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COMPOSITE FERMIONS, TRIOS, AND QUARTETSIN THE FERMI �BOSE MIXTURE OF NEUTRAL PARTICLESM. Yu. Kagan *, I. V. BrodskyKapitza Institute for Physi
al Problems119334, Mos
ow, RussiaD. V. EfremovTe
hnis
he Universität Dresden Institut für Theoretis
he Physik01062, Dresden, GermanyA. V. KlaptsovRussian Resear
h Centre �Kur
hatov Institute�123182, Mos
ow, RussiaSubmitted 17 Mar
h 2004We 
onsider the model of a Fermi � Bose mixture with strong hard-
ore repulsion between parti
les of the samesort and attra
tion between parti
les of di�erent sorts. In this 
ase, in addition to the standard anomalousaverages of the type hbi, hbbi, and h

i, a pairing between fermions and bosons of the type hb
i is possible. Thispairing 
orresponds to 
reation of 
omposite fermions in the system. At low temperatures and equal densitiesof fermions and bosons, 
omposite fermions are further paired into the quartets. At higher temperatures, trios
onsising of 
omposite fermions and elementary bosons are also present in the system. Our investigations areimportant in 
onne
tion with the re
ent observation of weakly bound dimers in magneti
 and opti
al dipoletraps at ultralow temperatures and with the observation of 
ollapse of a Fermi gas in an attra
tive Fermi � Bosemixture of neutral parti
les.PACS: 32.80.Pj, 05.30.Fk, 05.30.Jp, 03.75.Mn1. INTRODUCTIONThe Fermi �Bose mixture model is 
urrently verypopular in 
onne
tion with di�erent problems in 
on-densed matter physi
s, su
h as high-T
 super
on-du
tivity, super�uidity in 3He�4He mixtures [1℄, andfermioni
 super�uidity in magneti
 traps.In high-T
 super
ondu
tivity, this model was �rstproposed by Ranninger [2; 3℄ for simultaneous des
rip-tion of the high transition temperature and short 
o-heren
e length of super
ondu
tive pairs on one handand of the presen
e of a well-de�ned Fermi surfa
e onthe other.In this paper, we show that the Fermi �Bose mix-ture with attra
tive intera
tion between fermions andbosons is unstable with respe
t to the 
reation of 
om-posite fermions f = b
. Moreover, for low temperatures*E-mail: kagan�kapitza.ras.ru

and equal densities of fermions and bosons, the 
ompos-ite fermions are further paired into the quartets hffi.We note that the matrix element hfi = hb
i is nonzeroonly for the transitions between states jNB;NF i andhNB � 1;NF � 1j, where NB and NF are parti
lenumbers of elementary bosons and fermions, respe
-tively. For the super
ondu
tive state, the matrix ele-ment hffi is nonzero only for the transitions betweenstates jNB ;NF i and hNB � 2;NF � 2j. Our results areinteresting not only for the physi
s of high-T
 super
on-du
tors but also for Fermi �Bose mixtures in magneti
and opti
al dipole traps as well as in opti
al latti
es,where we 
an easily tune the parameters of the systemsu
h as the parti
le density and the sign and strengthof the interparti
le intera
tion [4; 5℄.
734



ÆÝÒÔ, òîì 126, âûï. 3 (9), 2004 Composite fermions, trios, and quartets : : :2. THEORETICAL MODELThe model of the Fermi �Bose mixture has the fol-lowing form on a latti
e:H =HF +HB +HBF ;HF =� tF Xhi;ji 
+i�
j� + UFF Xi nFi"nFi# �� �F Xi;� nFi� ;HB =� tB Xhi;ji b+i bj + 12 UBBXi nBi nBi �� �BXi nBi ;HBF =� UBF Xi;� nBi nFi� :
(1)

