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The magnetic field dependence оС the average spin оС а localized electron coupled to 
conduction electrons with ап antiCerromagnetic exchange interaction is Cound Cor the ground state. 
'П the magnetic field range р.Н '" О.5Те (Те is the Kondo temperature) there is ап inflection 
point, and in. the strong magnetic field range р.Н » Те, the correction to the average spin is 
proportional to (Те / р.Н)2. 'П zero magnetic field, the .interaction with conduction electrons also 
leads to the splitting оС doubly degenerate spin impurity states. 

1. INТRODUCTION 

@1999 

In the 10w-temperature and weak magnetic field region, even а weak interaction ofrnagnetic 
impurities with а degenerate, electron gas becomes strong [1-3], In this region, perturbation 
theory is violated. Two scenarios are possible in such а situation. First, an assumption сап Ье 
made that in the 10w-temperature region, an increase in the magnetic field takes the system 
out' of а strongly coupled state and into t.he region of applicability of perturbation theory. This 
nonobvious conjecture was used in Bethe's ansatz method in the problem under consideration. 
As the result, in а strong magnetic field МН » Те (Те is the Kondo temperature), the correction 
to the mean spin impurity уаlие has 10garithmic behavior [3], 

Such spin dependence of the magnetic field уаlие is too slow, and is inconsistent. with the 
experimental data [4], which yields power-like behavior. The lеуеl of spin saturation in the 
magnetic field in Ref. [4] (Fig. 8) сап Ье reached accoJding to the expression given аЬоуе оnlу 
at the magnetic field уаlие Н ~ 50 Т, instead of the experimental value of 6 Т. 

The second scenario is connected with the assumption that an increase only in the magnetic 
field value does not тоуе the system from а strongly coupled state to а weakly perturbed state. 
The second conjecture is supported Ьу the fact that the correction to the wave function of 
а system consisting of magnetic impurity plus dеgtшеratе Репni gas, in some state with 10w 
energy, contains corrections of two types obtained with the help of perturbation theory. The 
norm of one of them decreases in an increasing magnetic field, whereas the norm of the other 
is diyergent in the limit Т --+ О for а finite magnetic field. Consideration of the norm of states 
in the problem involved is very useful, because it contains direct information about the average 
уаlие of magnetic spin. 

Below we consider in detail the second conjecture and confirm it. In the 10w-temperature 
region (Т « Те), the average spin of magnetic impurities is found for an arbitrary уаlие of 

1263 



Уu. N. Ovchinnikov, А. М. Dyugaev ЖЭТФ, 1999, 115, выn. 4 

the external magnetic field. States for both signs of interaction constant are investigated. ТЬе 
strong coupled state arises in both cases, but the magnetic field dependence of the average 
value of spin is substantially different. ТЬе definition of Kondo temperature Те is also slightly 
different for different signs of the interaction constant. 

2. ТНЕ MODEL 

We will suppose that the interaction of magnetic impurity with the Реrmi sea of electrons 
Ьм ап exchange nature .. Then the Hamiltonian iI of the system under consideration сап Ье 
taken in the form 

(1) 

In Eq. (1), operators <Р;, x~ are creation operators of ап electron in а localized state оп 
а magnetic impurity and in the continuum spectrum respectively. For simplicity, we consider 

. the сме with опе unpaired electron in the localized state (spin 1/2). ТЬе first term in Eq. (1) 
describes the degenerate electron gas in some external field that leads to creation of опе localized 
state. ТЬе spin interaction of electrons in the continuum spectrum with magnetic field leads 
only to small renormalization of the magnetic moment of а localized electron, and а small 
shift in the kinetic energy of electrons with spin ир and down in such а way that they Ьауе 
the same value of chemical potential (по gap for transfer of electron with spin t1iр over the 
Реrmi level). For this reason we cimit this term in Hamiltonian (1). ТЬе last term gives the 
interaction energy of а localized electron with the magnetic field. 

Consider now the limiting сме as Т -+ О and Н finite. We search for the lowest-energy 
eigenfunction I'Ф) of Hamiltonian (1) in Fock space in the form 

2К 2L-I 2К-I 2L-I 

1-1')-=110'11'11' ) + "'C2L - 1I01' 1О' 10)+"'C2L - 1 II0' 01' 10)+ 'f/ '" •• L...J 2К " L...J 2К -1' , 

2К 2L • 2К, 2К 2L, 2L-I 
+ '" Сп 110' 10' 01) + '" C2L , 2L-I N101' 1О' 10' 01' 1О) + L...J 2К " L...J 2К, 2К "" 

• 2К,-I 2К 2L, 2L-I • 2К, 2К-I 2L,-1 2L-I 
+ '" C2L ,;2L-I NII0' 01 . 10' 01' 10)+ '" C 2L ,-1;2L-I N101' 1О' 01 . 10 . 10)+ L...J 2K,-1;2K ' '" L...J 2k,;2K-l " , , 

L,<L 

+ 
• 2К,-I 2К-I п,-I 2L-l 

C2L ,-1;2L-I NII0' 01 . 01 . 10 . 1О) + 
2K,-1;2K-l ' , , , 

K,<K;L,<L 

+ 
2L.2L' 2К, 2К 2L, 2L 

Сж".жNII0; 10; 10; 01;01) + ... ,. (2) 

In Eq. (2), аН single-particle states (solutions of Eq. (1) for опе particle) are ordered and 
numbered. Indexes К, L label states under and over the Реrmi surface. ЕасЬ Ьох has two 
places. ТЬе first опе means а state with spin ир, and the second with spin down. As ап 

2К 2L 
example, the state 1 10; 01) means that the state 2К (spin down) under the Реrmi surface 
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is empty and the state 2L (spin ир) over the Ferini surface isfJlled. The first сеН is always 
reserved for аn electron in а localized state. The first term in Eq. (2) gives the ground state of 
Hamiltonian (1) without interaction (V(r) = О). The number of upper (or lower) indexes in 
С::: givesthe number of excited pairs. For Р excited pairs, there are 2Р + 1 different symbols 
С:::. Operator N is the ordering operator, and each rearrangement of two neighboring filled 
states gives а factor (-1). In Eq. (2) in each Ьох below Fermi surface, only оnе place сап Ье 
empty аП"d аЬоуе the Fermi surface in each Ьох, опlу опе place сап Ье filled. 

