arriers are negligible and that the intera
tions withthe latti
e vibrations are responsible for the relaxationbehavior of the 4f ele
trons in 
uprates. Therefore, theINS results that 
laim to probe the super
ondu
ting

gap or the pseudo-gap should be reexamined in termsof Orba
h pro
esses. A similar 
on
lusion was drawnin [14℄ for Nd3+ relaxation in (LaSrNd)2CuO4. Loveseyand Staub [16℄ have shown that the dynami
 proper-ties of the lanthanide ions (Tb3+, Ho3+, and Tm3+)are adequately des
ribed by a simple three-state model,not unlike the one introdu
ed by Orba
h for the in-terpretation of ele
tron paramagneti
 resonan
e signalsfrom a lanthanide ion in dilute 
on
entration in a salt.The 
ross se
tion for inelasti
 s
attering of neutrons bythe lanthanide ion is derived by 
onstru
ting a pseu-dospin S = 1 model and treating the magnetoelasti
intera
tion as a perturbation on the three 
rystal-�eldstates. The s
attering of neutrons is thus a quasielas-ti
 pro
ess and the relaxation rate is proportional to(exp(�=kBT )� 1)�1, where � is the energy of the in-termediate 
rystal-�eld state at whi
h the density ofphonon states is probed. However, this very attra
-tive s
enario also fa
es some visible di�
ulties withthe explanation, for instan
e, of the unusual nonmono-toni
 temperature dependen
es and too large oxygenisotope e�e
t in the INS spe
tra of Ho-124 and Ho-214systems [5, 6℄ some doping dependen
es in Y-123 andNd-214 systems [14℄. The origin of the anomalouslylarge low-temperature inhomogeneous broadening re-mains un
lear. The magnetoelasti
 me
hanism yieldsvery small magnitudes of �(T = 0), one or two orderssmaller than that found in experiment.Comparing two me
hanisms, we underline their dif-feren
e that seems to be of primary importan
e: thespin-
hannel me
hanism takes the �u
tuations of thee�e
tive magneti
 �eld on R-ion into a

ount, whilethe phonon (magnetoelasti
) me
hanism deals with�u
tuations of the ele
tri
 �eld. Moreover, the 
on-ventional spin-
hannel me
hanism a
tually probes spin�u
tuations rather than 
harge �u
tuations, althoughits 
ontribution to the linewidth �(T ) / (I N(EF ))2is believed to strongly depend on the density of 
arri-ers. However, this relationship is derived in the frame-work of the Fermi-liquid s
enario, and is to be modi�edif one addresses the typi
al antiferromagneti
 insulat-ing state. Interestingly, in Refs. [8; 15; 16℄, the phonon(magnetoelasti
) me
hanism is addressed as an alterna-tive to the 
harge �u
tuations. As an example, the au-thors point to insulating materials where �: : : the den-sity of 
arriers is essentially zero: : :� [8℄, whi
h forbidsthe 
harge �u
tuation 
hannel of relaxation.We emphasize that both groups of resear
hers un-derestimate the role of the 
onventional spinless 
harge�u
tuation 
hannel. Indeed, the CF Hamiltonian for anR-ion in 
uprate 
an be written in its standard form as1268
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harge inhomogeneity : : :HCF = Xk=2;4;6 X�k�q�kB�kqÔqk;where Ôqk are Stevens equivalent operators, Bkq == bkqhrki
k, where bkq are CF parameters, 
2 = �,
4 = �, 
6 = 
 (�; �; 
 are Stevens parameters), andbkq = hbkqi+�bkq ;whi
h may be expressed within the well-known point-
harge model as�bkq =Xi qCkq (Ri)Rk+1i (n̂i(t)� hnii);where Ckq is the tensorial spheri
al harmoni
s and n̂i(t)is the 
harge number operator. Conventional metalsare 
hara
terized by a very short-time 
harge dynami
s,whi
h allows negle
ting the 
ontribution of 
harge �u
-tuations to the inhomogeneous broadening and relax-ation of R-ions in the low-energy range of CF energies,and 
onsidering a mean homogeneous 
harge distribu-tion. An altogether di�erent pi
ture emerges in the
ase of 
uprates where we deal with various manifesta-tions of stati
 and dynami
 
