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We consider а two-dimensional system of particles localized оп random1y distnЪuted sites of 
а square lattice with anisotropic transition matrix elements between localized sites. The diagram 
and replica methods асе used. The conductivity of а system in different limits of 1осаl sites and 
particles densities is calculated. The mbdel is relevant to the probIem оС strong nonmagnetic 
impurities in superconductors with d", _ у2 symmetry of the order parameter. 

1. INТRОDUCfЮN 

We ехаminе а system of randomly distributed impurities at а sites of а two-dimensional 
square lattice. An impurity potential generates а 10calized state with а strongly anisotropic 
(cross-shaped) wave function. The conductivity is produced Ьу due to hopping of particles 
between local states оп the same vertical or horizontal lines. This picture сап Ье realized in 
two-dimensional d"'_y2 -wave superconductors, where lосаl bound quasiparticle states сап arise 
in the presence of unitary impurities [1]. The wave functions of the 1оса! states are strongly 
anisotropic, with exponential decay in аН directions except 'Рn = (2n + 1)1Г /4, where the wave 
function is proportional to r- I • 

А similar anisotropy has а wave function of bound states in the vortex core in d-wave 
superconductors [2]. The wave function in the vicinity of gap nodes at large distances has the 
forrn 

1'P12 сх I'P - 'Рn I ехр( - 21'Р - 'Рn Ir / ~), 

with а maximum value 1'P1 2 сх ~/2r in the directions 'Р - 'Рn ~ ~/2r --. о. 
We will consider the foHowing tight-binding Hamiltonian: 

н = L t(rj - гдФ+(гдф(Гj)Р(гдР(Гj), (1) 
i,j 

where Ф+(Гi), ф+(Гj) are creation and annihilation operators, р(гд is the density of impurities, 
equal to 1 at the impurity sites, and to О otherwise. The transition matrix element has а 
cross-shaped confIgUration 

with 

t(r) = (15.,,0 + Бу,о)f(r), 

f(r) = J (~)'Y exp(-Kr), 
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and а is the lattiee eonstant. 
The plan of this artiele is as follows. In See. 2 we eonsider the case of low impurity 

density. In See. 3 we ealeulate the eonduetivity in the ease of high impurity density. Results 
are discussed in the' Conelusion. 

2. WW DENSIТY 

We eonsider now the limit of low impurity eoneentration (с -«: 1). In an external 
eleetromagnetic field we substitute in (1) 

. t(r; - ';) ~ t(r; - ,;)ехр [о, 1 A(r, t)dr] . 

The eleetrie eurrent is defined as usual wfth the Hamiltonian (1) Ьу varying over а gauge-in
variant veetor potential А 

jo;(t) = -ie 'L(ri - fj)<>,tij'P:(t)'Pj(t)PiPj tfxp (ieA(t)(ri - fj»), (3) 
i,j 

where tij = t(ri - fj). Since we will calculate j(U), we assume that the potential А depends 
only ontime t. Using the equation for the Green funetion G(t\,f\, t2,f2) 

(4) 

we obtain after Fourier transformation in the linear А approximation 

jo;(U) = : ~ ti,j(ri - fj)o;(ri - Гj)/ЭА/Э(U) ! ~~ G(Q, rj, fi)eiOo; -

'.3 

(5) 

Тhe summation in Eq.(5) is taken over impurity sites, and а -+ +0. In order to evaluate (5) 
in the lowest order with respeet to the eoneentration, we examine the ease of two randomly' 
loeated sites.· The Green funetion is found easily: 

U)+j.t 
G(uJ, fi, гд = (U) + м)2 _ t2 . ' 

'.3 (6) 

where j.t is the ehemieal potential. Substituting (6) into (5), we obtain in the ease when the 
sites are loeated оп the same horizontal ehain 

(7) 
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А similar equation сап Ье derived for the case of nonzero temperature. Тhe result differs on1y 
Ьу the Fermi filling factor. After averaging over impurity sites we obtain for the conductivity 
O"(w) = iQ(w)/w 

1Ге2 f O"(w) = 4c2L x2t(x)[nF(w- /-L) - nF(-w- /-L)]б(w- 2t(x»dx = 

= 1Ге2 с2 L x5t (xo)[nF(w - /-L) - nр( -w - JL)] 

8 It/(xo)1 ' 

where nр is the Fermi distribution function, and 2t(xo) = w. 
Substituting t(x) from (2) we get 

exp(-I\;xo) --
2J xJ 

( ) _ 1Ге2 2LхбlnF(W - /-L) - nF(-w - /-L)] 
О" w - ТС .' "1 + I\;Xo • 

In the limit of low frequency we have the following asymptotic behavior: 
1. 1\; = О, хо = (2J/W)1/,,!: 

2. 1\; =j О, I\;Xo '" log(2J /w): 

w ~ Т, ~(w) <х log2(2J /w), 

w« Т, O"(w) <х wlog2(2J/w). 