The equation for the wave function IФ} is 

IНФ} = ЕIФ}, (3) 

where Е is the energy of the state. 
Inserting expression (2) for the wave function IФ} into Eq, (3), we obtain а set of linear 

equations for the quantities С:::. Due to the structure of Hamultonian (1), each quantity С::: 
with index Р is coupled опlу with quantities С.-.-.- with indexes Р, Р ± 1. From the first equation 
of this system, we obtain the energy of the state, 

E=EO -J.LНj2-БЕ, (4) 

БЕ = " ((I2L - 1)* C 2L - 1 _ (I2L - 1)* C 2L - 1) L....J 2К-l 2К-l 2К 2К' 

where Ео is the energy of the ground state without interaction. For convenience, we leave the 
magnetic energy of the 10ca1ized state out of the correction term БЕ. The quantities 1::: in 
Eq. (4) are the transition matrix elements. As аn example, we have 

(5) 

The Harniltonian (1) possesses deep symmetry properties. То see зоте of these, we will 
keep indexes оп 1:.-.- that indicate energy and spin in the initial and final states. The next three 
equations for the quantities С.-.-.- are 

_I2L - 1 + "C2L-II2K, _ "C2L - 1 12К,-l_ "C2L,[2L-l+ 
2К L....J 2К, 2К L....J 2к,-l 2К L....J 2К 2L, 

+(IIН + о: - о: _ БЕ)С2L_ 1 + " C 2L ,;2L-l [2К, _ 
t'" L К 2К L....J 2К,;2К 2L, 

К,<К 

_ " c2L,;2L-II2К, _ "C2L ,;2L-l [2к,-l = О 
L....J 2К;2К, 2L, L....J 2K,-1;2K 2L, ' 
К<К, (6) 

1 2L - 1 _ "[2К, C2L-1 + "C2L-1 12к,-l _ " 12L-1 C2L,-I+ 
2К-l L....J 2К-l 2К, L....J 2к,-l 2К-l L....J 2L,-1 2К-l 

+(0: - о: _8E)C2L - 1 + " C 2L ,-1;2L-l [2К, _ 
L К 2К-l L....J 2k,;2K-l 2L,-1 

L,<L 

_ "c2L- 1;2L,-1 12К, + " C 2L ,-1;2L-I I 2K,-I_ " C 2L ,-I;2L-I I 2K,-I_ 
L....J 2k,;2K-l 2L,-1 L....J 2K-l;2К,-1 2L,-1 L....J 2К,-1;2К-l 2L,-1 
L<L, K<K,;L,<L K,<K;L,<L 

" C2L-1;2L,-1 [2К,-l + 
L....J 2К -1;2К,-l 2L,-1 

C 2L - 1;2L,-1 12к,-1 = О 
2к,-1;2К-l 2L,-1 , 

L<L,;K<K, K,<K;L<L, 
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- "I2L C 2L ,-1 + (е - е - БЕ)с2L + "C2L;2L,-112K, _ 
~ 2L,-1 2К L К 2К ~ 2К;2К, 2L,-1 

к<к, 

_ "C2L;2L,-11 2K, +" C 2L ;2L,-1 12к,-I = О 
~ 2к,;2К 2L,-1 ~ 2K,-1;2K 2L,-1 . 
К,<к 

In Eqs. (6), the quantities eL,K are the energies of single states. As mentioned аЬоуе, index 
L means а state аЬоуе the Fermi level and index К means а state below the Fermi level. The 
equations for С::: are given in Appendix А. Since the equations for С::: have а special structure, 
each quantity С::: with index Р is сс;юрlеd оnIу with quantities С::: with indexes Р, Р ± 1, it . 
is possible to leave quantities С::: with indexes Р ~ 2 out of Eqs. (6). As the result, we obtain 
three equations for the quantities c;}(-I, C;}(~II and c~K. They have the following form (see 
Appendix А): 

_12L-I + "C2L-112K, _ "C2L - 1 12к,-I _ "C2L'12L-I + 
2К ~ 2К, 2К ~ 2к,-I 2К ~ 2К 2L, 

( Н· I:E (1) )C2L - 1 -A (C2L-I·C2L-I·C2L) + J-t + eL - ек - и - L.(K,L) 2К - 1 2К ' 2К-l> 2К , 
(7) 

12L-I _ "C2L - 1 12К, +" C 2L - 1 12K,-1 _ "сп,-I 12L-I + 
. 2К-I ~ 2К, 2К-I ~ 2К,-I 2К-I ~ 2К-I 2L,-1 

+( I:E.... )C2L - 1 '·A (сп- 1 C 2L - 1 C 2L ) eL - ек - и - "'(K,L) 2К-l = 2 2К ; 2K-I; 2К , 

"12L c2L ,-1 + ( I:E'" )C2L - А (C2L - 1. C 2L - 1 . C 2L ) -~ 2L,-1 2К eL - ек - и - "'(K,L) 2К - 3 ~K ' 2К-l> 2К . 

The linear operators А1 ,2,З do not contain terms proportional to the quantities 
c;}(-I, C;}(~ll> c~K without integral over опе of variable К, L with some fиnction of К, L. 
These terms form the L.~~,L)' L.(K,L) terms in Eq. (7). All off-diagonal elements of such а form 
are equal to zero. The, linear operators А1 ,2,З also do not contain terms proportional to the 
convolution of quantities С::: with 1::: over опе of variable К, L without of denominaior with 
the same variable. In Appendix С, we give the expressions for quantities L.~~,L)' L.(K,L) in the 

fourth order of perturbation theory. Quantities c;}(-I, C;}(~;, c~K in the third order сап 
Ье found from equations given in Appendix В. It is easy to ·check that in the fourth order ос 
perturbation the<;>ry, 

-ьЕ - L.(кдl = о. 
. EK=EL=EF 

(8) 

This equality holds in all the orders of perturbation theory. Below, we put 

-ьЕ - L.(K,L)I = д. 
EK=eL=eF 

(9) 

In Eq. (9), д == д(Н) is some fиnction of the magnetic field that must Ье determined from 
self-consistency. This equation is given below. Very important properties follow from the 
normalisation of states defined Ьу Eqs. (2) and (7). То simplify the investigation of Eqs. (7), 
we give also the expression for operators А1 ,2,З in the lowest order of perturbation theory in 
Appendix D. АН statements made аЬоуе are independent of the exact form of spectrum е к, е L 

and potential V(r). 
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З. WAVE FUNCТION OF ТНЕ GROUND STATE 