harge inhomogeneity (see,e.g., Refs. [17; 18℄ and referen
es therein). Moreover,the INS spe
tros
opy of CF ex
itations itself yields animpressive pi
ture of 
harge inhomogeneity in the 123system [1, 2℄, where it was found that the observed CFspe
tra separate into di�erent lo
al 
omponents whosespe
tral weights distin
tly depend on the doping level,i.e., there is 
lear experimental eviden
e for 
luster for-mation. The onset of super
ondu
tivity 
an be shownto result from per
olation, whi
h means that the super-
ondu
tivity is a property of inhomogeneous materials.It seems probable that the dynami
al rearrangement ofthe 
harge system at the temperatures above T
 some-how a�e
ts both the inhomogeneous broadening of CFtransitions and R-ion relaxation.2. CHARGE INHOMOGENEITY INCUPRATES: TOPOLOGICAL PHASESEPARATIONAt present, the stripe model of inhomogeneity [18℄is most popular in 
uprate physi
s. It is worth notingthat this model is based on the more universal idea oftopologi
al phase separation, with the doped parti
lesassumed to lo
alize inside the domain walls of a barephase.Below, we address one of the topologi
al phase sep-aration s
enarios that may be termed a generalizedgranular model for doped 
uprates. We assume that

the CuO2 layers in parent 
uprates may gradually losetheir stability under ele
tron/hole doping, while a newself-organized multigranular 2D phase be
omes stable.The new s
enario implies that the un
onventionalphase state evolves from parent insulating 
uprate asa result of self-trapping of the 
harge transfer ex
i-tons (CT) a

ompanied by a self-
onsistent latti
e po-larization and the appearan
e of the �negative-U� ef-fe
t. Parent insulating 
uprates appear to be unsta-ble with regard to self-trapping of the low-energy one-and two-
enter CT ex
itons [19, 20℄ with a nu
leationof ele
tron � hole (EH) droplets being a
tually the sys-tem of 
oupled ele
tron CuO7�4 and hole CuO5�4 
en-ters glued in the latti
e due to strong ele
tron � latti
epolarization e�e
ts. Su
h a system 
an be regardedas an ele
tron � hole Bose liquid des
ribed by the gen-eralized Bose �Hubbard Hamiltonian. Doping, or de-viation from half-�lling in the EH Bose liquid is a
-
ompanied by formation of multi
enter topologi
al de-fe
ts su
h as 
harge-order (CO) bubble domain(s) withBose super�uid (BS) and extra bosons lo
alized in do-main wall(s), or a topologi
al CO+BS phase separa-tion, rather than uniform mixed CO+BS supersolidphase [21, 22℄. Su
h a situation partly resembles thatof granular super
ondu
tivity.The most probable possibility is that every mi
ro-grain a

umulates one or two parti
les. Then the num-ber of su
h entities in a multigranular texture nu
leatedwith doping has to depend on the doping nearly lin-early. Generally speaking, ea
h individual mi
rograinmay be 
hara
terized by its position, nanos
ale size,and the orientation of the U(1) degree of freedom. In
ontrast with the uniform states, the phase of the su-per�uid order parameter for a mi
rograin is assumedto be unordered. The granular stru
ture must be 
on-sidered largely dynami
 in nature.In the long-wavelength limit, the o�-diagonal or-dering 
an be des
ribed by an e�e
tive Hamiltonian interms of the U(1) (phase) degree of freedom asso
iatedwith ea
h mi
rograin. Su
h a Hamiltonian 
ontains arepulsive, long-range Coulomb part and a short-range
ontribution related to the phase degree of freedom.The latter term 
an be written in the form of a so-
alledJosephson 
oupling, standard for the XY model,HJ = �Xhi;ji Jij 
os('i � 'j); (1)where 'i and 'j are global phases for mi
rograins 
en-tered at the respe
tive points i and j, and Jij is theJosephson 
oupling parameter. The Josephson 
ou-pling gives rise to the long-range ordering of the phaseof the super�uid order parameter in su
h a multi-
enter1269
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h a Hamiltonian represents a starting pointfor the analysis of disordered super
ondu
tors, gran-ular super
ondu
tivity, and insulator � super
ondu
tortransition with an hi; ji array of super
ondu
ting is-lands with phases 'i; 'j .To a