З. НIGH DENSIТY 

3.1. Green function 

'(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

. In case of high density of impurities we assume trutt the distribution function of impurities 
is а Gaussian with variance у: 

p(r;) = с + бр(гд, 

(бр(г;>бР(Гj»)р = g2бij , 
(15) 

where ( ... ) р denotes the average over possible impurity configurations. We assume that the 
concentration с :::; 1'. 

The one-particle Green function for the arbitrary impurity distribution is usually defined 
in terms of а functional integral as 
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G(E r г) = [Е - t .. (r·) (r.)]-j = i J DфDфф(r)ф(r')ехр(iS) (16) 
, , tJP • Р J r,r'. J DфDфехр(iS) , 

where 

(17) 

iSo = i L ф(r)Еф(r), (18) 

iS j = -i L ф(rj)t(rj - r2)р(rl)р(r2)ф(r2). (19) 
flfl 

Introducing an additional integration over new fermion fields Х, Х in order to eliminate the 
second order terms РР, we get 

exp(iSj ) = J Dx.Dx ехр {i L x(rj)c 1(rj - r2)X(r2) - ic ~ [х(r)ф(r) + ф(r)х(r)] -

- i ~ 8p(r) [х(r)ф(r) + ф(r)х(r)] } ~ , (20) 

where 

z = J DXDXexp {i f.1,x(rl)cl(rl - r2)x(r2)} , (21) 

cj(r) = ~ L e-1(k)eikr , (22) 
k 

e(k) = L t(r)eikr = -Jln [ (",2 + 4sin2 k;a) (",2 + 4sin2 k;a)] . (23) 
r 

The Green function in terms of the new two-component field <р, 

reads 

<р! (r) = ф(r), 

<P2(r) = x(r), 

4'1(r) = ф(r), 

4'ir ) = x(r), 

G(rj, r2) = -i(<p(rj) ® ~(r2»), 

where $(r) ;= (4'1 (r), 4'2 (r», and angle brackets are defined as 

( ... ) = J DфDфDХDх( . .. ) exp(iSeff) 

J DфDфDхDх exp(iSeff) 
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with 

. _.",,~ ( Е -с-бр(r») А 
zSeff - Z ~ rp(r) -с _ бр(r) г1(rt _ r2) rp(r). 

r 

(27) 

The equation for the Green function' after averaging over impurities in the Вот 
approximation reads 

with the bare Green function 

[QO(k)]-1 = [Е -с ] 
-с Cl(k) 

and the self-energy i; obtained Ьу summing diagrams without intersections 

A(k)_ 221 dkl xGA(k) х 
1: - 9 а (211У а 1 а . 

The solution of Eqs. (28), (30) is 

1:(k) = (~ ~) , 
А 1 [ 1 + g(k)B -i(c + iC)g(k) ] 

G(k) =. [1 + g(k)R] (Е - А) - (с + iC)2g(k) -i(c + iC)g(k) g(k)(E- А) , 

where 

- 2 2 1 dk (Е - A)g(k) 
А - 9 а (2'11-)2 [1 + g(k)B] (Е - А) - (с + iC)2g (k)' 

- 2 2 1 dk 1 - g(k)B 
В - -у а (21Г)2 [1 + g(ЮВ] (Е - А) :- (с + iC)2g(k)' 

. _ 2 2 1 dk (с + iC)g(k) 
zC - 9 а (21Г)2 [1 + g(k)B] (Е - А) - (с + iC)2g(k)' 

In the limit у2 « 1, we obtain 

'" с2 '" AR,A = ±i.!.. BR,A = -r-i-.!.. 
2' 'Е2 2' 

CR,A = ±i~ 1. 
Е2' 

"1 = 21Гg2а2-v - , Е2 (Е) 
с4 с2 

where v(g) is the density of states of the pure model (с = 1, 9 = О): 

v(g) = 1 (::)2 б(g - g(k». 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

Taking into account that А « Е, ВЕ « 1, С « с, we find for the Green function in the 
limit у2 « 1 

QR,A(k) _ 1 ( 1 cr(k») (36) 
- Е - c2g(k) ± i"l [1 + 3(с2 / E)g(k)] /2 cg(k) g(k)E ' 

where GRand GA are the retarded and advanced Green functions. 
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3.2. Drude formula 