The average electron spin (Sz) in а bound state at zero temperatиre сап Ье found Ьу 
differentiating the energy 8Е with respect to f.LH 

1 д8Е 
(Sz) = 2 - af.LH· (10) 

In accordance with quantum mechanical rules, the quantity (Sz) in the ground state is also 
given Ьу an expression containing only norms of the states in expansion (2): с 

(S ) = ~{1 + IC2L - ' 12 + IC2L 12 _IC2L - ' 12 + Ic2L ,;2L-' 12 + Ic2L ,-';2L-' 12 + z 2 2К-I 2К 2К 2K,-1;2K 2K,-1;2K-I 

+ IC2L ,;2L 12 _lc2L,;2L-'12 _lc2L ,-';2L-'12 + }. х 
2К,;2К 2к,;2К 2k,;2K-I ... 

Х {1 + IC2L- ' 12 + IC2L 12 + IC2L- '12 + Ic2L,;2L-' 12 + IC2L ,-I;2L-I 12 + 2К-I 2К 2К 2K,-1:2K 2K,-1;2K-I 

+ Ic2L ,;2L 12 + IC2L ,;2L-'12 + Ic2L;-';2L-'12 + }-I (11) 
2К,;2К 2К,;2К 2К,;2К-I '" 

Below we use both Eqs. (10) and (11). То solve Eqs. (7) and (9), we consider d as а 
parameter. Then the ri~фt-hаnd sides of Eqs. (7) сап Ье 'taken into account in pertиrbation 
theory. Inthe leading approxirnation we obtain 

_12L - 1 + "" C 2L - 1 12К, _ "" C 2L - 1 12к,-I _ "" C 2L, 1 2L - 1 + 
2К ~ 2К, 2К ~ 2к,-I 2К ~ 2К 2L, 

+ (р,н + eL - ек + d)CiJ<-' = О, 

1 2L - 1 _ "" C2L-112K, + "" C 2L - 1 12К,-, _ "" C2L,-112L-I + 
2К-I ~ 2К, 2К-I ~ 2к,-I 2К-I ~ 2К-I 2L,-1 

(12) 

+(eL - ек + d)C;J<=11 = о , 
- L li,r,-IC;J<:-I + (eL - ек + d)Cif<= о . 

Below we rnake the usual assumptions about the energy-independent value of the density 
of states near the Fermi surface, and that the characteristic energy in transition matrix elements 
1::: is also the Fermi energy eF. As а result, we сап put 

oF AOF 

L 12К (· .. ) ~ 9 J dx( . .. ), 
к о 

L 1,~~ ~ 9 J dy( .. . ), 
L О 

(13) 

eF - ек = х . 

In Eqs. (13), 9 is the dimensionless coupling constant. The poteptial V(r) in Harniltonian 
(1) is in natural units, hence the smallness ofthe coupling constant 9 is connected only to the 
small radius of bound state. 

Due to the energy independence of the transition rnatrix elements 1:::, Eqs. (12) сап Ье 
substantially simplified. То do this, we define new quantities that are convolutions of functions 
с::: with over1ap integral 1.::: over only one variable, К or L, that is 

ZL = L lШ'сiJ<~I, 
к, 
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Х - ""' 12L C 2L , L - 6 2L,-1 2К' 
L, 

Inserting Eqs. (14) into Eqs. (12), we obtain 

2L-l 1 { } Сж = Н 1 - ZL + YL + ХК , 
J.L +у+х+д 

2L-l 1 { } С2К- 1 = -1 + ZL - YL + УК , 
у+х+д . 

Сп = 1 Z 
2К У +х +д К, 

(14) 

(15) 

where 1 is the value of the transition matrix element 1::: for states near the Fermi surface. 
Now from Eqs. (14) and (15) we сап obtain а complete set of equations for the quantities 
ZK,L, YK,L, XK,L only. In addition, the quantities XK,L are very simply related to 
Z K,L, У K,L. -Eliminating them, we obtain а set of equations for just the quantities Z K,L, У K,L: 

( ер) ер 
Z L 1 + 9 ln Н - YLg ln Н = 

J.L +у+д J.L +у+д 
oF 

- 1 1 ер 2 J dXZK 111[Aep/(x + д)] 
- 9 n + 9 , 

МН + У + д МН + У + х + д 
о 

( 2 Аер Аер ) 
ZK 1- 9 ln --ln = 

х +д мН+х +д 

AOF 

- 1 1 Аер . J dy(ZL - YL) . 
- 9 n МН + х + д - 9 МН + У + Х + д , 

(16) 

о 

oF 

( ер ) ер ер J dXYK YL l+g1n-- -ZLglп--=-lg1п--+g , 
у+д у+д у+д у+х+д 

о 

AOF 

У (1 1 Аер ) - 1 1 Аер J dy(ZL - YL) 
к - 9 n -- - - 9 n -- + 9 -=-'--i'. '------":..:... 

х+д х+д у+х+д 
о 

Equations (16) are valid for both signs ofthe interaction constant g. But their solutions are 
substantially different for 9 < о and 9 > О. Consider first the сше 9 < о (attractive interaction 
in the Kondo problem). In such а case, the quantities Z L, YL are large in comparison with 
Z к and У к. То obtain this, we introduce а formal definition of «Kondo» temperature Те, 

ер 1 
Iglln Те = 2' (17) 
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N ow we also put 

(18) 

Eliminating tenns ZK, УК from (16), we obtain опе equation the quantity TL : 

т L ( ) = 1 ln -- + lп + 1 { (f:F f:F ') 
У 1 +gIП[f:F!(У+Д)] + glп[ц!(j.LН +у + д)] 9 у+д j.Lн+у+д 

glп[Ац!(х+д)] g2 d 1 + 1 ] 

'F 

+1-glп[Аf:F!(Х+Д)] -"2/ Х(j.LН+у+х+д y+x+J х 
[ 

9 lп[Ац !(х + д)] 
х х 

1 - g21n[Af:F!(x + 6)] Iп[Ац!(j.LН + х + д)] 

AJ'F dy1TL(Yl) 1 AJ'F dY1TL(Yl)] } 
х j.LН+Уl+Х+Д + l-glп[Аf:F!(Х+Д)] Уl+Х+Д' 

о о 

(19) 

It сап Ье shown that the last term in Eq. (19) сап Ье omitted; because it is smal1 in the 
parameter (lglln(I!lgl). We then obtain from Eqs. (17) and (19) 

(20) 

And final1y 

(21) 

Inserting Eqs. (18) and (21) into Eqs. (15), we obtain the expressions for coefficients Ci~-l, 
C2L- 1. 