ount for the Coulomb intera
tion and allowfor quantum 
orre
tions, we introdu
e the 
hargingenergy [23℄ H
h = �12q2Xi;j ni(C�1)ijnjinto the e�e
tive Hamiltonian, where ni is the numberoperator for parti
les bound in the ith mi
rograin; it isquantum-me
hani
ally 
onjugate to ', ni = �i�=�'i,(C�1)ij is the 
apa
itan
e matrix, and q is the parti
le
harge.Su
h a system appears to reveal a tremendously ri
hquantum-
riti
al stru
ture [24, 25℄. In the absen
e ofdisorder, the T = 0 phase diagram of the multigran-ular system implies either triangular or square 
rys-talline arrangements with a possible melting transitionto a liquid. We note that the analogy with the 
harged2D Coulomb gas implies the Wigner 
rystallization ofthe multigranular system with a Wigner 
rystal (WC)to the Wigner liquid melting transition. Naturally,additional degrees of freedom of the mi
rograin pro-vide a ri
her physi
s of su
h latti
es. For a systemto be an insulator, disorder is required that pins themultigranular system and also 
auses the 
rystallineorder to have a �nite 
orrelation length. The tradi-tional approa
h to Wigner 
rystallization implies theformation of a WC for densities lower than the 
riti-
al density, when the Coulomb energy is greater thanthe kineti
 energy. The e�e
t of quantum �u
tuationsleads to a (quantum) melting of the solid at high den-sities or at a 
riti
al latti
e spa
ing. The 
riti
al prop-erties of a two-dimensional latti
e without any inter-nal degrees of freedom are su

essfully des
ribed byapplying the BKT (Berezinsky �Kosterlitz �Thowless)theory to dislo
ations and dis
linations of the latti
e.This des
ription pro
eeds in two steps. The �rst stepimplies the transition to a liquid-
rystal phase with ashort-range translational order, and the se
ond involvesthe transition to isotropi
 liquid. In su
h a system,if the mi
rograin positions are �xed at all tempera-tures, the long-wavelength physi
s is des
ribed by an(anti)ferromagneti
 XY model with expe
table BKTtransition and a gapless XY spin-wave mode.The low-temperature physi
s in a multigranular sys-tem is governed by an interplay of two BKT transitions,for the U(1) phase and the positional degrees of free-dom, respe
tively [25℄. Dislo
ations lead to a mismat
h

in the U(1) degree of freedom, whi
h makes the dislo-
ations bind fra
tional vorti
es and leads to a 
ouplingof translational and phase ex
itations. The BKT tem-peratures either 
oin
ide (square latti
e) or the meltingone is higher (triangular latti
e) [25℄.Quantum �u
tuations 
an substantially a�e
t theseresults. Quantum melting 
an destroy the U(1) order atsu�
iently low densities where the Josephson 
ouplingbe
omes exponentially small. A similar situation is ex-pe
ted to o

