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STRONG INTERACTION OF CORRELATED ELECTRONS WITHPHONONS: EXCHANGE OF PHONON CLOUDS BY POLARONSV. A. Moskalenko *Joint Institute for Nulear Researh141980, Dubna, Mosow region, RussiaP. Entel **Theoretishe Physik, Gerhard-Merator-Universität Duisburg47048, Duisburg, GermanyM. Marinaro ***Dipartimento di Sienze Fisihe E. R. Caianiello, Universita degli Studi di Salerno84081, Baronissi, ItalyD. F. Digor ****Institute of Applied Physis, Moldova Aademy of Sienes2028, Chisinau, MoldovaSubmitted 24 January 2003We investigate the interation of strongly orrelated eletrons with phonons in the framework of the Hubbard�Holstein model. The eletron�phonon interation is onsidered to be strong and is an important parameterof the model in addition to the Coulomb repulsion of eletrons and the band �lling. This interation withnondispersive optial phonons is transformed to the problem of mobile polarons using the anonial transfor-mation of Lang and Firsov. We disuss the ase where the on-site Coulomb repulsion is exatly aneled bythe phonon-mediated attrative interation. We suggest that polarons exhanging phonon louds an lead topolaron pairing and superondutivity. The fat that the frequeny of the olletive mode of phonon louds islarger than the bare frequeny then determines the superonduting transition temperature.PACS: 71.10.Fd, 71.27.+a, 71.38.-k1. INTRODUCTIONSine the disovery of high-temperature superon-dutivity by Bednorz and Müller [1℄, the Hubbardmodel and related models suh as RVB and t-J havewidely been used to disuss the physial properties ofthe normal and superonduting states [2�6℄. How-ever, a unanimous explanation of the origin of the on-densate in high-temperature superondutors has notemerged so far. One of the unsolved questions is howfar phonons an be involved in the formation of the su-*E-mail: moskalen�thsun1.jinr.ru**E-mail: entel�thp.uni-duisburg.de***E-mail: marinaro�sa.infn.it****E-mail: statphys�asm.md

peronduting state. In experimental and theoretialworks, the hange of phonon frequenies and phononlifetimes assoiated with the superonduting transi-tion were mostly disussed. For example, the dereaseof frequenies of Raman-ative phonons at the transi-tion [7℄, observation of the isotope e�et for not opti-mally doped superondutors [8℄, and the observationof a phonon-indued struture in the tunnel harater-istis [9℄ evidene in favor of strong eletron�phononoupling in the uprates.The aim of the present paper is to gain furtherinsight into the mutual in�uene of strong on-siteCoulomb repulsion and strong eletron�phonon inter-ation using the single-band Hubbard�Holstein modeland a reently developed diagram approah [10�14℄.700



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Strong interation of orrelated eletrons with phonons : : :For simpliity, we onsider oupling to dispersionlessphonons only, although this might not be the mostinteresting ase as regards superondutivity. How-ever, previous investigations [15�17℄ have shown thatthe Hubbard�Holstein model [18, 19℄ onstitutes aformidable problem of its own. Other authors have alsointensively studied this model Hamiltonian [20�23℄.Beause the interations between eletrons and ele-trons and phonons are strong, we inlude the Coulombrepulsion in the zero-order Hamiltonian and apply theanonial transformation of Lang and Firsov [24℄ toeliminate the linear eletron�phonon interation. Inthe strong eletron�phonon oupling limit, the result-ing Hamiltonian of hopping polarons (i.e., hopping ele-trons surrounded by louds of phonons) an lead toan attrative interation among eletrons mediated bythe phonons. In this limit, the hemial potential, theon-site Coulomb energy, and the frequeny of the ol-letive mode of phonon louds (whih is muh largerthan the bare frequeny of the Einstein osillators) arestrongly renormalized [17, 25, 26℄, whih a�ets the dy-namial properties of the polarons and the harater ofthe superonduting transition. In disussing this, weassume that the renormalized on-site Coulomb repul-sion and attrative eletron�eletron interation om-pletely anel eah other. We suggest that the result-ing superonduting state with polaroni Cooper pairsis mediated by the exhange of phonon louds duringthe hopping proesses of the eletrons.2. THEORETIC APPROACH2.1. The Lang�Firsov transformation of theHubbard�Holstein modelThe initial Hamiltonian of orrelated eletrons ou-pled to optial phonons with bare frequeny !0 isgiven by H = He +H0ph +He�ph; (1)He = Xi;j;� ft(j�i)��0Æijg ayj�ai�+UXi ni"ni# ; (2)H0ph =Xi ~!0 �byi bi + 12� ;He�ph = gXi niqi; (3)

ni =X� ni� ; ni� = ayi�ai� ;qi = 1p2 �bi + byi� ; (4)where ayi� (ai�) and byi (bi) are reation (annihila-tion) operators of eletrons and phonons, respetively,i refers to the lattie site and � to the spin, qi isthe phonon oordinate, g is the eletron�phonon in-teration onstant, U is the on-site Coulomb repul-sion, t(j � i) is the two-enter transfer integral, and�0 = ��0�� with the loal energy ��0 and hemial poten-tial �. The Fourier representation of t(j � i) is relatedto the tight-binding dispersion "(k) of bare eletrons,t(j � i) = 1N Xk "(k) expf�ik � (Rj �Ri)g;with the band widthW . The energy sale of this modelis �xed by the parameters W , U , g, and ~!0. An ad-ditional parameter is given by the band �lling.After applying the Lang�Firsov transformation [24℄Hp = eSHe�S ; i� = eSai�e�S ;yi� = eSai�e�S (5)with S = �i�gXi nipi; �g = g~!0 ;pi = ip2 �byi � bi� ; (6)where pi is the phonon momentum and �g is the di-mensionless interation onstant, we obtain the polaronHamiltonian Hp = H0p +H0ph +Hint; (7)H0p =Xi H0ip; H0ip = �X� ni� + �Uni"ni#; (8)Hint = Xi;j;� t(j � i)yj�i� ; (9)whereyi� = ayi� exp(�i�gpi); i� = ai� exp(i�gpi); (10)� = ��0 � ��; �� = �+ �~!0;�U = U � 2�~!0; � = 12�g2: (11)701