2K-l' 

сп- 1 = TL(Y} . 
2К-l У + х + д (22) 

N ow we сап· determine the value of д. Equations (1 О) and (11) should give the same value for 
average spin (Sz)' This condition, with the help of Eqs. (4) and (22), gives 

00 

= дд 1 + J dy . (23) 
aj.LH lп[Д(j.LН + д)!Т'n о (j.LH + У + д) ln2 [(У + д)(р'н + У + д)!Тl] . 
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We seek а solution of Eq. (23) in the [опn 

C1(JLH + С1) = Т;(1 + ,,), (24) 

Тепns proportional to ,,-1 сапсеl оп the right-hand side of Eq. (23). ТЬИ condition yields 

дС1 + Т; = о. 
aJLH (JLH + C1)(JLH + 2С1) 

(25) 

ТЬе solution of this equation is 

(26) 

( 
2 ) 1/2 

с1 = - JL~ + ( JL~) + Т; , (26а) 

апд confirms our conjecture (24) about it. Of course, Eq. (24) has two solutions for С1. Опе 
is given Ьу Eq. (26а) (ground state), апд the other is 

( 
2 ) 1/2 

с1 = _JL~ _ (JL:) + Т; (26Ь) 

S()lution (26Ь) corresponds to the excited state. In the limit JLH » Те, this state transforms to 
а state with spin orientation along the magnetic field. ТЬе excited state is separated from the 
ground state Ьу а «gap» 2«JLH /2)2 +Т;)I/2. ТЬе gap results in the independence ofthe position 
of the таЮтит of impurity heat capacity from the magnetic field in the range JLH « Те 

(Schottkyanomaly). Such а residual Schottky anomaly is always presented in experiments [5]. 
In Sec. 4 we wi1l show that renormalization of the term JLH in (7) leads to а change from JLH 
in Eq. (27) to JLЙ defined Ьу Eq. (43). As а result, we obtain the теап spin (Sz) as ап implicit 
function of the magnetic field рН. 

An attempt to obtain such ап equation at nonzero temperature was таде in Ref. [6]. But 
the теап field approximation used there is incorrect for the problem considered. 

In Appendix D we show that the right-hand side of (7) leads to renorrnalization of the 
coefficients in Eqs. 16, but does not alter the main result оНЬе paper, Eqs. (27) апд (43). Of 
course, renormalization changes Eqs. (17) for the Копдо temperature. ТЬе quantity " сап Ье 
[оипд only from correction terms to Eqs. (20) апд (22). Fortunately, we до not пеед these 
correction terms, because in the leading approximation, " also drops out of Eq. (11) for the 
spin value. With the help of Eqs. (11), (22), апд (24), we obtain 

~ / S - JLH dy . 1 _ 
( z) - 7: J (у + С1)(у + JLH + С1)(" + Y(JLH + 2С1)/Т;)2 :у-

о 

рН 
(27) 

Equation (27) is in good agreement with the experimental data of Ref. [4]. 
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4. FERROМAGNETIC СЛSЕ (g > О) 

As mentioned аЬоуе, Eqs. (16) are valid for both signs of the «interaction» constant у. In 
the case 9 > О, we сап define the characteristic energy of the problem from the relation 

A~F 
gln- = 1 

Те 
(28) 

for Kondo temperature Те. For 9 > О, the quantities ZK, Ук, ХК are large in comparison 
with ZL, YL, X L. We сап eliminate ZL, YL from Eqs. (16). As а result, we have 

In the range х « ~ F, Eqs. (29) yield the following values for У к, Z к: 

ID 
У к = - --.:---...,---. 

gln[(x + L\)/Te ] , 
Z - ID 
к-

9 ln [(х + L\)(JLH + х + М/Тl] , 
(30) 

where D is а number of order unity. Inserting Eqs. (30) into Eqs. (15), we obtain 

C 2L - 1 = 1 ID 
2К р,н + У + х + L\ 9 ln[(x + L\)(pB + х + L\)/T1J 

C2L - 1 = _ 1 ID 
2К-l y+x.+L\ gln[(x+L\)/Te] 

(31) 

Сп = 1 ID 
2К У + х + L\ 9 ln [(х + L\)(pB + х + L\)/TJ] 

In the same way as in the case 9 < О, with the help of Eqs. (10), (11), and (31), we obtain 
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The solution of this equation is 

(33) 

Relation (33) means that in the leading approximation, the spin value in the magnetic field is 
saturated, 

(34) 

Correction terms to Eq. (34) соте only from an energy range € of order € сх 
СХ €F ехр( -1/ g2). Note that а similar energy scale also arises in the problem considered Ьу 
Nozieres and Dominicis [7]. Оur conjecture is that in temperature range 

(35) 

the leading correction to the average spin arises from the cutoff of integrals with respect to 
energy in expression (11) over an energy range of order Т. If such an assumption is true, then 
the average spin in. the magnetic field р,Н ~ Т is 

(36) 

In the Iimiting cases of weak (р,Н « Те) and strong (р,Н ~ Те) magnetic fields, the average 
spin is 

(37) 

5. SELF-ENERGY TERМS IЩ,L» t(K,L) IN PERTURВATION THEORY 

As mentioned in the Sec. 1, there are two self-energy terms in the problem under 
consideration, ~~~,L) and ~(K,L), In second~order perturbation theory, they coincide. They 
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start to differ in third-order in the coupling constant. ln third-order perturbation theory, we . 
. obtain from Appendix С 

... (1) '<' - J2K\ J2L\ J2L, 
L.(K,L) - L.(K,L) - 2L\ 2L, 2К\ Х 

Х (р,Н + eL + eL\ - ек - eKJ1(pB + eL + eL, - ек - ек\) -
- (eL + eL1 - ек - eKJ\eL + eL, - ек - eKJ)' (38) 

А simple calculation of sums in Eq. (38) leads to 

(39) 

where ее is the cutoff energy. ln Appendix C,we obtain the following term in expansion (39) 
for the self-energy: 

(1:~~,L) -1:(K,L»)"K=<L=<F= -f.tНg3Iп2С:) +2f.tHg41n3(::) -... (40) 

Comparison with the expression for 6Е obtained in perturbation theory shows that 

То obtain Eq. (41), we used Eqs. (17), (10), and an assumption that ее'" Те. 
Equation (41) means that some corrections should Ье made in the first of Eqs. (12). 

