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The lowest order QED radiative corrections to the radiative large angle Bhabha scattering 
process in the region where аН kinematic invariants are large compared to the electron mass are 
considered. We show that the leading logarithmic corrections до not factorize before the Вот 
cross section, contrary to the picture assumed in the renormalization group approach. The leading 
аnд поп leading contributions for typical kinematics of the hard process at the еnеф of the Ф 
factory are estimated. 

1. INТRODUCTION 

Тhe large angle Bhabha scattering process (LAВS) plays an important role in е+ е- colliding 
Ьеаm physics [1 J. First, it is traditiona1ly used for calibration, Ьесаше it has а large cross section 
and сап ье recognized easily. Second, it rnight provide essential background information in а 
study of quarkonia physics. Тhe result obtained below сап also ье used to construct Monte 
Carlo event generators for Bhabha scattering processes. 

In our previous papers we considered the following contributions to the large angle Bhabha 
cross section: pair production (virtual, soft [2J, and hard [3J) and two hard photons [4J. Тhis 
paper is devoted to. the calculation ofradiative corrections to а single hard-photon ernission 
process. We consider the kinematics essentia1ly о( type 2 -+ 3, in which a1l possible scalar 
products of 4-momentl\t of extemal particles are large compared to the electron mass squared. 

Considering virtual corrections, we identify gauge invariant sets of Feynman diagrams. 
Loop corrections associated with ernission and absorption of virtual photons Ьу the same 
fermionic line are ca1led as Glass-type (G} corrections. The case in which а loop involves 
exchange of two virtual photons between different fermionic lines is ca1led Box-type (в) 
Feynman diagrams. The third class includes i the vertex function and уасииm polarization 
contributions (m-type). We see explicitly thatall terms that contain 'the square of large 
logarithms ln(s/m2), as well as those that contilin the infrared singularity parameter (fictitious 
photon mass л), cancel out in the total sum, where the emission of ап additional soft photon 
is a1so considered. 

We note here that the part ofthe general result associated with scattering-type diagrams (see 
Fig .. l (1, 5» was used to describe radiative deep inelastic scattering with radiative corrections 
taken into account in Ref. [5] (we labeled it the Compton tensar with heavy photon). А similar 
set of Feynman diagrams сап ье used to describe the annihilation channel [3J. 
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Jfv~~) :cfu~ 

X~~~ 
Fig. 1. G- and B-type Feynman diagrams for radiative ВЬаЬЬа scattering 

The problem of virtual radiative corrections calculations at the one-loop level is 
cumbersome for the process 

(1) 

Specifically, if at the Вот level we need to consider eight Реynтап diagrarns, then at the 
one-loop level we have as тапу as 72. Furthermore, performingloop momentum integration, 
we introduce scalar, vector, and tensor integrals ир to the thitd саnk with 2, 3, 4, and 5 
denorninators (а set ofrelevant integrals is given in oиr preprint [6]). А high degree ofsymmetry 
of Реуптап diagrarns for а cross section сап ье exploited to calculate the matrix element 
squared. Using it, we сап restrict ourselves to the consideration of interferences of the Вот
level amplitudes (Fig. 1 (1-4» with those that contain one-Ioop integrals (Fig. 1 (5-16». Our 
calculation is simplified since we ornit the electron mass m in evaluating the corresponding 
traces due to the kinematic region under consideration: 

8 '" 8, '" -t, '" -t '" -и '" -и, '" Х',2 '" X~,2 » т2 , 
8 = '2PlР2, t = -2P2P~, u = -2p,p~, 8, = 2p~p~ , 

t, = -2p,p~, и, = -2P2P~, Х',2 = 2k,p,,2, X~,2 == 2k,p~,2' 
'8 + 8, + t + t, + u + и, = О, 8 + t + u = X~, 
8, + t + и, = -х" t + Х, = t,+ x~. 
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We found that some kind of 10саl factorization took рlасе both for the G- and B-ty
ре Реynmaп diagrams: the leading 10garithmic contribution to the matrix element squared, 
summed over spin states, arising from interference of опе of the four Реуптап diagrams at the 
Вот lеуеl (Fig. 1 (1-4» with some one-loop-corrected Реуптап diagrams (Fig. 1 (~16», 
turns out to' Ье proportional to the interference of the corresponding amplitudes at the Вот 
lеуеl. The latter has the form 

)-3'" 1М 12 16 l т (А' д А О ) 1 Т (,;; А' ) Ео = (41Га L...J ' = --r 4 r р, 'l'Р, '" 4 r\jJ2'YuP2'YP = 
16 = ___ (и2 + и2 + 82 + 82) 

tX1X~ , , , 

-3'" * 8 (8 8, и и,)· 00 = (41Га) L...J М'М2 = - -- + -, -, + --, + --, х 
tt, Х1Х2 Х,Х2 Х1Х2 Х2Х, 

Х (и2 + иТ + 82 + 8Т), 

-3'" М (М* М*) (1 ZA) 4 { 4и,х; 10 = (41Га) L...J ' 3 +. 4 =- + - ---+ 
t8, х1 

4и(8, + t, )(8 + t) 2 + , - --[28ии, + (и + и,)(ии, + 88, - tt,)] + 
Х2Х, Х,Х2 

+ ~[2t,uUi + (и + и,)(ии, + tt1 - 88')]}, 
Х1Х, 

_ p~ + k, р, - k, -
О", - 'Ур--,-'Ур - 'Ур---'Ур, О", = О",(р +-+ м), 

Х, Х, 

where the Z -operator acts as follows: 