V. A. Moskalenko, P. Entel, M. Marinaro, D. F. Digor ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003To derive the polaron Hamiltonian, it was neessaryto inlude the shift of the phonon oordinate qi of theform eSqie�S = qi � �gni;whih is responsible for the elimination of the lineareletron�phonon interation. The polaron Hamiltonianis a polaron�phonon operator by its nature, i.e., thereation operator yi� and the destrution operator i�entering Hp must be interpreted as reation and de-strution operators of polarons (eletrons dressed withdisplaements of ions) that ouple dynamially to themomentum of the optial phonon. In the zero-orderapproximation (omitting Hint), polarons and phononsare loalized with the strongly renormalized hemialpotential �� and on-site Coulomb interation �U . Theoperator Hint desribes tunneling of polarons betweenlattie sites, i.e., tunneling of eletrons surrounded bylouds of phonons.2.2. Expansion around the atomi limitThe problem is now to deal properly with the im-pat of eletroni orrelations on the polaron problem.This an be done best using the Green's funtions pro-vided one �nds a key to deal with the spin and hargedegrees of freedom. In the general ase where �U isdi�erent from zero, the Coulomb interation must beinluded in the zero-order Hamiltonian. As a onse-quene, the onventional perturbation theory of quan-tum statistial mehanis is not an adequate tool be-ause it relies on the expansion of the partition fun-tion around the noninterating state (ahieved usingthe traditional Wik theorem and onventional Feyn-man diagrams). A similar situation ours for ompos-ite partiles like polarons,i� = ai� exp(i�gpi);involving operators for the eletron and phonon sub-systems.Hubbard [27℄ proposed a graphial expansion fororrelated eletrons about the atomi limit in powersof the hopping integrals. This diagram approah wassystematially reformulated for the single-band Hub-bard model by Slobodyan and Stasyuk [28℄ and in-dependently by Zaitsev [29℄ and further developed byIzyumov [30℄. In these approahes, the ompliated al-gebrai struture of the projetion or Hubbard opera-tors was used. It therefore appeared to be more appro-priate to develop a diagram tehnique involving simplerreation and annihilation operators for eletrons at allintermediate stages of the theory (see Refs. [10; 11℄ for

details). In the latter approah, the averages of hrono-logial produts of interations are redued to the n-partile Matsubara Green's funtions of the atomi sys-tem. These funtions an be fatorized into indepen-dent loal averages using a generalization of the Wiktheorem (GWT), whih takes strong loal orrelationsinto aount (details are given in Refs. [10; 11; 25℄). Ap-pliation of the GWT yields new irreduible on-sitemany-partile Green's funtions, or Kubo umulants.These new funtions ontain all loal spin and harge�utuations. A similar linked-luster expansion for theHubbard model around the atomi limit was reentlyreformulated by Metzner [31℄.2.3. Averages of phonon operatorsWe de�ne the temperature Green's funtion for thepolarons in (7) in the interation representation byG(x; �; � jx0 ; �0; � 0) = �hT x�(�)�x0�0 (� 0)U(�)i0 (12)with x�(�) = exp(H0�)x� exp(�H0�);�x�(�) = exp(H0� )yx� exp(�H0� );where H0 = H0p + H0ph and the evolution operator isgiven by U(�) = T exp0�� �Z0 d� Hint(�)1A ; (13)x, x0 are site indies, and �; � 0 stand for the imaginarytime with 0 < � < �; T is the time ordering operatorand � is the inverse temperature. The statistial aver-age h: : : i0 is evaluated with respet to the zero-orderdensity matrix of the grand anonial ensemble of theloalized polarons and phonons,exp(��H0)Tr exp(��H0) ==Yi exp(��H0ip)Tr exp(��H0ip) exp(��H0i ph)Tr exp(��H0i ph) : (14)The supersript �� in (12) indiates that only on-neted diagrams must be taken into aount. Den-sity matrix (14) is fatorized with respet to the lattiesites. The phonon part is easily diagonalized using thefree phonon operators bi and byi , while the on-site po-laron Hamiltonian ontains the polaron�polaron inter-ation that is proportional to the renormalized param-eter �U , whih only an be diagonalized using Hubbard702