Specifically, f.tH in the first of Eqs. (12) should Ье correctedby 61:: 

f.tH -+ f.tH - 61: = f.tH. (42) 

The main result of this correction is а decrease in the initial slope of the magnetic field 
dependence of the average spin value Ьу 3/4. This phenomenon was probably found in the 
experimental Ref. [4] (Figs. 8 and 9). The average spin (Sz) is given Ьу Eq. (27) with the 
substitution 

- f.tH (1 ) f.tH -+ f.tH = f.tH - 2 '2 - (Sz) . (43) 

This equation deterrnines (Sz) as an implicit function of f.tH. From Eqs. (27) and (43), we 
find that (Sz) as а fиnction of f.tH has an ainflection point.at f.tH/2Te = 0.2426. Such an 
inflection point was obtained in Ref. [4]. 

6. CONCLUSION 

Thus, we show that at zero temperature and finite magnetic field f.tH « е р, а singularity 
exists in the convolution ofamplitudes Ci~~l and Ci~~~l over energy ек\ with amplitude JiJf'. 
As а result, in. the high magnetic field region, f.tH » Те, the correction to the spin impurity 
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'уаluе is proportional to (Те / J.LH)2 instead of 1/ ln(J.LH /Те ), as predicted in Refs. [1-3]. We also 
find that renormalization of the magnetic field discussed in Sec. 4 leads to аn inflection point 
in the dependence of spin impurity оп the magnetic field. The initial slope is а fиnction of z, 
which enters into the definition ofthe Kondo temperature (see Appendix D). Our consideration 
shows that the interaction of the spin of аn impurity with аn electron gas does not lead to the 
appearance of the 10calized state, as assumed in Refs. [8-10]. The Kondo temperature Те is 
given Ьу Eq. (D.7), where z is the root of the equation 

f(z) = О. (44) 

We find here three terms in the expansion of f ih Taylor series (Eq. (D.8». This equation was 
also studied in Refs. [8, 11]. Our result for the first two terms in Eq. (44) coincide with the result 
of Ref. [11], because this is also the result of parquet approximation. But, our considerat~n 
(Eq. (44» is conceptua1ly closer to the Ref. [8]. The difference еуеn in the second term is 
probably related to the assumption of Ref. [8] that in the pr9blem under consideration there 
is а 10calized state with spin 1/2. 

In fact, such а 10calized state does not exist. Without interaction there are two states 
associted with impurity spin 1/2. In zero magnetic field, these two states are degenerate. 
Interaction removes such а degeneracy and the splitting energy is 2Тс . Of course, interaction 
does not change the number of states, as in our consideration, and is not fиlШlеd in Ref. [8]. 
Note also that the driving term is missing in Refs. [8-10]. 

Nevertheless, the average уаluе of spin of impurity (Sz) as а fиnction of magnetic field 
found in Refs. [9,10] coincides with oиr result except for the effect of renormalization of the 
magnetic field (Sec. 4) and the expression for the Kondo temperature. 

Тhe authors thank Prof. Р. Fulde and Prof. A.I. Larkin for helpfиl discussions. We thank 
Prof. Р. Fulde for hospitality at the Max-Planck-Institute for Сотрlех Systerns (Dresden). The 
research of Уu. N. О. was supported Ьу CRDF (grant N2 RPI-194). The research of A.M.D. 
is supported Ьу INTAS and the Russian Foundation for Basic Research (grant N.! 95-553). 

APPENDIXA 

The wave fиnction of а system consisting of оnе 10calized electron plus degenerate electron 
gas сап ье Шkеn in the [олn 

. "'" 2L-l 2К 2L-l 
IФ} == 110; 11; 11 ... } + ~ с2К 101; 10; 10} + 

- 2К-l 2L-l . 2К 2L 
+ L:C~f<=~II0; 01 ; 10} + L:СИ<II0; 10;01} + 

. ~ 2К, 2К 2L, 2L-l ~ 2к,-l 2К 2L, 2L-l 
+ "'" C2L ,;2L-l NI01' 10' 10' 01' 10} + "'" C2L ,;2L-l NII0' 01 . 10' 01' 10} + 
~ 2К,;2К "" ~ 2K,-1;2K ' '" 
К,<К 

~ 2К, 2К_l 2L,-1 2L-l 
+ "'" C 2L,-1;2L-l NI01' 10' 01 ' 10 ' 10} + 
~ 2k,;2K-l " , , 

L,<L 

+ 
~2K,-l 2К-l 2L,-1 2L-l 

C 2L,-1;2L-l NII0' 01 . 01 ' 10 '. 10 } + 2K,-1;2K-l ' , , , 
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+ 
2К, 2К п, 2L 

C2L ,;2L 110' 10 '10' 01' 01) + 
2К,;2К ' , , , 

+ 
~ 2К, 2К, 2К 2L,2L, 2L-l 

C 2L,;2L,;2L-1NI01' 10' 10' 10' 0101' 10) + 
. 2Kz;2K1;2K "" , 

+ 
~ 2к,-1 2К, 2К 2L,2L, 2L-l 

C 2L,;2L,;2L-l N110' 01 . 10' 10' 0101' 10) + 
2k,-1;2к,;2К ' ,." , 

+ 
~ 2к,-1 2К, 2К-l 2L,2L,-1 2L-l 

C 2L,;2L,-1;2L-l N110' 01 . 10' 01 . 01 10 . 10) + 
2k,-1;2к,;2К -1 ' '" , 

+ 
~ 2К, 2К, 2К-l 2L,2L,-1 2L-l 

C 2L,;2L,-1;2L-l N101' 10' 10' 01 . 01 10 . 10) + 
2к,;2к,;2К -1 "" , 

+ 
~ 2К, 2к,-1 2К-l 2L,-I2L,-1 2L-l 

C 2L,-1;2L.-l;2L-l N101' 10' 01 . 01 . 10 10' 10) + 
2К,;2к,-1;2К-l " " , 

+ 
~. 2к,-1 2к,-1 2К-l 2L,-12L,-1 2L-l 

C2L,-I;?L,-I;~L-l NI 10' 01 . 01 . 01 . 10 10' 10) + 
2к,-1.2К,-I,2К-l ' , " , 

+ 
~ 2к,-1 2К,-1 2К-l 2L,2L, 2L 

Ci~::;7<:~2tNI10; 10 ; 10 ; 10; 0101; 01) + ... (А.1) 