ur in the vi
inity of stru
tural transitionsin a multigranular 
rystal. With in
reasing the mi
ro-grain density, the quantum e�e
ts result in a signi�
antde
rease of the melting temperature 
ompared with the
lassi
al square-root dependen
e. The resulting melt-ing temperature 
an reveal an os
ilating behavior as afun
tion of the parti
le density with zeros at the 
rit-i
al (magi
) densities asso
iated with stru
tural phasetransitions.In terms of our model, the positional order 
or-responds to an in
ommensurate 
harge density wave,while the U(1) order 
orresponds to super
ondu
tivity.In other words, we arrive at a subtle interplay betweentwo orders. The super
ondu
ting state evolves from a
harge order with TC � Tm, where Tm is the temper-ature of the melting transition, whi
h 
ould be termedthe temperature of the opening of the insulating gap(pseudo-gap!?).The normal modes of a dilute multigranular sys-tem in
lude the pseudo-spin waves propagating in-between the mi
rograins, the positional �u
tuations,or quasiphonon modes, whi
h are gapless in a pure sys-tem but are gapped when the latti
e is pinned, and,�nally, �u
tuations in the U(1) order parameter.The orientational �u
tuations of the multigranularsystem are governed by the gapless XY model [24℄.The relevant model des
ription is most familiar as ane�e
tive theory of the Josephson jun
tion array. Animportant feature of the model is that it displays aquantum 
riti
al point.The low-energy 
olle
tive ex
itations of a multi-granular liquid in
ludes the usual longitudinal a
ous-ti
 phonon-like bran
h. The liquid 
rystal phases dif-fer from the isotropi
 liquid in that they have mas-sive topologi
al ex
itations, i.e., dis
linations. We notethat liquids do not support transverse modes, and these
ould survive in a liquid state only as overdampedmodes. It is therefore reasonable to assume that so-lidi�
ation of the bubble latti
e is a

ompanied by sta-bilization of transverse phonon-like modes with theirsharpening below the melting transition. In otherwords, the instability of transverse phonon-like modessignals the onset of melting. The phonon-like modes1270
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harge inhomogeneity : : :in the bubble 
rystal have mu
h in 
ommon with theusual phonon modes, but be
ause of the ele
troni
 na-ture they 
an hardly be dete
ted by inelasti
 neutrons
attering.A generi
 property of the positionally ordered bub-ble 
on�guration is the sliding mode, whi
h is usu-ally pinned by the disorder. The depinning of slidingmode(s) 
an be dete
ted in a low-frequen
y and low-temperature opti
al response.We note that as regards the CF �u
tuations, thereis no prin
ipal di�eren
e between the 
ontributions ofreal phonon modes and quasiphonon modes of a multi-granular system. Moreover, it is worth noting thatthe 
harge inhomogeneity in a multigranular system isproned to be 
losely 
oupled with latti
e stru
tural dis-torsions. However, stabilization of transverse phonon-like modes in multigranular system that a

ompaniesits solidi�
ation at the temperatures above T
 maystrongly a�e
t the CF relaxation due to a me
hanismidenti
al to the magnetoelasti
 me
hanism proposed byLovesey and Staub. In a sense, su
h a 
on
lusion re
-on
iles the �old� spin-�u
tuation [1, 2℄ and the �new�magnetoelasti
 phonon [15, 16℄ approa
hes to the INSspe
tros
opy of 
uprates with R-ions.Above, we addressed a simpli�ed model of �rigid�bubbles and negle
ted any possible internal or 
onfor-mational degree of freedom. However, the bubble 
ana
tually be 
hara
terized by a subtle interplay of or-bital degrees of freedom with a pseudo-Jahn �Teller ef-fe
t. In other words, we may anti
ipate a set of di�erent
onformational states of the bubble.3. CHARGE INHOMOGENEITY ANDINHOMOGENEOUS LINE BROADENINGOF CF TRANSITIONS IN CUPRATESNeutron spe
tros
opy involves energies of severalmeV and is therefore sus
eptible to dynami
al e�e
tsof the order of 10�13 s. All the slower pro
esses 
on-tribute to the inhomogeneous broadening of CF tran-sitions. The e�e
ts of inhomogeneous line broaden-ing are 
learly seen for the 
rystal �eld ex
itation inHo1�xYxBa2Cu3O7 with the energy near 0.5 meV [4℄.Although the CF transition is between two singlets, itreveals an intrinsi
 multiple-peak stru
ture at low tem-peratures, 
omprising a dominant 
entral peak withshoulders on ea
h side, and a tail on the higher en-ergy side. The key assumption on whi
h the tradi-tional analysis is based is that the observed line shapearises from rare-earth ions distributed in slightly dif-ferent lo
al environments, but subje
t to the same