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Strong interation of orrelated eletrons with phonons : : :operators [18℄. At this stage, no speial assumptionis made about the quantity �U and its sign; we set upthe equations of motion for the dynamial quantities inthis general ase, but investigate the equations in detailonly in the speial ase where �U = 0.The Wik theorem of weakly oupled quantum �eldtheory an be used in evaluating statistial averages ofphonon operators, e.g., the propagator of the phononloud,�(�1j�2) = �(�1��2) � hT expfi�g [p(�1)�p(�2)℄gi0 == exp��12�g2hT [p(�1)� p(�2)℄2i0� == exp (��(�) + �(j�1 � �2j)) ; (15)�(�1; �2j�3; �4) �� hT expfi�g[p(�1) + p(�2)� p(�3)� p(�4)℄gi0 == exp��12 �g2hT [p(�1)+p(�2)�p(�3)�p(�4)℄2i0� == expf�(j�1 � �3j) + �(j�1 � �4j) + �(j�2 � �3j) ++�(j�2��4j)��(j�1��2j)��(j�3��4j)�2�(�)g; (16)where� (j�1 � �2j) = �g2hT p(�1)p(�2)i0 == � h�~!0��2 � j�1 � �2j��sh��~!02 � : (17)We now disuss the problem of alulating hrono-logial averages of ombinations of polaron operators.We here use the above-mentioned new diagram teh-nique and the GWT [10, 11℄. The many-partile on-siteirreduible Green's funtions are the main element ofdiagrams in this approah.3. POLARON AND PHONON GREEN'SFUNCTIONSIn the zero-order approximation, the one-polaronGreen's funtion is given byG0p(xjx0) = �hT x�(�)�x0�0(� 0)i0 == �hT ax�(�)�ax0�0(� 0)i0�(� j� 0) == G(0)(xjx0) �(� j� 0); (18)

where x = (x; �; �). The simplest new element ofthe diagram tehnique is the two-partile irreduibleGreen's funtion, or Kubo umulant, whih is equal toG(0) ir2 (x1; x2jx3; x4) = Æx1;x2Æx1;x3Æx1;x4 �� G(0) ir2 (�1; �1;�2; �2j�3; �3;�4; �4); (19)whereG(0) ir2 (�1; �1;�2; �2j�3; �3;�4; �4) == hT �1(�1) �2(�2)��3(�3) ��4(�4)i0 �� hT �1(�1) ��4(�4)i0hT �2(�2) ��3 (�3)i0 ++ hT �1(�1) ��3(�3)i0hT �2(�2) ��4 (�4)i0: (20)The �rst term in the right-hand side of Eq. (20) ishT �1(�1) �2(�2) ��3(�3) ��4(�4)i0 == hTa�1(�1)a�2(�2)�a�3(�3)�a�4(�4)i0 ���(�1; �2j�3; �4): (21)As the number of polaron operators inreases,more ompliated irreduible Green's funtions likeG(0)irn (x1 : : : xnjx01 : : : x0n) with n � 3 and all possibleterms of their produts appear. The sum of all stronglyonneted diagrams (i.e., those that annot be dividedinto two parts by utting a single hopping line) on-taining all kinds of irreduible Green's funtions in theperturbation expansion of the evolution operator de-�nes the speial funtion Z(xjx0) (see Refs. [10; 11℄ fordetails). This funtion ontains all ontributions fromharge and spin �utuations. Together with the massoperator (whih is the hopping matrix element in ourase), it allows us to formulate a Dyson-type equationfor the one-polaron Green's funtion [10�14℄,G(xjx0) = �(xjx0) +X1;2 �(xj1)t(1� 2)G(2jx0); (22)where �(xjx0) = G(0)p (xjx0) + Z(xjx0); (23)t(x� x0) = Æ�;�0Æ(� � � 0) t(x� x0): (24)Here, x again denotes x; �; � and the sum is over thedisrete indies and inludes integration over � . Usingthe Fourier representation for these quantities,703



V. A. Moskalenko, P. Entel, M. Marinaro, D. F. Digor ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003G�(xj�) == 1N Xk 1�X!n exp(�ik � x� i!n�)G�(kji!n);��(xj�) == 1N Xk 1�X!n exp(�ik � x� i!n�)��(kji!n);G�(xji!n) = 12 �Z�� d� exp(i!n� )G�(xj�);��(xji!n) = 12 �Z�� d� exp(i!n� )��(xj�);
(25)

we obtain the Dyson equation for the renormalized one-polaron Green's funtion,G�(kji!n) = ��(kji!n)1� "(k) �(kji!n) ; (26)where !n = (2n+ 1)��is the odd Matsubara frequeny.To disuss G�(kji!) further, we need the Fourierrepresentation of the zero-order one-polaron Green'sfuntion G(0)p de�ned in (18). In order to failitatethe investigation, we have evaluated the propagatorof the phonon loud (16) in the strong-oupling limit�� 1 [15, 16, 26℄,�(�) = 1�X
n exp(�i
n(�))��(i
n); (27)��(i
n) = exp(��(�))2 �Z�� d� exp(i
n�+�(j� j)); (28)where 
n = 2n�=�. To �nd ��(i
n), we use the Laplaeapproximation [32℄ for integral (28), whih ontains anexponential funtion with the parameter �. In thestrong-oupling limit �� 1, we obtain��(i
n) � 2!
2n + !2 ; ! = ~�!0 = g22~!0 : (29)This term is the harmoni propagator of the olle-tive mode of phonons belonging to the polaron louds.There are further terms desribing anharmoni devia-tions. For � � 1, these terms an be omitted beausethey are small ompared with the harmoni ontribu-tion. Using the Laplae approximation [32℄ and�(�1; �2j�3; �4) = 1�4 X
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2); (32)whih orresponds to�(�1; �2j�3; �4) �� �(�1j�3) �(�2j�4) + �(�1j�4) �(�2j�3): (33)This implies that in what follows, we an keep only thefree olletive osillations of phonon louds (29) sur-rounding the polarons and use the Hartree�Fok ap-proximation (32) and (33) for their two-partile orre-lation funtions. In partiular, we investigate the in-�uene of the absorption and emission of this olletivemode by polarons on the superonduting phase tran-sition.With the harmoni mode given by (29), the Fourierrepresentation of the loal polaron Green's funtion�G(0)p� (i!n) = 12 �Z��d� exp(i!n� ) �G(0)p� (�) (34)beomes�G(0)p� (i!n) � 1Z0 ���exp(��E0)+ �N(!)(exp(��E0)+ exp(��E�))i!n+E0�E��! ++exp(��E�)+ �N(!)(exp(��E0)+ exp(��E�))i!n+E0�E�+! ++exp(��E��)+ �N(!)(exp(��E�)+ exp(��E2))i!n+E���E2�! ++ exp(��E2)+ �N(!)(exp(��E�)+ exp(��E2))i!n+E���E2+! � ;(35)704