The notations here are the same as in the text. As we note above, there are (2Р + 1) ditТerent 
symbols С::: of order Р. Inserting Eq. (А.1) into Eq. (3) for the wave function, some simple 
but tedions calculations yield а set of equations for the coefficients С:::. The five equations for 
the С::: are 

C2L-1 ]2L, _ c2E-1 ]2L, _ C2L, ]2L-l + сп, ]2L-l+ 
2К 2К,· 2К, 2К 2К 2К, 2К, 2К 

. + (р,н + eL + eL, - ек - ек, - БЕ)сiкL ';.;i- 1 + ,. 

+ ( """ C2L,;lL-l ]2К, _ """ C2L,;2L-l ]2К') + 
~ 2К,.;2К 2К, ~ 2К;2К, 2К, 

~<K K<~ 
I 

+ ( """ C2L,;2L-l ]2К, _""" C2L,;2L-l ]2К') _ 
~ 2К,;2К, 2К ~ 2К,;2К, 2К 

~<~ ~<~ 

+ 

(
""" C2L,;2L-l ]2к,-1 _ """ C2L,;2L-I [2К,-1)_ 
~ 2К,-1;2К 2К, ~ 2К,-1;2К, 2К 

K,<K,<K;L,<L, 

C2L,;2L,;2L-l ]2К, _ 
2К,;2К,;2К 2L, 
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+ 

+ 

K,<K<K,;L,<L, 

C 2L ,;2L,;2L-l J2K, + 
2К, ;2К,;2К 2L, 

K,<K,<K;L,<L, K,<K,<K;L,<L, 

+( + _ _ _8E)C2L ,;2L-1 + "'"' C 2L ,;2L-l J2K,-I_ "'"' C 2L ,;2L,-1 J2L-1 + 
cL CL, СК СК, 2K,-1;2K L.J 2K,-1;2K 2к,-l L.J 2K,-1;2K 2L,-1 

+ "'"' C 2L,-1;2L-l J2L, _"'"' C 2L - 1;2L,-1 J2L, + 
L.J 2К;2к,-l 2L,-1 L.J 2К;2к,-l 2L,-1 

+ 

L,<L L<L, 

C 2L ,;2L,-1;2L-l J2K, _ 
2K;2k,;2K,-1 2L,-1 

L,<L;K <К, L,<L;K,<K 

C2L,;2L,-1;2L-IJ2K, _ 
2К,;2К;2К,-l 2L,-1 

_ "'"' C 2L ,;2L-I;2L,-1 J2K, + "'"' C 2L ,;2L-l;2L,-1 J2K, _ 
L.J 2К;2К,;2К,-l 2L,-1 L.J 2К,;2К;2К,-I 2L,-1 

+ 
L<L,;K,<K, 

L<L,;K,<K 

C 2L ,;2L,-1;2L-1 J 2K,-1 + 
2K,-1;2K;2K,-1 п,-I 

C 2L ,;2L-l;2L,-1 J 2K,-1 _ 
2K,-1;2K;2K,-1 п,-I 

L,<L;K,<K, 

L<L,;K,<K, 

C 2L ,;2L-I;2L,-1 J 2K,-1 = О 
2K,-1;2K;2K,-1 2L,-1 , 

сп- 1 J 2L ,-1 _ сп,-I J2L-1 + "'"' C 2L,;2L-1 /п,-l _ "'"' C 2L,;2L,-1 J2L-l+ 
2К-I 2К, 2К-l 2К, L.J 2K-I;2K, 2L, L.J 2K-I;2K, 2L, 

+ ( Н + + - - - 8E)C2L ,-1;2L-l + "'"' C 2L ,-1;2L-I J 2K,+ 
fL cL cL, СК сК, 2k,;2K-1 L.J 2К,;2К-l 2К, 

_ "'"' C2L,;2L,-1;2L-I J2K, _ "'"' C2L,;2L,-1;2L-l /2K,-I+ 
L.J 2К,;2К,;2К-I 2L, L.J 2K-I;2K,;2K,-1 2L, 

К,<К, К<К, 

+ "'"' C 2L,;2L,-I;2L-1 /2к,-I = О 
L.J 2K,-1;2K,;2K-1 2L, ' 
К,<К 

( + J:E)C2L,;2L +"'"' C 2L ;2L,-IJ2L , "'"' C 2L ,;2L,-1/2L 
cL cL, - СК - СК, - и 2К,;2К L.J 2К,;2К 2L,-1 - L.J 2К,;2К 2L,-I-

C 2L ,;2L;2L,-1 J2K, + 
2К,;2К;2К, 2L,-1 

К,<К,<К 

C 2L ,;2L;2L,-1 J2K, _ 
2К,;2К,;2К 2L,-1 

"'"' C 2L ,;2L;2L,-1 J2K, +"'"' C 2L ,;2L;2L,-1 J2K,-i = О 
L.J 2К,;2К,;2К 2L,-1 L.J 2K,-1;2K,;2K 2L,-1 , 

К,<К,<К 

_ /2L,-IC2L-1 + C2L-1 /2L,-1 + C2L,-IJ2L-1 _ C2L,-1 J2L-1 + 
2к,-I 2К-I 2к,-I 2К-I 2К-I 2Кг l 2к,-I 2К-l 

+( + J:E)C2L,-1-2L-l 
_ cL cL,-ск-ск,-U 2k,-l';2К-l-
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+( ~ C2L,-1;2L-l [2к,-l _ ~ C2L,-I;2L-l /2K'-I)_ 
L..J 2K,-1;2K-l 2К,-l L..J 2К,-1;2К,-l 2К-l 