This is a latti
e analogue of the standard Hamilto-nian 
onsidered, for example, in Ref. [6℄. Here, tFand tB are fermioni
 and bosoni
 hopping amplitudes,and 
+i� , 
i� , b+i , and bi are fermioni
 and bosoni
 
re-ation and annihilation operators; the Hubbard inter-a
tions UFF and UBB 
orrespond to hard-
ore repul-sion between parti
les of the same sort; the intera
tionUBF 
orresponds to attra
tion between fermions andbosons; WF = 8tF and WB = 8tB are the bandwidthsin the two-dimensional 
ase; and �nally, �F and �Bare fermioni
 and bosoni
 
hemi
al potentials. For thesquare latti
e, the spe
tra of fermions and bosons afterthe Fourier transformation are given by�p� = �2tF (
os pxd+ 
os pyd)� �Ffor fermions and�p = �2tB(
os pxd+ 
os pyd)� �Bfor bosons, where d is the latti
e 
onstant. In the in-termediate 
oupling 
aseWBFln(WBF =T0BF ) < UBF < WBF ;the energy of the bound state is given byjEbj = 12mBFd2 1exp [2�=mBFUBF ℄� 1 ; (2)where mBF = mBmFmB +mFis an e�e
tive mass andWBF = 4mBF d2 ;T0BF = 2�n=mBF :

For simpli
ity, we 
onsider the 
ase of equal densitiesnB = nF = n.We note that in the intermediate 
oupling 
ase, thebinding energy jEbj between a fermion and a boson islarger than the bosoni
 and fermioni
 degenera
y tem-peratures T0B = 2�nBmBand T0F = 2�nFmF � "F ;but smaller than the bandwidths WB and WF . In this
ase, pairing of fermions and bosons, hb
i 6= 0, o
-
urs earlier (at higher temperatures) than both Bose �Einstein 
ondensation of bosons (or bibosons) (hbi 6= 0or hbbi 6= 0) and super
ondu
tive pairing of fermions(h

i 6= 0). We note that in the 
ase of a very strongattra
tion UBF > WBF , we have the natural resultjEbj = UBF , and the e�e
tive massm�BF = mBFUBFWBF � mBFis additionally enhan
ed on the latti
e [7℄. We also notethat the Hubbard intera
tions UFF and UBB satisfy theinequalities UFF > WFln(WF =jEbj) ;UBB > WBln(WB=jEbj) :We now 
onsider the temperature evolution of thesystem. It is governed by the 
orresponding Bethe �Salpeter equation. After the analyti
 
ontinuationi!n ! !+i0 (see Ref. [8℄), the solution of this equationbe
omes�(q; !) == �UBF1�UBF Z d2p(2�)2 1�nF (�(p))+nB(�(q�p))�(p)+�(q�p)�!�i0 ; (3)where �(p) = p22mF � �F ;�(p) = p22mB � �Bare spe
tra of fermions and bosons at low densitiesnF d2 � 1 and nBd2 � 1. We note that the tem-perature fa
tor1� nF (�(p)) + nB(�(q� p))enters the pole of the Bethe � Salpeter equation, in 
on-trast with the fa
tor1� nF (�(p)) � nF (�(q� p))735
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ondu
tive pairing and1 + nB(�(p)) + nB(�(q� p))for two-boson pairing. The pole of the Bethe � Salpeterequation 
orresponds to the spe
trum of the 
ompositefermions, ! � ��p = p22(mB +mF ) � �
omp; (4)where �
omp = �B + �F + jEbj (5)is the 
hemi
al potential of the 
omposite fermions.Composite fermions are well-de�ned quasiparti
les, be-
ause the damping of quasiparti
les is equal to zeroin the 
ase of a bound state (Eb < 0), but be
omesnonzero and is proportional to Eb in the 
ase of a vir-tual state (Eb > 0). The dynami
al equilibrium (bo-son + fermion � 
omposite fermion) is governed bythe standard Saha formula [9℄. In the two-dimensional
ase, it is nBnFn
omp = mBFT2� exp��jEbjT � : (6)The 
rossover temperature T� is determined, as usual,from the 
ondition that the number of 
ompositefermions is equal to the number of unbound fermionsand bosons: n
omp = nB = nF = n:This 
onditions yieldsT� � jEbjln (jEbj=2T0BF ) � fT0B;T0F g: (7)We note that in the Boltzmann regimejEbj > fT0B;T0Fg, we a
tually deal with the pairing oftwo Boltzmann parti
les. Therefore, this pairing doesnot di�er drasti
ally from the pairing of two parti
lesof the same type of statisti
s. Indeed, if we repla
e�B + �F in (5) with 2�B or 2�F , we obtain the fa-miliar expressions for 
hemi
al potentials of 
ompositebosons 
onsisting of either two bosons [10; 11℄ or twofermions [12; 13℄. The 
rossover temperature T� playsthe role of a pseudogap temperature, and therefore theGreen's fun
tions of elementary fermions and bosonsa
quire a two-pole stru
ture below T� in similaritywith Ref. [13℄.For lower temperatures T0 < T < T�, whereT0 = 2�nmF +mBis the degenera
y temperature of 
omposite fermions,the numbers of elementary fermions and bosons are ex-ponentially small. The 
hemi
al potential of 
ompositefermions is given by�
omp = �T ln(T=T0);