relaxation pro
esses. In other words, one assumesthat the observed line shape re�e
ts a temperature-independent inhomogeneous broadening and a univer-sal temperature-dependent relaxation me
hanism. Thespe
trum measured at a parti
ular temperature is thengiven by the 
onvolution of a broadening fun
tion 
har-a
teristi
 of that temperature and the residual lineshape at absolute zero. Hen
e, the relaxation is as-sumed to be des
ribed by a single broadening fun
tionwhose position, width, and amplitude depend on thetemperature. However, this approa
h fails to explainan unusual low-temperature line shape of the CF tran-sition with an unexpe
tedly large (�0 � 0.2 meV) resid-ual linewidth of the 
entral peak. The low-temperatureexperimental spe
tra are likely to reveal some sort of
ontinuous distribution of 
rystal �elds, rather than asimple superposition of only three 
omponents whosespe
tral weights distin
tly depend on the doping level,as was assumed in Refs. [1; 2℄.In the 
ontinuum approximation, the resultant CFtransition line shape in the stati
 
ase 
orresponds tothe density of the lo
al CF distribution 
onvoluted withthe individual line shape. The density of the lo
al CFdistribution has a number of universal features typi
alof a rather wide range of inhomogeneous 2D poten-tials. Under 
ertain 
onditions, we 
an easily predi
tthe 
hara
ter and number of su
h pe
uliarities in the
omplex stru
ture of the CF transition and even theline shape itself.A. Simple point 
harge model of ele
troninhomogeneityTo make our 
onsideration more quantitative, we
onsider a simple model of 
harge inhomogeneity 
en-ters organized into an in
ommensurate square super-latti
e in the CuO2 plane with a parameter a, andhypoteti
al R-ions with the momentum J = 1 posi-tioned above (under) the CuO2 plane (the z-
oordinatein units of a: z = Z=a), as in the R-123 stru
ture,and having the M = 0 ground singlet state. In theapproximation of a strong tetragonal CF 
omponent,jB20 j � jB22 j, the energies of two ex
ited states withjM j = 1 are shifted by�E�(x; y) / "r32�B20(x; y)� j�B22(x; y)j# :Hen
e, we 
an introdu
e two energy surfa
es E�(x; y),where x and y are the plane 
oordinates of a rare-earthion. The surfa
es os
ulate at points with the tetragonalsymmetry. The point-
harge model for the CF param-eters B20;�2 allows us to easily 
ompute these surfa
es.1271
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Fig. 1. Energy surfa
es E�(x; y) for a model doublet (z = 0:3)
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i�
 points in the elementary 
ell of in
ommensurate superstru
ture. Singular points and some isoenergeti

urves for the E�(x; y) (left-hand side) and E+(x; y) (right-hand side) bran
hes of a model doublet (see text for details)For z = 0:3, they are shown in Fig. 1. At �rst sight,these surfa
es di�er insigni�
antly, but the isoenergeti

urves reveal the distin
tion. In Fig. 2, we marked dif-ferent singular points and some isoenergeti
 