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Strong interation of orrelated eletrons with phonons : : :where Z0 = 1 + exp(��E�)++exp(��E��) + exp(��E2); (36a)E0 = 0; E�� = �; E2 = �U + 2�; (36b)�n(�) = (exp(��) + 1)�1 ;�N(!) = (exp(�!)� 1)�1 : (37)Equation (35) shows that the on-site transition energiesof polarons are hanged by the olletive-mode energy�! of the phonon louds. The deloalization of po-larons due to their hopping between lattie sites ausesthe broadening of the polaron energy levels. Equation(35) an be further simpli�ed for a small on-site inter-ation energy �U of polarons. For �U = 0, we obtain�G(0)p� (i!nj�) = �N(!) + 1� �n(�)i!n � �� ! + �N(!) + �n(�)i!n � �+ ! == (i!n � �) th(�!=2) + ! th(��=2)(i!n � �)2 � !2 : (38)This funtion has the antisymmetry property�G(0)p� (�i!nj � �) = � �G(0)p� (i!nj�) (39)whih also holds for the renormalized polaron quanti-ties, ��(�k;�i!nj � �) = ���(k; i!nj�);G�(�k;�i!nj � �) = �G�(k; i!nj�): (40)Setting �U � 0, we assume that the strong on-siteCoulomb repulsion of polarons an be aneled by theattration indued by the strong eletron�phonon in-teration. We onsider this as a model ase that al-lows a transparent disussion of the polarons exhang-ing phonon louds during hopping between lattie sites.4. TWO-PARTICLE IRREDUCIBLECORRELATION FUNCTIONSIn what follows, we disuss the in�uene of a strongeletron�phonon interation on the two-partile irre-duible Green's funtion. For �U = 0, the eletroniorrelation funtion in (22) is given byhTa�1(�1) a�2(�2) �a�3(�3) �a�4(�4)i0 == hT a�1(�1)�a�4(�4)i0hT a�2(�2)�a�3(�3)i0 �� hT a�1(�1)�a�3(�3)i0hT a�2(�2)�a�4 (�4)i0 (41)

beause the standard Wik theorem is now appliable.Using (33), we obtain the relationG(0) ir2 (�1; �1;�2; �2j�3; �3;�4; �4) == Æ�1;�4Æ�2;�3G(0)�1 (�1 � �4)G(0)�2 (�2 � �3)�� �(�1 � �3) �(�2 � �4)�� Æ�1;�3Æ�2;�4 G(0)�1 (�1 � �3)G(0)�2 (�2 � �4) ���(�1 � �4) �(�2 � �3) (42)for the two-partile irreduible Green's funtion (21).In the absene of the exhange of phonon louds by po-larons, this quantity must vanish. Indeed, if the ele-trons keep their initial phonon louds during the timeof propagation of two polarons, then the irreduibletwo-polaron Green's funtion (21) vanishes for �U = 0.But beause two eletrons an be exhanged (indepen-dently of the exhange of phonon louds), we obtainnew ontributions orresponding to two polarons withthe exhanged phonon louds. Alternatively, we ansay that for �U = 0, the Wik theorem applies sepa-rately to free eletrons and free phonons; however, itdoes not apply to polarons as omposite partiles, andtheir umulants do not therefore vanish.The Fourier representation of (42),G(0) ir2 (�1; i!1;�2; i!2j�3; i!3;�4; i!4) == �Z0 : : : �Z0 d�1 : : : d�4 �� G(0) ir2 (�1; �1;�2; �2j�3; �3;�4; �4)�� exp(i!1�1 + i!2�2 � i!3�3 � i!4�4); (43)is given byG(0) ir2 (�1; i!1;�2; i!2j�3; i!3;�4; i!4) == � Æ!1+!2;!3+!4 �� �G(0) ir2 (�1; i!1;�2; i!2j�3; i!3;�4; i!4) == � Æ!1+!2;!3+!4 fÆ�1;�4 Æ�2;�3 ��A�1;�2(�1; i!1;�2; i!2j�2; i!3;�1; i!4)�� Æ�1;�3 Æ�2;�4 ��A�1 ;�2 (�1; i!1;�2; i!2j�1; i!4;�2; i!3)g ; (44)whereA�1;�2(�1; i!1;�2; i!2j�2; i!3;�1; i!4) = 1�X
 (2!)2[i!1 � i
� �℄[i!3 � i
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2 + !2 ℄[(
 + 
1)2 + !2 ℄ (45)15 ÆÝÒÔ, âûï. 3 (9) 705