Ψ̄αΨα

Ψβ Ψ̄β
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q
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p + q

Fig. 1. The skeleton diagram for the 
oe�
ient b at 	4in the e�e
tive a
tion. The dashed lines 
orrespond tobosons, the solid lines 
orrespond to fermionsand hen
e j�
ompj � jEbj for T � T�:By the Hubbard � Stratonovi
h transformation, theoriginal partition fun
tionZ = Z D�bDbD�
D
 exp f��Fg
an be written in terms of the 
omposite fermions,Z = Z D�	�D	� exp f��Feffg :This pro
edure gives the magnitude of the intera
tionbetween the 
omposite fermions. The lowest order ofthe series expansion is given in Fig. 1. Analyti
ally,this diagram is given by� 12Xn Z d2p(2�)2 �G2F (p; i!nF )G2B(�p;�i!nB)++ G2F (�p;�i!nF )G2B(p; i!nB)	 ; (8)where GF = 1i!nF � �(p) ;GB = 1i!nB � �(p)are the fermion and boson Matsubara Green's fun
-tions, and!nF = (2n+ 1)�T; !nB = 2n�Tare the fermion and boson Matsubara frequen
ies. Thisintegral a
tually determines the 
oe�
ient b at 	4 inthe e�e
tive a
tion. Evaluation of integral (8) yieldsb � �N(0)jEbj2 ; (9)where N(0) = mBF =2�:736
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Ψ̄βFig. 2. The 
orre
tions to the 
oe�
ient b 
ontainingboson�boson and fermion�fermion intera
tionsThe 
orre
tions to the 
oe�
ient b are presented inFig. 2. They expli
itly 
ontain the T -matri
es for theboson�boson and fermion�fermion intera
tions. In theintermediate 
oupling 
ase, these diagrams are small inthe small parametersfBB0 � 1ln(WB=jEbj) ; fFF0 � 1ln(WF =jEbj) :Therefore, the ex
hange diagram indeed gives the main
ontribution to the 
oe�
ient b.The 
oe�
ient at the quadrati
 term	2 in the e�e
-tive a
tion, in agreement with general rules of diagramte
hnique (see Ref. [8℄), is given bya+ 
q22(mB +mF ) = � 1�(q; 0) ; (10)where �(q; 0) is given by (3). The solution of (10) yields
 = N(0)jEbj ; a = N(0) ln(T=T�):Therefore, although T� in reality 
orresponds to asmooth 
rossover and not to a real se
ond-order phasetransition, the e�e
tive a
tion of 
omposite fermions attemperatures T � T� formally resembles the Ginzburg�Landau fun
tional for the Grassmann �eld 	�.If we want to rewrite the e�e
tive a
tion with gra-dient terms�F = a�	�	� + 
2(mF +mB) (r�	�)(r	�) ++ 12b�	� �	�	�	� (11)in the form of the energy fun
tional of a nonlinearS
hrödinger equation for the 
omposite parti
le withthe mass mB +mF , we have to introdu
e the e�e
tiveorder parameter �� = p
	�:

A

ordingly, in terms of ��, the new 
oe�
ients ~a and~b at the quadrati
 and quarti
 terms be
ome~a = a
 ; ~b = b
2 :We note that the Grassmann �eld �� 
orresponds tothe 
omposite fermions and is normalized by the 
on-dition �+��� = n
omp:Hen
e, the 
oe�
ient ~b plays the role of the e�e
tiveintera
tion between 
omposite parti
les. From Eqs. (9)and (10), ~b = � 1N(0) :This result 
oin
ides by the absolute value withthe result in [14℄, but has the opposite sign. In [14℄,the residual intera
tion between two 
omposite bosons,ea
h 
onsisting of two elementary fermions, was 
al
u-lated in the two-dimensional 
ase. The sign di�eren
ebetween these two results is due to di�erent statisti
sof elementary parti
les in the two 
ases. It is also im-portant to 
al
ulate b(q), where the momenta of thein
oming 
omposite fermions are equal to (q;�q). Itis easy to �nd thatb(q) = �12Xn Z d2p(2�)2 �� fGB(p; i!nB)GF (p;�i!nF ) ��GB(p+ q; i!nB)GF (p� q;�i!nF ) ++GB(p;�i!nB)GF (p; i!nF )�� GB(p� q;�i!nB)GF (p+ q; i!nF )g : (12)In the 
ase of equal masses mB = mF = m, a straight-forward 
al
ulation for small q yieldsb(q) = � m4�(jEbj+ q2=4m)2 : (13)A

ordingly,~b = b
2 � � 4�m(1 + q2=4mjEbj)2 ; (14)where jEbj = 1ma2 :A similar result in the three-dimensional 
ase was ob-tained in [15℄. Hen
e, the four-parti
le intera
tion hasa Yukawa form in momentum spa
e. Therefore,U4(r) � � 1ma2r a2r exp��2ra �15 ÆÝÒÔ, âûï. 3 (9) 737
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orresponds to an attra
tive potential with the inter-a
tion radius equal to a=2. We 
an now 
al
ulate thebinding energy jE4j of quartets. A straightforward 
al-
ulation, absolutely similar to the 
al
ulation of jEbj,yields1 = j~bj(mB +mF )2� 2=aZ0 q dqq2 + (mB +mF )jE4j : (15)Hen
e,jE4j == 4a2(mB +mF ) �exp� 4�j~bj(mB +mF )�� 1� : (16)For equal masses mB = mF , the 
oupling 
onstantj~bj(mB +mF )4� = 12 ;and therefore jE4j = 2jEbj(e1=2 � 1) � 3jEbj: (17)The dynami
al equilibrium (
omposite fermion + 
om-posite fermion � quartet) is again governed by theSaha formulan2
ompn4 = m4T2� exp��jE4jT � ; (18)where m4 = mB +mF2 :The number of 
omposite fermions is equal to half thenumber of quartets, n4 = n2=2, for the 
rossover tem-perature T (4)�� = jE4jln(jE4j=2T0) : (19)Below this temperature, the quartets of the typehfi"bi; fj#bji play the dominant role in the system. Wenote that T (4)�� > T�, and therefore quartets are domi-nant over pairs (
omposite fermions) in the entire tem-perature interval. We also note that the quartets arein the spin-singlet state. The 
reation of spin-tripletquartets is prohibited or at least strongly redu
ed bythe Pauli prin
iple. The triplet p-wave pairs of 
ompos-ite fermions are possibly 
reated in the strong-
oupling
ase jEbj > W , where the 
orre
tions to the 
oe�
ient bgiven by the diagrams in Fig. 2 are large and repulsive.However small parameters are absent in this 
ase, andit is very di�
ult to 
ontrol the diagram expansion.