~<K ~<~ 

( 
~ ·C2L.-1;2L-l [2к,-1 _ ~ C2L,-1;2L-l 12К'-1)_ 
L..J 2K-l;2К,-1 2к,-l L..J 2K,-1;2K,-1 2К-l 

K<~ ~<~ 

+ (~ C2L-1;2L,-1 /2L,-1 _ ~ C2L,-1;2L,-1[2L-l)_ 
L..J 2K,-1;2K-l 2L,-I. L..J 2K,-1;2K-l п,-l 

L<L, L,<L, 

C 2L,-1;2L,-1;2L-l J2K, + 
2К,;2К,-l ;2К -1 2L,-1 

~ C 2L ,-I;2L,-1;2L-l/2K, _ 
~ 2K,;2K,-1;2K-l 2L,-1 

L,<L,<L 

~ C 2L.-1;2L-l;2L,-1 J2K, + ~ , C 2L,-1;2L,-1;2L-l J2K,-I_ 
~ 2K,;2K,-1;2K-l 2L,-1 ~ 2k,-1;2К-l;2К,-1 2L,-1 

L,<L<L, L,<L,<L;K<K, 

C2L,-1;2L,-I;2L-l [2к,-1+ 
2K,-1;2K,-1;2K-l 2L,-1 

C 2L ,-I;2L,-1;2L-l J2K,-I+ 
2K.-l;2К-l;2К,-1 2L,-1 

C 2L,-1;2L.-l;2L-l J2K,-I_ 
2K,-1;2K,-1;2K-l 2L,-1 

C 2L ,-1;2L,-I;2L-l J2K,-1_ 
2K,-1;2K,-1;2K-l 2L,-1 

K<K,;L,<L,<L K,<K,<K;L,<L,<L 

C2L,-I;2L,-1;2L-l ]2к,-l + 
2K,-1;2K,-1;2K-l 2L,-1 

C2L.-1;2L-l;2L,-1 /2K,-I_ 
2k,-1;2К-l;2к,-1 п,-l 

K,<K<K,;L<L, 

C2L,-I;2L-l;2L,-1 [2к,-1 + 
2K,-1;2K,-1;2K-l п,-1 

Equations (А.2) are exact. 

C2L ,-1;2L-l;2L,-1 J2K,-1 = О 
2K,-1;2K,-1;2K-l 2L,-1 . 

APPENDIX В 

Our purpose is to obtain ап expression for the self-energy terms L~~,L) and L(K,L) in 
fourth-order perturbation theory. То do this we should obtain equations оп the quantities 
С::: in the «leading» approximation. Really, we need only six equations in the six quantities 
entering into Eqs. (А.2). The required system сап Ье obtained [roт Eqs. (3) and (А.l). These 
equations are 
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C2L,- 1; 2L,- 1; 2L - 1 
./ 2К,- 1; 2К,-I; 2к - 1 

C2L,- 1;. 2L - 1./ J2L,- 1; 2L,- 1; 2L - 1 

/
' 2К,- 1. 2К-I ,2К,: 2K,-I; 2К-I , , , , . 

. C2L - ___ (;2L,- 1; 2L - 1 C2L,: 2L,- 1; 2L - 1 

/,2К-I ,2К,;2К-I L ,2К,-I;2К,;2К-I 
" ' " ' C2L - 1 ' 2L,; 2L - 1 C2L,; 2L,- 1; 2L - 1 .'~--- ,2КХ~2к,-I;.2К. ,2k,:2k,;2K-I 
" , " , C2L C2L,;. 2L - 1 . C2L,; 2~,; 2~ - 1 
2К , 2К,. 2К ~ ,2K,-I. 2К .. 2К , , , , , 

C2L,; 2L си,; 2L,; 2L - 1 
ц;и ,~;ц;и , , 

C2L,; 2L,; 2L 
2К,; 2К,; 2К 

Fig. 1. Relation between various tепns С:::. Dashed lines represent scattering process 

( + + )C2L,;2L,;2L-I + €L €L, €L, - €K - €K, - €K, 2K,-I;2K,;2K 

+ C 2L,;2L, [2L-I + {C2L,;2L-I [п, _ C 2L,;2L-I [2L, } = о 2К,;2К 2к,-I 2К,;2К 2к,-I 2К,;2К 2к,-I , 

(р,н + €L + €L, + €L, - €K - €K, - €K,)Ci~::;f<,;~~~I-
_ {C2L,;2L-1 12L,-1 _ C2L,;2L-1 [2L,-I_C2L,;2L,-1[2L-l + C 2L';2L'-1[2L-I}_ 2K-I;2K, 2К, 2K-I;2K, 2К, 2K-I;2K, 2К, 2K-I;2K, 2К, 

_ { С2Lг l ;2L-1 [п, _ C 2L ,-1;2L-I [п,} = о 2k,;2K-I 2К, 2k,;2K-1 2К, ' 

( + + . )C2L,;2L,-I;2L-I + €L €L, €L, -I!:к - €K, - €K, 2K,-I;2K,;2K-1 

+ {C2L,;2L-1 [2L,-1 _ C2L,;2L-I [2L,-I_C2L,;2L,-1[2L-l + C 2L,;2L,-1 12L-I}+ 2K-l;2К, 2к,-l ,2K,-1;2K, 2К-I 2K-l;2К, 2к,-l ,2K,-1;2K, 2К-l 

+ {C2L,-1;2L-I I 2L, _ C 2L ,-I;2L-I[2L, } = о 2k,;2K-1 2к,-l 2к,;2к,-I 2К-I , 

( Н + + + )C2L,-1;2L,-I;2L-l J-t €L €L, €L, - €K - €K, - €K, 2K,;2K,-1;2K-I-

_ {C2L ,-1;2L-1 [2L,-1 _ C2L,-1;2L-I [2L,-1 + C 2L,-1;2L,-1 [2L-l} = О 2K,-1;2K-1 2К, 2K,-1;2K-1 2К, 2K,-1;2K-1 2К, , 

( + + )C2L,-1;2L,-1;2L-l + €L €L, €L, - €K - €K, - €K, 2K,-1;2K,-1;2K-I 

+ {C2L,-1;2L-l [2L,-1 _ C2L,-1;2L-1 [2L,-1 + C2L,-1;2L-l [2L,-I_ 2K,-1;2K-l 2к,-I 2K,-1;2K-l 2К,-I 2K,-I;2K,-1 2К-I 

_ C2L,-1;2L-I [2L,-1 + C2L,-1;2L-1 12L,-1 _ C2L,-1;2L-l 12L,-I+ 2K,-1;2K-I 2к,-I 2K,-1;2K-l 2к,-l 2K,-1;2K,-1 2К-I 

+ C 2L,-1;2L,-1[2L-1 _ C 2L,-1;2L,-1 1 2L - 1 + C 2L,-1;2L,-1 1 2L-I} = о 2K,-1;2K-1 2к,-I 2K,-1;2K-1 2K,-I. 2K,-1;2K,-1 2К-I . 