V. A. Moskalenko, P. Entel, M. Marinaro, D. F. Digor ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003with 
1 = !2 � !3. The summation leads toA�1;�2(�1; i!1;�2; i!2j�2; i!3;�1; i!4) == 2(!)2� th(��=2) [i!1 + i!2 � 2�℄[2!2 � (i!1 � �)(i!4 � �)� (i!2 � �)(i!3 � �)℄[(i!1 � �)2 � !2 ℄[(i!2 � �)2 � !2 ℄[(i!3 � �)2 � !2 ℄[(i!4 � �)2 � !2 ℄ �� 2![i!1 + i!2 � 2�℄2 th(�!=2) [2!2 � (i!1 � �)(i!3 � �)� (i!2 � �)(i!4 � �)℄[(i
1)2 � (2!)2℄[(i!1 � �)2 � !2 ℄[(i!2 � �)2 � !2 ℄[(i!3 � �)2 � !2 ℄[(i!4 � �)2 � !2 ℄ �� th(�!=2)![(i
1)2 � (2!)2℄ � (i!1 � �)(i!3 � �) + 3!2[(i!1 � �)2 � !2 ℄[(i!3 � �)2 � !2 ℄ + (i!2 � �)(i!4 � �) + 3!2[(i!2 � �)2 � !2 ℄[(i!4 � �)2 � !2 ℄�� : (46)The funtion A�1;�2 ontains ontributions of the dif-ferent spin hannels to the two-partile on-site Green'sfuntion. The spin struture in Eq. (44) is due to theonservation law for the spins of the polarons.5. SUPERCONDUCTING PHASE TRANSITIONIn what follows, we hek whether the polaronisystem an have a superonduting instability in theabsene of a diret attrative interation for the po-larons, i.e., for �U = 0. In this ase, the attration isonly indued dynamially by polarons exhanging thephonon louds. To desribe superondutivity, we needthe anomalous propagators [33℄ in addition to the nor-mal state Green's funtion (13). For simpliity, we limitthe disussion to the s-wave superondutivity as inprevious investigations of superonduting instabilitiesin the Hubbard model [13, 14℄ and in the Hubbard�Holstein model in the strong-oupling limit �� 1 [26℄.To desribe the superonduting state, we needthree irreduible funtions �� , Y�;�� , and �Y��;� thatrepresent in�nite sums of diagrams ontaining irre-duible many-partile Green's funtions. In order toobtain a lose set of equations, we restrit ourselvesto a lass of rather simple ontributions, whih never-theless ontain the most important harge, spin, andpairing orrelations; see Ref. [26℄ for details. This lassof diagrams is obtained by negleting ontributions forwhih the Fourier representation of the superondut-ing order parameters Y�;�� and �Y��;� depend on thepolaron momentum k. In this approximation, Y�;�� isto be obtained fromY�;��(i!) = � 1�N Xk;!l "(k) "(�k)Y�;��(i!l)D�(k; i!l) �� �G(0) ir2 (�; i!;��;�i!j�; i!l;��;�i!l): (47)

In the same approximation, �� is to be omputed from��(i!) = G(0)p� (i!)� 1�N ��Xk;!l "2(k)D�(k; i!l)f��(i!l)[1� "(�k) ���(�i!l)℄�� "(k)Y�;��(i!l) �Y��;�(i!l)g �� �G(0) ir2 (�; i!;�; i!lj�; i!l;�; i!)�� 1�N Xk;!l "2(k)D�(k; i!l)f���(�i!l)��[1�"(k)��(i!l)℄�"(�k)Y�;��(i!l) �Y��;�(i!l)g �� �G(0) ir2 (�; i!;��;�i!lj � �;�i!l;�; i!) (48)withD�(k; i!) = [1�"(k)��(i!)℄[1�"(�k)���(�i!)℄++ "(k)"(�k)Y�;��(i!) �Y��;�(i!): (49)The orresponding equation for �Y��;�(i!) an be ob-tained from the expression for Y�;��(i!).Together with the equations for the one- and two-partile Green's funtions, the above equations om-pletely determine the properties of the superondut-ing phase, provided it exists. In order to gain a furtherinsight into the physis ontained in (47) and (48), welinearize the equations in terms of the order parameterY�;��(i!) that determines the ritial temperature T.The resulting equation for the order parameter isY�;��(i!) == � 1�N Xk;!l "(k)"(�k)Y�;��(i!l)[1� "(k)��(i!l)℄[1� "(�k)���(�i!l)℄�� �G(0) ir2 (�; i!;��;�i!j�; i!l;��;�i!l): (50)This equation must be solved together with the equa-tion for ��(i!) that an be approximated by settingthe order parameters to zero, with the result706
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��(i!) = G(0)p� (i!)� 1�N Xk;!l "2(k)��(i!l)1� "(k)��(i!l) �� �G(0) ir2 (�; i!;�; i!lj�; i!l;�; i!)� 1�N Xk;!l "2(k)���(i!l)1� "(�k)���(i!l) �G(0) ir2 (�; i!;��; i!lj � �; i!l;�; i!): (51)To determine T, we must solve (51) for �� and insert the result in (50). The irreduible funtions in (50) and(51) an be written as�G(0) ir2 (�; i!;�; i!lj�; i!l;�; i!) = (! � !l)2�2�2l n2!2 (x+ xl) th(��=2)�� th(�!=2)![(i! � i!l)2 � 4!2 ℄ �(xxl + !2 )(��l + 8!4)� 2!2(� +�l)(xxl � !2 )� o; (52)�G(0) ir2 (�; i!;��; i!lj � �; i!l;�; i!) = � 2!�2�2l n!(x+ xl)(� +�l) th(��=2) ++ th(�!=2)(x+ xl)2(xxl � !2 )o+ th(�!=2)(xxl + 3!2)!��l ; (53)�G(0) ir2 (�; i!;��;�i!j�; i!l;��;�i!l) == � 2�(2!)2 th(��=2)[i! i!l + �2 � !2 ℄[!2 + (�+ !)2℄[!2 + (�� !)2℄[!2l + (�+ !)2℄[!2l + (�� !)2℄ ++ 2! th(�!=2)[i! i!l + 2!(�� !)� (�� !)2℄[!2 + (�� !)2℄[!2l + (�� !)2℄[(! � !l)2 + (2!)2℄ ++ 2! th(�!=2)[i! i!l � 2!(�+ !)� (�+ !)2℄[!2 + (�+ !)2℄[!2l + (�+ !)2℄[(! � !l)2 + (2!)2℄ ; (54)where x = i! � �; � = (i! � �)2 � !2 ; (55a)xl = i!l � �; �l = (i!l � �)2 � !2 : (55b)To analyze (50) and (51) further, we introdue the no-tation��(i!) = 1N Xk "2(k)��(i!)1� "(k)��(i!) == 1N Xk "(k)1� "(k) ��(i!) ; (56)g�(i!) = G�(x = x0ji!) == 1N Xk ��(i!)1� "(k) ��(i!) ; (57)