Ψβ Ψ̄β

q

p − q

p1

p

p1 + qFig. 3. The ex
hange diagram for the three-parti
leintera
tion3. THREE-PARTICLE PROBLEMIf we 
onsider the s
attering pro
ess of an elemen-tary fermion on a 
omposite fermion, we obtain a re-pulsive sign of the intera
tion regardless of the rela-tive spin orientation of the 
omposite and elementaryfermions. The same result in three dimensions for s
at-tering of an elementary fermion on a dimer 
onsistingof two fermions was obtained in [16℄. However, for as
attering pro
ess of an elementary boson on a 
om-posite fermion, we obtain an attra
tive sign of the in-tera
tion. Moreover, in the two-dimensional 
ase, theFourier 
omponent of the three-parti
le intera
tion formB = mF = m is given by (see Fig. 3)U3(q) = 1
GF (0; q) = � 8�m(1 + q2a2) ; (20)where GF (0; q) is the Green's fun
tion of elementaryfermions and 
 = N(0)=jEbj. Hen
e,U3(r) � � 1ma2K0(r=a) �� � 1ma2rar exp(�r=a); (21)whi
h again 
orresponds to an attra
ting potential ofthe Yukawa type, but now with the intera
tion rangeequal to a. Cal
ulation of the three-parti
le bound-state energy yields1 = jU3(0)j2� �� 1=aZ0 q dqq2=2mB + q2=2(mB +mF ) + jE3j : (22)Hen
e, for mB = mF = m, we havejE3j = 34ma2 1[exp (3�=mjU3j)� 1℄ == 3jEbj4(e 3=8 � 1) � 1:65jEbj: (23)738



ÆÝÒÔ, òîì 126, âûï. 3 (9), 2004 Composite fermions, trios, and quartets : : :We note that we are studying trios and quartets in thezeroth-order ex
hange approximation. A more rigoroussolution of the three- and four-parti
le problems re-quires analyzing the Skorniakov �Ter-Martirosian typeof equations [17℄. This investigation will be the subje
tof a separate publi
ation. The dynami
al equilibriumof the type 
omposite fermion + boson� trio is gover-ned by the Saha formulanBn
ompn3 = m3T2� exp��jE3jT � ; (24)where m3 = mB(mB +mF )2mB +mF :A

ordingly, trios dominate over unbound bosons fortemperatures T < T (3)�� , whereT (3)�� = jE3jln(jE3j=2T0) : (25)We note that T (3)�� < T (4)�� , and therefore trios are notso important as quartets.As a result, there are mostly quartets in the systemfor T < T (4)�� . The quartets are Bose-
ondensed at the
riti
al temperatureT
 = T08 ln ln(4=na2)in the 
ase of equal masses. It is important to notethat in the Feshba
h resonan
e s
heme [4; 5; 18℄, we areusually in the regime T � T0, where quartets prevailover trios and pairs. In this s
heme, the parti
les are�rst 
ooled to very low temperatures T < T0 and onlythen the sign of the s
attering length is 
hanged by amagneti
 �eld to support the formation of bound pairs.We emphasize that in the restri
ted geometry of mag-neti
 or opti
al dipole traps, our theory is valid underthe 
ondition T
 > !, where ! is the level spa
ing inthe trap. For a large number of parti
les N � 1 in thetwo-dimensional trap, ! � T0=N1=2 (! � T0=N1=3 inthree-dimensional traps), and this 
ondition is there-fore easily satis�ed. We also note that o
tets are notformed in the system be
ause two quartets repel ea
hother due to the Pauli prin
iple, in similarity with theresults in [14; 19℄.4. CONCLUSIONSWe have 
onsidered the appearan
e and pairing of
omposite fermions in a Fermi �Bose mixture with anattra
tive intera
tion between fermions and bosons.At equal densities of elementary fermions andbosons, the system is des
ribed at low temperaturesby a one-
omponent attra
tive Fermi gas for 
omposite