urves forboth modes E�(x; y). Four points of type M at the
orners of the square 
ell with the tetragonal symme-try 
orrespond to sharp maxima of both E�(x; y) andE+(x; y). The � point at the 
enter with the tetragonallo
al symmetry 
orresponds to a smooth lo
al maxi-mum of the energy E�(x; y) and a minimum of theenergy E+(x; y). Four minima of E�(x; y) are situ-
ated at the points X(Y) on the boundaries where theE+(x; y) surfa
e has saddle points. The saddle points ofthe E�(x; y) surfa
e are situated inside the elementary
ell. By varying the latti
e separation, we may simulatethe e�e
t of varying the 
on
entration of 
harge inho-mogeneity 
enters. The energy surfa
es E�(x; y) 
anbe des
ribed by the density of states (DOS) de�nedas �(E) / [dE=dS℄�1, where S(E) is the area of the
ross se
tion E(x; y) = E = 
onst. The R-ions are as-sumed to be uniformly distributed in the x; y plane, andtheir number is proportional to the 
ross se
tion area:1272
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Fig. 3. Results of a numeri
al 
al
ulation of the densityof states for the lower and upper bran
hes E�(x; y) ofa model doublet with z = 0:3dNR(E) = �(E)dE / dS(E). The DOS has severalsingularities asso
iated with extremal points (minima,maxima, and saddle points). The saddle points are ofprimary importan
e be
ause they are known to yield alogarithmi
 divergen
e of the DOS in two-dimensionalsystems. Near the minima and maxima, the E(S) de-penden
e 
an be approximated as E(S) � E(0)+ aSn.It is 
lear that for n � 1, the density of states is �niteat the extremum point, while for n > 1, it diverges atthe extremum point. It is worth noting that sharp ex-trema with small n 
orrespond to a small DOS. It isinteresting to note a strong resemblan
e of the pro
e-dure to that for the 
onventional two-dimensional bandmodel, where one deals with a k-momentum spa
e.The results of numeri
al 
al
ulation of the DOS forboth the low-energy j�i and high-energy j+i modes areshown in Fig. 3.1) The inset in Fig. 3 shows the �nestru
ture of the DOS near the maximum of the ener-gies E�. The dotted line shows the energy positionof the j�i doublet failing the inhomogeneity potential.We note that both DOS's reveal the features typi
alof two-dimensional systems. This �gure yields a ni
eillustration of the e�e
ts of 
harge in
ommensurability,in parti
ular, the splitting e�e
t resulting from lo
albreaking of the tetragonal symmetry. It is worth not-ing that our model DOS obeys the a�3 s
aling law.Figure 4 shows the e�e
t of varying the distan
e zof the R-ion from the CuO2 plane. We see the 
hangeof the DOS shape with an expe
ted narrowing and blueshift for larger z.Our model approa
h yields a simple illustration ofthe 
on
entration e�e
ts. Indeed, if we assume the1) The numeri
al 
al
ulations were performed by E. Zenkov.

DOS, arb. un.0:250:150:100:05
z = 0:25; 0:3; 0:4

0
0:200:30

�10 0 10 30 4020 Energy, arb. un.�12
1 2 3

Fig. 4. Results of a numeri
al 
al
ulation of the den-sity of states for the lower bran
h E�(x; y) of amodel doublet for di�erent values of the z parameter:z = 0:25 (1 ); 0:3 (2 ); 0:4 (3 )generi
 square latti
e for the inhomogeneity 
enters,we obtain a simple relation between the latti
e param-eter and 
on
entration: a2 / 1=x. Hen
e, given a �xedabsolute magnitude of the Z parameter, we see thatthe dimensionless parameter z = Z=a varies with the
on
entration of the 
harge inhomogeneity 
enters. Inother words, Fig. 4 with additional a�3 s
aling 
or-re
tions yields an example of a 
hange in the DOSwith a rise of 
on
entration. As expe
ted, the riseof 
on
entration results in a smoothing of the energysurfa
es with a narrowing of the energy distributionand a sizeable shift of the main peak. Positional dis-order due to 
onventional defe
ts su
h as substitutedions, un
onventional topologi
al defe
ts su
h as dislo-
ations and dis
linations (whi
h are inherent for two-dimensional materials, however), and slow positionalmotion of bubbles result in an inhomogeneous broad-ening, whi
h implies a weighted superposition of di�er-ent energy surfa
es E(x; y). Su
h a broadening 
an beeasily taken into a