�s� (i!) == 1N Xk "(k)"(�k)[1� "(k)��(i!)℄[1� "(�k)���(�i!)℄ == ��(i!)� ���(�i!)��(i!)� ���(�i!) : (58)We also assume that "(k) = "(�k) holds withXk "(k) =Xk "3(k) = 0:We replae sums with integrals,1N Xk = Z d" �0("); (59)707 15*
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�0(") = 4�Ws1�� 2"W �2 �8>><>>: 1; j"j < W2 ;0; j"j > W2 ; (60)where W is the band width and �0 is the model den-sity of states of a semiellipti form. Beause we do notonsider magneti states here, the spin subsript anbe omitted in the paramagneti phase,��(i!) = ���(i!) = �(i!); (61a)��(i!) = ���(i!) = �(i!); (61b)�s� (i!) = �s��(i!) = �s(i!): (61)However, the spin subsript is essential for the super-onduting order parameter Y�;��(i!),Y�;��(i!) = g�;��Y (i!); (62a)g�;�� = Æ�;" � Æ�;#; (62b)where Y (i!) is an even funtion of the frequeny,Y (i!) = Y (�i!): (63)We �nally add the equation that determines the hem-ial potential,1�X!n X� G�(x = x0ji!) exp(i!n0+) == 2�X!n g�(i!) exp(i!n0+) = NpN ; (64)where Np is the number of polarons and N is the num-ber of lattie sites. With (59) and (60), funtions (56)and (57) an be written as�(i!) = W2 �1�p1� �2(i!)�2�3(i!) == W2 �(i!)�1 +p1� �2(i!)�2 ; (65)

g(i!) = 4W �1�p1� �2(i!)�2�(i!) == 4W �(i!)�1 +p1� �2(i!)�2 ; (66)where �(i!) = (W=2)�(i!):In order to hek whether the state determined fromEq. (51) is metalli or dieletri, we must analyze therenormalized density of states given by�(E) = � 1� Im g(E + i0+) == � 1� Im 1�p1� �2(E + i0+)�(E + i0+) ! ; (67)where �(E+ i0+) is the analyti ontinuation of �(i!).6. ANALYTIC SOLUTIONSThe expressions for �(i!) and Y (i!) an be simpli-�ed using notation (56) and (57) and symmetry prop-erty (62),Y (i!) = 1�X!l �s(i!l)�� �G(0) ir(�; i!;��;�i!j�; i!l;��;�i!l)Y (i!l); (68)�(i!) = G(0)p (i!)�� 1�X!l �(i!l) h �G(0) ir(�; i!;�; i!lj�; i!l;�; i!) ++ �G(0) ir(�; i!;��; i!lj � �; i!l;�; i!)i : (69)To �nd a solution of Eq. (68), we insert (54), replaeY (i!n) withY (i!n) = �s(z0)�(i!n)Y (z0); z0 � 0; (70)�(i!n) = 1�X!l �G(0) ir(�; i!n;��;�i!nj�; i!l;��;�i!l) == 2![! � � th(��=2) h(�!=2)℄ + h(�!)(�!2 + �2 + !2n)(h(�!)� 1)�1[!2n + (! + �)2℄[!2n + (! � �)2℄ ; (71)708