fermions and is unstable with respe
t to the formationof quartets.The problem that we 
onsidered is importantfor theoreti
al understanding of high-temperature su-per
ondu
tive materials and for the investigation ofFermi �Bose mixtures of neutral parti
les at low andultralow temperatures. In high-T
 super
ondu
tors,quartets play the role of singlet super
ondu
tive pairs.The radius of the quartets (the 
oheren
e length of thesuper
ondu
ting pair) is governed by the binding en-ergy jE4j of the quartets. If jE4j is larger that T0, thequartets are lo
al: pFa < 1. ForT
 = T08 ln ln(4=na2) ;the lo
al quartets are Bose-
ondensed and the systembe
omes super
ondu
tive. We note that at higher tem-peratures T > T0, some amount of trios is also presentin the system in addition to the quartets. The role oftrios is usually negle
ted in the standard theories ofhigh-T
 super
ondu
tivity.We also note that we 
onsider the low-density limitjEbj � T0. In the opposite 
ase of higher densitiesT0 � jEbj, Bose �Einstein 
ondensation of bosons orbibosons (see Refs. [11; 20℄ and [21℄) o

urs earlier thanthe 
reation of 
omposite fermions and quartets. Su
ha state 
an be distinguished from the ordinary BCS-super
ondu
tor by measuring the temperature depen-den
e of the spe
i�
 heat and the normal density.For Fermi �Bose mixtures, our investigations en-ri
h super�uid phase diagram in magneti
 and opti-
al dipole traps and are important in 
onne
tion withre
ent experiments where weakly bound dimers 6Li2and 40K2, 
onsisting of two elementary fermions, wereobserved [22; 23℄. We note that in an opti
al dipoletrap, it is possible to obtain an attra
tive s
atteringlength for fermion�boson intera
tion with the help ofthe Feshba
h resonan
e [18℄. We also note that evenin the absen
e of the Feshba
h resonan
e, it is exper-imentally possible now to 
reate a Fermi �Bose mix-ture with attra
tive intera
tion between fermions andbosons. For example, in Refs. [24; 25℄, su
h a mixture of87Rb (bosons) and 40K (fermions) was experimentallystudied. Moreover, the authors of Refs. [24; 25℄ exper-imentally observed the 
ollapse of the Fermi gas witha sudden disappearan
e of fermioni
 40K atoms whenthe system enters the degenerate regime. We 
annotex
lude in prin
iple that it is just a manifestation ofthe 
reation of the hb
; b
i quartets in the system. Wenote that in the regime of strong attra
tion betweenfermions and bosons, phase separation with the 
re-ation of larger 
lusters or droplets is also possible. We739 15*
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h slower 
ollapse in the Bose sub-system of 87Rb atoms 
an possibly be explained by thefa
t that the number of Rb atoms in the trap is mu
hlarger than the number of K atoms, and therefore af-ter the formation of 
omposite fermions, many residualbosons are still present in the system. A more thorough
omparison of our results with an experimental situa-tion will be the subje
t of a separate publi
ation. Here,we only mention that for the experiments performed inRefs. [24; 25℄, the three-dimensional 
ase is more rele-vant. In the three-dimensional 
ase, the attra
tive in-tera
tion between 
omposite fermions a
quires the form~b(q) = � �aeffmBF [1 + q2=2(mB +mF )jEbj℄ ; (26)where jEbj = 12mBFa2is a shallow level of a fermion�boson bound state. Wenote that in the 
ase of a repulsive intera
tion betweentwo bosons (ea
h of whi
h 
onsists of two fermions),aeff = 2a in the mean-�eld theory in [19℄, aeff = 0:75ain the 
al
ulations in [15℄, and aeff = 0:6a in the 
al-
ulations in [16℄. The shallow bound state of quartetsexists in the three-dimensional 
ase only ifaeff > 2�a� mBFmB +mF �3=2 : (27)For mB = mF = m, we haveaeff > �a=4:The authors a
knowledge helpful dis
ussions withA. Andreev, Yu. Kagan, L. Keldysh, B. Meierovi
h,P. Wöl�e, G. Khaliullin, A. Chernyshev, I. Fomin,M. Mar'enko, A. Smirnov, P. Arseev, E. Maksimov,G. Shlyapnikov, M. Baranov, and A. Sudbø. This workwas supported by the Russian Foundation for Basi
 Re-sear
h (grant � 02-02-17520), Russian President Pro-gram for S
ien
e Support (grant� 00-15-96-9694), andby the Grant of Russian A
ademy of S
ien
es for YoungS
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