ount if we simply assume the Gaus-sian distribution of di�erent E(x; y) values near a meanvalue hE(x; y)i. An illustrative example of a Gaussianbroadening is shown in Fig. 5, where we have in
ludedboth raw numeri
al data and the results of a 
onvo-lution with the Gaussian fun
tion with the half-width
 = 0:1; 0:5.Fast positional motion of the 
harge inhomogeneity
enters results in averaging the 
rystal �eld potentiala
ting on the R-ion. The simplest model of su
h anaveraging in the framework of the point 
harge ap-proximation for our square superlatti
e assumes thedistribution of the point 
harges near mean positionsR with the probability W (�) / e��2=h�2i, where �1273
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Fig. 5. Inhomogeneous broadening of the model CFtransition. The results of a Gaussian 
onvolution ofthe 
al
ulated DOS. The inset shows the experimen-tal inelasti
 neutron s
attering spe
tra of the groundstate to the �rst ex
ited state CF transition of Ho3+in Ho0:1Y0:9Ba2Cu3O7 in the energy range 0:1 to0:9 meV [4℄spe
i�es the displa
ement from the mean position andh�2i is a mean-square displa
ement. In general, themean-square displa
ement is believed to be stronglyanisotropi
, with the predominant in-plane 
ompo-nent. For simpli
ity, however, the numeri
al 
al
ula-tions of the energy surfa
es E� were performed withan isotropi
 displa
ement. The averaged potential dif-fers from the bare Coulomb potential in that it hassmoothed and lower maxima, and hen
e the bounds ofthe DOS spe
tra shrink with a simultaneous shift of the
enter of gravity to higher energies (see Fig. 6). Inter-estingly, the shift of the 
enter of DOS gravity is verysensitive to the z-
omponent of the 
harge displa
ementand in a sense 
an be used as its measure.However, this is not the only e�e
t of averaging. Asthe extremum regions of E�(r) be
ome �atter and theirareas extend, the 
ontribution of a greater number ofadja
ent sites to the extrema be
omes important, ea
hof them 
oming with its own phase. This leads to thespe
i�
 interferen
e phenomena. In parti
ular, as thedispersion h�2i in
reases, the extremum points of E�reveal a 
lear tenden
y to splitting. For example, the

DOS, arb. un.0:80:60:40:20�12 �10 �8 �6 �4 �2Energy, arb. un.2
z = 0:3
h�2i = 0 0:5

0:95
0Fig. 6. Results of a numeri
al 
al
ulation of the den-sity of states for the lower bran
h E�(x; y) of a modeldoublet given di�erent values of the h�2i parameter: 0;0:5; 0:95maximum of the bare E� surfa
e at the � point splitsinto four maxima, shifted towards the four 
orrespond-ing M points, while a shallow minimum appears at the� point. Thus, unexpe
tedly enough, averaging 
anresult in some 
ompli
ation of the energy surfa
es ingeneral. The same e�e
t is obtained alternatively byin
reasing the z parameter.As the 
harge distribution in the CuO2 plane be-
omes more uniform, the E� energy separation progres-sively vanishes, be
ause the potential of a uniformly
harged plane yields no ele
tri
 �eld gradient. Thismay be a
hieved either by in
reasing z or by amplify-ing �u
tuations of the in-plane sites. Then the energyspe
trum of the model 
onsists of the M = 0 singletground state and the M = �1 doublet, and the DOSspe
trum of the only ex
ited state redu
es to a Æ-peakthat resides at zero energy in the adopted units. Thenumeri
al results (see Figs. 4 and 6) 
on�rm this 
on-
lusion.To summarize, the analysis of the real-spa
e 
hargeinhomogeneity makes it possible to approa
h the inter-pretation of the typi
al features of experimental spe
trafrom a novel angle in terms of the �real-spa
e DOS�singularities, whi
h re�e
t some essential topologi
alproperties of the inhomogeneity-indu
ed spatial distri-bution of the relevant physi
al parameters su
h as the
rystal �eld for R-ions. The basi
 properties of theseDOS singularities (their number, kinds, et
.) are ratherstable against variations in the 
harge distribution andadmit a simple 
lassi�
ation s
heme. For example, ex-tremum points of the distribution 
orrespond to jumpsin the DOS spe
tra, while saddle points give rise to1274