The conductivity in our case is defined as in Sec. 1 in terms ofthe four-particle correlation 
function 

е2 J dk1 dk2 
O"E(W) = 27r (27r)2 (27r)2 V"(k\)v,,(k2)KE,,,(k\,k2;k2,k\), (37) 

where Е is taken at the Fermi level, 

1 
KE".,(k\,k2;k2,k\) = V Х 

, Х L ехр (ik\(x-y»ехр (ik2(z-t» (PXPYPzPtG~ (y,z,E+~) a~ (t,x,E-~)) р (38) 
x,y,z,t 

and 

(k') = Be(k) 
v" Bk" . 

Inserting the solution (36) into (37), we find in the lowest approxirnation 

е2 J dk (W) е2с6 (J)2 А(Е) 
O"E(W) = 27r (27r)2V~(k)G~ k,E+"2 G~(k,Е-w/2)= 27r Е В(Е)' 

where 

J dlk2 
А(Е) = v(k) vx(k), В(Е) = J 

e(k)-E/c' e(k)=E/c' 

v(k) = vv;'(k) + v~(k), and dlk is the element of length of the Ferrni surface. t 

The conductivity сап ье expressed in terms of а particle density defined Ьу 

1Г/а 1Г/а 

nо(Е) = а? J dkx J dkyB (~ - e(k»). 
-1Г/а -1Г/а 

We obtain in the low and high density limits 

о" '= { e;~6 327r ~:g2 2 ' 

е2с6 1 - ПО . 
- for 1 - ПО ~ 1. 

g2 4/1:4 1og2 /1: ' 

for по ~ 1, 

The asympto~ic behavior in the intermediate range О < ПО < 1 is 

with maximum value 

1 
о" тах '" 8/3 1 /1: og/l: 

reached at 1 ....., ПО '" /1:4/3. 
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Fig. 1. Diffusion venex 

Fig. 2. Crossed-ladder venex 

3.3. Perturbation corrections 

То go beyond the quasiclassical approximation we include contributions to the conductivity 
from «ditтusion-Iadder» and «crossed-ladde~ or «cooperon» vertices [3,4]. ТЬе additional term 
is 

where for the «ditтusion» vertex contribution we obtain (see Fig. 1) 

(47) 

Тhe solution of this equation does not depend оп k1 and k2• Therefore the contribution 
of the «diffusion» vertex to the conductivity is equal to zero because 

f dkl R А -
(271")2v,,(kl)Gl,a(kl)Gdl(kl) - о. (48) 

Now we consider the «cooperon» vertex contribution. Тhe vertex К(С) obeys the equation 
(see Fig. 2) 

K~~!biq)= 92(J"~c(J"bd + 92 f (2~)2(J"~e(J"bgG~,(I)G:b,(q -1.)K~~!;b,d(q), (49) 

where q, = k1 + k2 . , 

Using the Green function from (36) we сап rewrite this equation: 

where 

К(С) 1 Ь( k) '" '" К(С) - 2 '" '" ac;bd - 4 "-', аае (J"bg Теа1 Tgb1 a1c;b1d - 9 (J"ac(J"bd' 

Ь = 1+ ~ (iUJ - Dk2), 
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and 

f == (ехр1(в) 1 ) 
ехр(-В) , (52) 

where ехр(В) = с/Е. 
We seek а soIution of (50) in the form 

К(С) - 2,\", Jl. V KJl.V 
ac;bd - 9 L.J G' аЬ G' cd , (53) 

Jl.V 

where j.L,1I Е {O,x,y,z}, and KJl.V satisfies 

KJl.V - b(w', k) L (54) 
л=О,ж,у,z 

with 

( 

COSh2 В 
А 1 coshB 
Л=-

2 О 
- sinh В cosh В 

cosh ВО sinh В cosh В ) 
1 О sinhB 
О О О 

- sinh В О - sinh2 В 

(55) 

and 

(
100 О) 

А О 1 О О 
gc = О О 1 О . 