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Strong interation of orrelated eletrons with phonons : : :and use the Poisson summation formula1�X!n f(i!n) = � 12�i ZC dz f(z)e�z + 1 ; (72)where C denotes the usual ounterlokwise ontour ofthe imaginary axis. With the help of the analytiallyontinued funtion �(z) for Z = Z0 = 0, we then ob-tain an equation for the ritial temperature T fromEq. (68), �(0j�)�s(0j�) = 1; (73)�(0j�) = �2![! � � th(��=2) th(�!=2)℄++(�2 � !2 ) h(�!)h(�!)� 1 ��!2 � �2��2 : (74)This quantity is even in �, and therefore only the ab-solute value of � = ��0 � �� determines kBT = ��1 .From (58) and (65), we an make a rough guess for thequantity �s(0),�s(0) � �W4 �2 12 ; = 12 �1 +p1� �2(0 + iÆ)� ; (75)where  must satisfy the equation (��) = (�). Thisquantity an be obtained self-onsistently from Eq. (64)for the hemial potential. For simpliity, we here re-plae [1 +p1� �2(0 + iÆ)℄ with 2. Then (64) an bewritten as 2 1�X!n �(i!n) exp(i!n0+) = NpN : (76)Using (69) together with (52) and (53), we an express�(i!n) as�(i!n) = (i!n � �)A1(�) + !B1(�)(i!n � �)2 � !2 ++ !2 [(i!n � �)A2(�) + !B2(�)℄[(i!n � �)2 � !2 ℄2 (77)with unknown oe�ients Ai and Bi. They an befound from Eq. (69) or more easily from the asymp-toti behavior of (77) as j!nj ! 1,�(i!n)j!nj!1 = A1i!n + A1�+ !B1(i!n)2 ++ A1(!2 + �2) + 2�!B1 + !2A2(i!n)3 ++A1(�3+3�!2)+B1(!3+3�2!)+!2 (3�A2+!B2)(i!n)4 + : : :(78)

If we ompare this with the asymptoti behavior of thefull one-polaron Green's funtion (see the Appendix)by invoking the methods of moments together with theasymptoti behavior of g(i!n) in (66), we obtainA1(�) = 1; (79a)B1(�) = � 1! [M1 + �℄; (79b)A2(�) = 1!2 "M2+2�M1+�2�!2��W4 �2# ; (79)B2(�) == 1!3 "�M3�3�M2+M1 !2�3�2+3�W4 �2! ++�!2 � �3 + 3��W4 �2# ; (79d)whereMi is the ith moment of the one-polaron Green'sfuntion. The results in (A.5) for the moments in thelowest order allow us to evaluate Ai and Bi, see (A.7).A1 = 1 desribes the asymptoti freedom of the po-larons. B1 = th(��=2) is idential with its value in thezero-order polaron Green's funtion (38). The two newquantities A2 and B2 are small, being proportional to!0=! = 1=�.Inserting (77) in the left-hand side of Eq. (76) andperforming the summation, we obtain1�X!n �(i!n) exp(i!n0+) = �n(�) ++ th(��=2)[th(�!=2)� 1℄[1� th2(��=2)℄2[1� th2(�!=2) th2(��=2)℄ ++ B2(�)4 th(�!=2) 1� th2(��=2)1� th2(��=2) th2(�!=2) �� �!16 � A2(�) +B2(�)h2[�(! + �)=2℄ � A2(�)�B2(�)h2[�(! � �)=2℄� ; (80)whih is equal to (=2)(Np=N) in aordane withEq. (76). Beause the olletive frequeny is large,�! � 1, we an omit exponentially small quantitieslike exp(��!). Sine we are interested in results foreletron numbers that are lose to half �lling (� = 0),also j�j � ! holds. We also neglet ontributions ofthe order 1=�. Then the equation for hemial poten-tial (74) is simply�n(�) = np=2; np = Np=N: (81)If we set  = 1 (free polarons), we obtain from (75)that �s(0) = (W=4)2; (82)709



V. A. Moskalenko, P. Entel, M. Marinaro, D. F. Digor ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003whih allows us to write the equation for the ritialtemperature T as�2 + !2 � 2�! th(��=2) = (!2 � �2)2(4=W )2: (83)In this approximation, T depends only on the lo-al parameters, but we expet that lose to half �lling,this should give an indiation whih of the loal quan-tities is most important for superondutivity in thestrong-oupling limit of the Hubbard�Holstein model.Preisely at half �lling, Eq. (83) an only be satis�ed if! =W=4. This may perhaps be an unphysially largevalue for a renormalized quantity. It also shows thatthe spei� limit �U = 0 is probably the ritial value forthe ourene of superondutivity in the framework ofthe Hubbard�Holstein model. It is lear that super-ondutivity is possible for �U < 0, but in this ase, itwould have to ompete in energy with the energies ofharge-ordered states.For the speial ase where ! = W=4, we obtain� �!�2 "3�� �!�2# = 2j�j! th��j�j2 � : (84)Beause �=! < 3 holds (whih we do not disuss in de-tail), we an seek solutions in the ase where j�j � !,leading tokBT = !3 "1� 512 � �!�2 + : : :# == W12 �1� 203 � �W �2 + : : :� : (85)In spite of the many approximations used (all ofwhih are reasonable, however) the result for T is re-markable beause it shows that the ritial tempera-ture depends on the band width (orresponding to thelargest ut-o� energy of the model) and not on the ef-fetive mass of the ions. For small deviations from half�lling, T dereases and is independent of the sign of �.For di�erent values of !,! = W=4� y; (86)with y 6= 0, there are only solutions not at half �lling.In this ase, Eq. (84) an be written as�j�j = ln 1 + �1� �; (87)� = �2 + !2 � (4=W )2(!2 � �2)22j�j! ; 0 < � < 1: (88)