(В.l) 

Equations (В.1) сап easily Ье supplemented Ьу scattering terms, and Eqs. (7), (А.l), and 
(В.l) wi1l sti1l [олn а complete set. The structure of interaction Harniltonian (1) is such that 
scattering leads to connection of the given term оn1у with itself and with two (or опе) neighboring 
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termso These terms сап Ье obtained from the given one Ьу а change of рапtу of one of the 
upper or lower indexes. Therelationships among the various terms С::: are presented in Fig. 10 

APPENDIXC 

We are now able to obtain the self-energy parts L~j{..L) and ~K.L) in fourth-order 
perturbation theoryo Straightforward elimination of terms in с::.' with Р ~ 2 fют Eqso (6) 
using Eqs. (А,2) and (В01) gives 
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From Eqs. (6) and (А.2), the quantities сНг ! and c~f(:=-; сап easily Ье obtained in the 
third order of perturbation theory. We do not give these expressions here because on1y опе 
statement is essential for us: direct comparison of the quantities 8Е (Eq. (4» and self-energy 
LK,L (Eq. (с.2» shows that 

(с.З) 

Equation (С.З) is va1id for arbitrary spectrum Е К, Е L and arbitrary transition matrix elements 
1:::. Our conjecture is that Eq. (с.З) holds in аll orders of perturbation theory, and hence we 
сап put 

(СА) 

where 6 is exponentially small and сап Ье considered as ап order parameter. We also obtain 
from Eqs. (с.l) and (с.2) that self-energies LYlL and LKL coincide on1y in the second order 
of perturbation theory. They start to Ье different in the third order of perturbation theory. In 
the fourth order of perturbation theory, we obtain from Eqs. (с.l) and (С.2) 
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where 

(С.6) 

Straightforward calculation of the integrals in Eq. (С.5) leads to Eqs. (40) and (41). Both 
. Eqs. (40) and (41) are proved in two orders of perturbation theory. Our conjecture is that 
Eq. (41) is exact. 

5 ЖЭТФ, М4 1281 
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APPENDIXD 

In this Appendix we consider the role of the right-hand side of Eqs. (7) for а negative уаlие 
ofthe coupling constant, 9 < О. In tlle first order ofperturbation theory, we obtain from (А.2) 

C 2L ,;2L-l = 1. х 
2К '2К -,. {LH + €4(L, L 1; к, K 1) + д 

х [C 2L - 1/ 2L , _ C2L-l/2L, + ;2L'I2L - 1 _ C 2L ,/2L-l] 
2К, 2К 2К 2К,· 2К 2К, 2К, 2К , 

C 2L ,;2L-l - 1 [I2L' C2L-1 C2L, 12L-1 ] (D 1) 
2k,-1;2К- ц(L,L 1 ,К,К1 )+д 2K,-12K - 2К 2K'Tl' . 

C 2L ,-1;2L-l _ 1 х 
2K,-1;2K-l - €4(L, L1, к, K 1) + д 

х [I2L'-1 C 2L - 1 _ C 2L - 1 1 2L ,-1 + C 2L ,-1 1 2L - 1 _ C2L,-II2L-l ] 
2к,-l 2К-l 2к,-I 2К-l 2к,-l 2К-l 2К-l 2к,-l . 

Inserting (D.l) into (6), we obtain 

The quantities €4, €6 here ате the same as in Eq. (С.6). 
As before, on1y convolutions Zr;, YL are large for 9 < О. Furthermore, 

\ZL + YL \ '" g21ZL - Yr..\. 
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Ав the result, Eqs. (7) сап Ье reduced to just one equation: 

Z L - YL 1 + 9 ln -- + 9 In _ + ( ) [ 
Е:р . Е:р 
y+~ J1Л+У+~ 

g3 (/1 '/2)] 
+2" glП[Е:р/(J1'н+у+д}] + gln[E:p/(y+~)] = 

( Е:! Е:Р) J (ХК УК ) = / 9 ln _ + ln -- + 9 dx _ - , 
J.LH + У + ~ У + ~ J.LH + У + х + ~ У + х + ~ 

(D.4) 

where 

/ -J dxdydx 1 

1 - (р,Н + У + х + ~)(J1Й + У + Х1 + ~)(J.LH + У + х + У1 + Х1 + ~)' 

1 - J dxdy dx1 

2 - (У + х + д}(у + Х1 + ~)(y + х + У1 + Х1 +~)' 

(D.5) 

А simple calculation o(the integrals (D.5) gives 

(D.6) 

N ow we сап define the Kondo temperature Те to Ье 

Е:р 

Iglln T = z, 
е 

(D.7) 

where z is а root of the quadratic equation 

Z2 
1- 2z + - = о 

3 ' 
z = 3 - v'6 ~ 0.5505. (D.8) . 

From Eq. (D.4) we obtairi 

/(З 
ZL - YL = ------,.--~------"' 

IgIO- z/3)ln(J.LH + У + ~)(y + ~)/T;)' 
(D.9) 

where S is а number of order 1. Instead of Eqs. (41) and (42) we Ьауе now 

(D.I0) 

Ав before, the average spin (Sz) is given Ьу Eq. (27) with the replacement J.LH -+ J.LH: 

(Sz) = J.LH'. 
4(Т; + (J.LH/2)2) 1/2 

(D.ll) 
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Fig. 2. Magnetic 'field dependence of the 
average spin (8.). Oots are experimental 

of Ref. (4) 

О 0.5 1.0 1.5 2.0 
рН/2Тс 

ТЬе тagnetic field dependence ofthe average spin (8z ) (Eqs. ф.lО) and (D.ll)) is given 
in Fig. 2. Dots are the experimental results of Ref. [4]. 
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