О О О -1 

А soIution of (54) сап ье found in terms of matrices И, В: 

KJl.V = UJl.mBLN(U-1)Nv, 

where 

В - 1 (U- 1) Jl.VU 
MN - 1- b(w,k)ZM MJl.g vN· 

ТЬе eigenvalues Z м and matrix И are 

Zo = 1, Zl = О, Z2 = О, 

1 
у'2 coshB 

1 
у'2 coshB 

1 1 

u= у'2 -у'2 

О О 

__ 1_ sinhB 
у'2 

__ 1_ sinhB 
у'2 

1100 

Zз = О, 

-isinhВ О 

О О 

О 1 

i coshB О 

(56) 

(57) 

(58) 

(59) 

(60) 

(61) 
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We see from (51) and (60) that the eigenmode with N = 1 on1y has singular behavior 
for UJ, k ~ о. Substituting solutions (60), (59), (57), (54), and (53) into (46) we obtain а 
10garithmica1ly divergent correction to the conductivity: 

8(J"=_~Jdq. 
21Г2 q 

(62) 

We consider the problem in detail in the next section using field-theoretic methods for 
diffusion mode interactions. 

3.4. Field-theoretic description 

Quantum сопесtiопs to the conductivity сап Ье described in terrns of а diffusion modes 
interactions. То derive an effective l..agrangian we make use of а replica method. Conductivity 
properties are determined Ьу the density-density correlation function 

(63) 

where 

(64) 

and angle brackets denote impurity avemging. 
Integrating over anticommuting Gmssmann variables ,,!, к, we сап write 

where 

2N 

iS = i 2:: 2:: к,~(Гl) {[Е + (UJ + i8)Лn ]Ir.,r, - tr"r,p(rl)p(r2)} к,n(Г2)' (66) 
rl,r2 n.=1 

and N is the number of replicas. 

лn = .{ 1, n ~ N, 
-1, n>N, 

(67) 

Тhe quadratic term рр сап ье transformed with the help ofthe additional Grassmann fields 
. v*, v 

ехр {-i 2:: I: Фl - r2)p(rl)p(r2)"'~ (r1)",n(r2)} = J Dv* Dv х 
rl,'2 n=1 

Х ехр {1, ~ ~ г1 (Гl - r2)v*(rl)v(r2)-i ~ ~ p(r) [v~(r)",n(r)+",~(r)vn(r)] } х 

х [J пу'пуехр {i~~Г'(r, - r')V'(r,)v(r,)} Г', (68) 

It is convenient to define spinors '1', х: 
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V2'Pn = ('Рn1 ) = (K~), 
'Рn2 Кn 

V2Чi = (-кn) 
n *' Кn 

(69) 

V2Xn = (Xnl) =' (у:) , 
Хn2 уn 

(70) 

or 

( О -1) С = 8тn 1 О ' (71) 

where С is the charge conjugation matrix. Тhe same relations hold between the original and 
Fourier components 

(72) 

(73) 

where 

(74) 

The action (66) takes the form 

iS = i { ~Чi(r) [Е + (~+ i8) л] 'P(r) + ~х(rдГl(rl -:- r2)x(r2)-

- ~ [x(r)'P(r) + Чi(r)х(r)] } , (75) 

where Л is а diagona1 matrix consisting of elements лn . Introducing new bispinors 

('P(r») 
Ч'(r) = x(r) , ~(r) = (Чi(r) x(r») 

we сап rewrite the action as 

(76) 
rt,r:z 

\yhere 

(77) 

is the bare Green function. 
Performing the average over а Gaussian distribution for the randomness we obtain 
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(exp(iSint)} = ( ехр [-i ~ c5p(r)<p(r)U"'ip(r)] ) = ехр { - ~ ~ [<p(r)u"'ip(r)]2 } . (78) 

The order parameter in the localization theory is а traceless tensor proportional to ('PЧi). 
Taking into account only 10ng-wavelength fluctuations we сап rewrite (78) as 

(exp(iSint») = ехр [g2 ~ U~bU~dP;:(r)Ptc';(r)] , (79) 

where 

Ptc"(r) =± Lip~(p)<p~(p + q)exp(-iqr), v = {n,i}. 
p,q 

Spinors ip and <р are related Ьу charge conjugation (71). This imposes symmetry conditions 

(80) 

р=срТсТ. (81) 

Introducing а Gaussian integration over the c-number matrix field Q, we obtain 

exp(iSeff) = / DQ ехр {f.1,<p(r1) [iGa1(r1, r2)+Ir1 1"2 ~Q(rl)] ip(r2)-

- ~ ~T' (QU'QU')} {J DQ ехр [-~ ~T' (QU'QU'>] } -, (82) 

After integration over the bispinor field ip we. obtain 

iSe/f = Tr ln [Юа 1 + ~Q] - L *Tr (Qu"'Qu"'). 
r 

(83) 

In the saddle-point approximation we use the equation 

c5S/c5Q = О, 

or • 
(Юа 1 + ~Q) -1 _ 2;2 U "'Qu'" = О. (84) 