The ondition � < 1 is equivalent toj�j+ ! < W=4: (89)On the other hand, the ondition � > 0 reformulatesdi�erently depending on the parameter y,! < W=4; y > 0 : (W=4�!)2 < �2 < �2max; (90)! > W=4; y < 0 : �2min < �2 < �2max; (91)�2max;min = !2 + 12 �W4 �2 ���W8 �s�W4 �2 + 8!2 : (92)For small y, we an simplify (87) and (88) as� � 2W j�j (�2 "3� �2� 4W �2#++ y "W2 � 4�2W � �4� 4W �3#) ; (93)with the following restritions for �:y > 0 : y2 < �2 < 3�W4 �2 � 56Wy + 2927y2; (94)y < 0 : W6 jyj+ 2527y2 < �2 < 3�W4 �2 ++ 56W jyj+ 2927y2: (95)Large values of T an be ahieved for � � 1 and in theviinity of half �lling (� 6= 0),kBT � WÆ12(Æ � 1) ; Æ = 6�2W jyj > 1;y = W4 � !; (96)but only for y < 0, and hene ! > W=4.7. SUMMARYWe have disussed the ourene of superondu-tivity in the strong-oupling limit (�g � 1) of theHubbard�Holstein model. Strong oupling leads to arenormalization of the one-polaron Green's funtion al-ready in the loal approximation. For �g � 1, we found710



ÆÝÒÔ, òîì 124, âûï. 3 (9), 2003 Strong interation of orrelated eletrons with phonons : : :a olletive mode for the phonon louds estimated byevaluating integrals in the Laplae approximation. Be-ause of absorption and emission of this mode by po-larons, the on-site energies of polarons are renormal-ized. Similarly, the irreduible two-partile Green'sfuntions are renormalized. Allowing the exhangeof polarons inluding their phonon louds leads to anew irreduible Green's funtion that has been used tostudy spin�singlet pairing of polarons. Analyti resultsfor the superonduting phase have been obtained inthe limiting ase where the loal repulsion of polaronsis exatly aneled by their attrative interation. Theresulting equation for the ritial temperature has beenobtained by assuming a large olletive-mode frequenyand a nearly half-�lled band ase. The parameters thatdetermine T are ! (! � W=4), � (with � = 0 orre-sponding to half �lling), and the band widthW . In thestrong-oupling limit, we obtain the ritial tempera-ture of the order of !=3.It is interesting to note that a similar result forthe value of T has been established in [34; 35℄ forsuh anomalous low-temperature superondutors asPb, Hg, and Nb realized within the framework ofEliashberg's theory [36℄.In Eliashberg's theory, the retarded nature of thephoton-indued interation and the pseudopotentialtreatment of the sreened Coulomb interation aretaken into aount. For example, in [35℄, the maxi-mum value of the ritial temperature Tmax is equalto h!i= exp(3=2), where h!i is the average phononfrequeny taken over the phonon density of states,h!i � 0:5!0. Our equations involve only the olletivefrequeny ! = �!0, � > 1.It is possible to estimate the values of T not onlyanalytially but also via alulations using Eq. (83), ormore preisely, Eq. (73). Indeed, suh numerial re-sults have been obtained by assuming some values ofthe theory parameters and of the interval of interest-ing values of T. From the three parameteres in ourtheory (!, W , and e), we �rst hoose the value of theolletive frequeny !. Assuming that !0 is equal to0.07 eV for uprates and that the dimensionless inter-ation onstant q is equal to 3, we obtain � = 4:5 and! = 0:315 eV. We next �x the value of T, e.g., to beequal to 100 K. With these values of ! and T, thefollowing pairs of the other two parameters are om-patible:e = 0:10515 eV and W = 1:68057 eV;e = 0:20348 eV and W = 2:07383 eV;e = 0:30149 eV and W = 2:46594 eV:

This work was supported by the Heisenberg�Landau Program and by the Program of the HighCounil for Siene and Tehnial Development ofMoldova. It is a pleasure to aknowledge disussionswith Prof. Plakida and Prof. Crisan. V. A. M. wouldlike to thank the Universities of Duisburg and Salernofor �nanial support. P. E. would like to thank theBogoliubov Laboratory of Theoretial Physis, JINR,for the hospitality that he reeived during his stay inDubna. APPENDIXThe method of momentsUsing the Heisenberg representation of the one-polaron Green's funtionG�(x� x0j� � � 0) = hT ̂x�(�) �̂x0�0(� 0)iH ; (A.1)where ̂x�(�) = eH� x�e�H� ; (A.2a)�̂x�(�) = eH� yx�e�H� ; (A.2b)we an write the asimptoti expansion of the Fourierrepresentation in (25) for j!nj ! 1 asG�(x = 0ji!n) = g�(i!n) == 1i!n � M1(i!n)2 + M2(i!n)3 � M3(i!n)4 + : : : ; (A.3)Mn = hfyx�; [H[H : : : [H; x�℄| {z }n : : : ℄giH ; (A.4)where the statistial average h: : : iH is de�ned with re-spet to the full density matrix of the grand anonialensemble. In the simplest approximation, we obtainthe �rst three moments of the Green's funtions asM1 = �(�+ ! th(��=2); (A.5a)M2 = �2 + !2 + (W=4)2 + 2�! th(��=2) ++ !0! th(�!=2); (A.5b)M3 = �f�3 + 3�[!2 + !!0 h(�!=2) + (W=4)2℄ ++ ! th(��=2)[3�2 + 3(W=4)2 + !2 + !20 ++ 3!0! th(�!0=2)℄g: (A.5)The expressions for the moments an be used to deter-mine the unknown oe�ients An(�) and Bn(�) in therelation for ��(i!), Eq. (78), by also onsidering the711
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