ÆÝÒÔ, òîì 126, âûï. 5 (11), 2004 Stati
 and dynami
 
harge inhomogeneity : : :sharp divergen
ies that manifest themselves as spe
tralpeaks. The observed experimental spe
trum should beregarded as a 
onvolution of an individual line pro�le,the intensity fa
tor, and the DOS fun
tion, 
ontribut-ing together to a 
omplex resultant line shape. How-ever, it is sometimes possible to dis
riminate betweendi�erent sour
es of the spe
tral features. In parti
ular,the proposed DOS me
hanism is to be addressed in the
ase of �extra lines�, where the number of spe
tral fea-tures observed ex
eeds that predi
ted from symmetry
onsiderations.B. Impli
ations for CF transitions in 
upratesIn the inset in Fig. 5, we present the low-temperature 
rystal �eld ex
itation spe
trum inHoxY1�xBa2Cu3O7 (x = 0:1) with the energy near0.5 meV [4℄. It may be 
on
luded that the spe
trumexhibits all the features found in our model simulation,and hen
e pre
isely the inhomogeneous broadeninggoverns the line shape. The 
entral peak seems tore�e
t the 
ontribution of �saddle-point� R-ions,while the left-hand and right-hand side shoulders areasso
iated with the R-ions exposed to the extremalCF magnitudes.Bubbles in a 
rystal or liquid state of the 
uprateparti
ipate in both slow and fast motion, and we shouldtherefore expe
t a rather 
ompli
ated interplay ofinhomogeneous broadening and averaging/narrowing,whi
h 
an strongly depend on the temperature. Sim-ple 
lassi
al 
onsiderations imply the T -linear high-temperature dependen
e of both h�2i and the 
on
en-tration of the topologi
al defe
ts in the bubble systemsu
h as dislo
ations and dis
linations. However, thelow-temperature behavior of h�2i is governed mainlyby quantum e�e
ts. It is worth noting that the 
on-tribution of topologi
al defe
ts 
hanges when 
rossingthe BKT transition temperature, whi
h is a

ompa-nied by binding/unbinding of topologi
al defe
ts andthe 
hange in the behavior of 
orrelation fun
tions. Ata �rst glan
e, the rise in the temperature has to sup-press the inhomogeneous broadening due to a fastermotion of bubbles. However, we a
tually deal with two
ompeting T -dependent e�e
ts: the rise of the 
on
en-tration of topologi
al defe
ts on the one hand and therise of their mean velo
ity on the other.Slow 
onformational motion 
an be des
ribed interms of a �nite di�usion, resulting in a linear-in-T de-penden
e of the respe
tive inhomogeneous broadening.A
tually, we deal with a 
ombined e�e
t of di�erentsour
es of stati
 and dynami
 fa
tors governing the lineshape of CF transitions. Its separation requires both

further experimental information and a re�nement oftheoreti
al models.4. CONCLUSIONSWe have argued that the main me
hanism ofinhomogeneous broadening and relaxation of 
rystal-�eld ex
itations for rare-earth ions in 
uprates 
anbe provided by the �u
tuations of the 
rystallineele
tri
 �eld indu
ed by a stati
 and dynami
 
hargeinhomogeneity generi
 for the doped 
uprates. Su
h aninhomogeneity is assumed to be a result of topologi
alphase separation. We have 
onsidered the generalizedgranular model as one of the model s
enarios todes
ribe the stati
 and dynami
 
harge ingomogeneityin 
uprates. The 
harge subsystem is believed to besimilar to that of a Wigner 
rystal with the melt-ing transition and phonon-like positional ex
itationmodes. We have 
onsidered a simple model of 
hargeinhomogeneity organized into an in
ommensuratesquare superlatti
e; this model allows elu
idating themain universal features of the real-spa
e density of CFstates. It is worth noting that both stati
 and dynami
e�e
ts are 
osidered on an equal footing. We see thatthe studies of line narrowing for CF transitions for 4fions in high-T
 
uprates provides an informative toolto investigate the 
harge rearrangement a

ompanyingthe onset of high-T
 super
ondu
tivity. Our modelapproa
h based on the analysis of the real-spa
e DOS
an be easily generalized to study other manifestationsof the ele
tron inhomogeneity in 
uprates su
h as aninhomogeneous broadening of NMR-NQR signals.This paper was supported in part by the INTAS(grant � 01-0654), CRDF (grant �REC-005), RME(grants �E 02-3.4-392 and �UR.01.01.062), andRFBR (grant � 04-02-96077). A. S. M. has bene�tedfrom stimulating dis
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