The solution of this equation to 10west order in g2 is 

Qsp = A(cosh8 - U Z sinh8 + и"')ехР8, (85) 

Е/с = ехрО, . (86) 

with the Green function 
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G = 1 . (1 Е/с) 
Е+ЛJ..J/2-с2е(р)-2i",/Л Е/с Е2/с2 • 

(87) 

Expanding near the saddle point and using the symmetry of the tensor Q, we find 

2 

iSeff = Tr ln (iGo1 + i8Q) - 'l~ 2 L:Tr ([Q + 8Q(r)] аЖ [Q + 8Q(r)] аЖ} . (88) 
g r 

Taking Fourier transforms, Eq.(88) reads 

i8S ff = -~.!.. "{тr[8Q(q)аЖБQ<-q)ах ] -
е 16g2 L L..J 

q 

- g2 J (::)2 Tr[G(p)8Q(q)G(p + q)8Q( -q)] + Tr [i~"'/ (~ ~) 8Q(q)] } . (89) 

Оuе to the symmetry of the Q we сап write the variation 8q as 

(90) 

where all matrices Q а are real. Inserting the telation (90) into (89), we find, taking into account 
оnlу low-energy transverse (Q8Q + 8QQ = О) modes, 

where 

8Ве!! = - /2 L: [00/(3 - ~тr(а(3ажтааажт)] QaQ(3 + QO/TO/, 
g 0/,(3 

Dk2 c4'iP 
ьо = 1 - - D = _Ж Т = cosh В + a Z sinh В + аЖ, 

Фу , 4",/ ' 

Т - Т [iVJ (1 О) 0/ ж] а - r 2'А О О а а . 

After diagonalization we obtain 

where 

Qa = UO/IQI, 

1 1 
О О 

.;2 -.;2 
1 1 

-i sinhB .;2 coshB .;2 coshB О 
UO/l= 

-~ sinhB 
.;2 

-~ sinhB 
.;2 

- coshB О 

о О О 
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We see that the action (93) consists of only опе diffusion type mode (1 = 1). Тaking 

into account оnlу these modes and neglecting interactions w:jth other higher-energy modes, we 
obtain the well-known action of the nonlinear а model, 

s = f J dr [Tr(V'Q)2 - wTr(AQ)] , (96) 

where 

_ 'у w 
w = 16g2 D' 

1 'у 

"i= 16gZD. 

ТЬе renormalization group equations for this сазе were studied in Ref. [5]. In the limit N --+ О, 

we зее that in lowest order 

dlnw = о 
dlnk . 

(97) 

(98) 

Since the conductivity а is proportional to the ditтusion constant D, equations (97) and (98) 
determine the frequency and system length dependence of the conductivity. In particular, we 
Ьауе from (98) that a(w) (Х D (Х w for small w. 

4. CONCLUSIONS 

We Ьауе investigated а two-dimensional model with а new type of disorder due to а random 
distribution of local states with strongly anisotropic overlaps of wave functions. Тhis type 
of disorder, described Ьу а quadratic impurity density Hamiltonian (1), was not considered 
previously. ТЬе conductivity of the system was calculated in the limits of low (Sec. 2) and 
high densities (Sec. 3) of local states. Since perturbation theory leads to divergent terms 
(<<Cooperon» vertices) we used the field theoretic description in terms of а diffusion mode 
interaction. Introducing ап additiona} integration over fermion field and performing the average 
over impurities with the help of а replica trick, we obtained the action of the nonlinear а model. 
Renormalization group equations for this model determine the behavior of the diffusion constant 
and the conductivity. We Ьауе shown that this type of disorder leads to weak localization 
рЬепотепа in the high density limit, as in the изиаl two-dimensional сазе [6]. 

As mentioned in the Introduction, а similar picture сап Ье realized in nontrivial 
superconductors. А strong scattering impurity potential produces а resonant or marginally 
bound state inside the gap in а d-wave superconductor. ТЬе wave function ofthe impurity bound 
state is highly anisotropic, with 1 /Т decay along the nodes ofthe gap, and, ап exponential, angle
dependent decay range otherwise. А finite concentration of impurities leads to an formation of 
the narrow quasiparticle band. Ifwe simplify а picture and take into account scattering processes 
of quasiparticles inside this band only, we obtain our model. We note that our consideration is 
applicaыe only in the сазе of strong unitary impurities producing local bound states. Opposite 
cases of weak impurity seattering with ditтerent types of disorder were studied in Refs. [7, 8]. 
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