I 
р, +----+ p~ 

Z = Р2 +----+ р; 
k, -t -k, 

8 +----+ 8, I 
'И. +----+ и, . 

t, t, -t t, t, 

(3) 

It сап Ье shown that the total matrix element squared, summed over spin states, сап Ье 
obtained using symmetry properties realized Ьу means of the permutation operations: 

F = (1 + Р + Q + R)Ф = 
88 (82 + 82) + tt (е + t2) + ии (и2 + и2) = 16' , , , , , х 

88,tt, 

( 
8 8, t t, и и,) 

х --+-,-, ---, ---, +--, +--, , 
Х,Х2 Х,Х2 Х2Х2 Х,Х, Х'Х2 Х2Х, 

Ф = Ео + 00 - 10. 

The explicit form of the Р, Q, R operators is 

I р, +----+ -р; 8 +----+ 8, I 
р = Р2 +----+ -p~ t +----+ t, , 

k, -t k, и,и, -t и,и, . 

I Р2 +----+ -p~ 
Q= P;-tp; 

р" k, -t р" k, 

·8 +----+ t, I 
8, +----+ t , 

и,и, -t и,и, 
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I 
Pl--P~ 

Н= Р; -Р; 
Р2, k1 - Р2, k1 

s-t I 
Sl-tl . 

и,иl - и,иl 

ТЬе differential eross seetion at the Вот level in the еше of large angle kinematics (2) was 
found in Ref. [7]: 

3 d3 'd3 'd3k _ а Рl Р2 1 .с(4)(р " , ) 
dO'O(Pl, Р2) - -32 2 F " и 1 + Р2 - Рl - Р2 - k1 , 

S7r G1G 2c..Jl 
(6) 

where 101,102, and c..Jl are the energies ofthe outgoing fermions and photon, respeetively. The 
eoIlinear kinematic regions (real photon emitted in the direetion of one of the eharged partieles) 
eorresponding to the еше in whieh one of the invariants Xi, X~ is of order т2 yields the 
main eontribution to the total eross seetion. These require separate investigation, and will 
Ье eonsidered elsewhere. 

Our paper is organized as follows. In Sec. 2 we consider the contribution due to the 
set of Feynman diagrams Fig. 1 (~8) ealled g/asses here (G-type diagrams). Using erossing 
symmetry, we constrиet the whole G-type contribution from the gauge-invariant set ofFeynman 
diagrams in Fig. 1 (5). Moreover, only the set of Feynman ~iagrams depicted in Fig. 2 (d) сап 
Ье considered in practical calculations, due to an additional mirror symmetry in the diagrams 
of Fig. 2 (d, е). We therefore start Ьу checking the gauge invariance of the Compton tensor 
deseribed Ьу the Feynman diagrams of Fig. 2 (d, е) for all fermions and one of the photons 
оп the mass shell. In See. 3 we consider the contribution of amplitudes containing vertex 
funetions and the virtual photon polarization operator shown in Fig. 1 (l~16) and Fig. 2 (f; 
g). In Sec. 4 we take into aeeount the contribution of Feynman diagrams with virtual two-pho
ton ехсЬаngе, shown in Fig. 1 (9-12), called boxes here (B-type diagrams). Again, using the 
crossing symmetry of Feynman diagrams, we show how to use only the Feynman diagrams of 
Fig. 1 (9) in calculations. We show that the terms containing infrared singиlarities, as well as 
these containing large logarithms, сап ье written in simple form, related to certain contributions 
to the radiative ВЬаЬЬа cross section in the Вот approximation (3). We also control terrns 
inthe matrix element squared that do not eontain large 10garithms and are infrared-finite. 
Thus our considerations permit us to calcиlate the cross section in the kinematic region (2), 
in principle, to power-Iaw accuracy, i.e., neglecting,terrns that are 

Fig. 2. Content of the notation for Fig. 1 
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tJ(~ т2 L2 )', 
1г S • 

(7) 

as compared to О(а/1Г) terms calculated in this paper. Note that the terms in (7) асе less than 
10-4 for typical moderately high energy colliders (DАФNЕ, УЕРР-2М, BEPS). Unfortunately, 
the поп leading terms are too complicated to ье presented anaJyticaJly, so we рауе only estirnated 
them numerically. In Sec. 5 we consider emission of an additional soft photon in our radiated 
Bhabha process. То conclude, we note that the expression for the total correction, taking into 
account virtual and сеаl soft photon emission in the leading logarithmic approxirnation, has а 
уесу elegant аnd handy form, although it differs from what one might expect in the approach 
based оп renorrnalization group ideas. Besides analytic expressions, we also give numerical 
values, along with the поп leading terms for а few points under typical experimentaJ conditions. 

2. CONТRIBUТION OF G-ТУРЕ DIAGRAМS 

We begin Ьу explicitly checking the gauge invariance of the tensor 

(8) 

This was do'ne indirectIy in Ref. [5], where the Compton tensor for а heiiVY photon was written 
in terms of ехрЦсitlу gauge invariant tensor structures. We use the expression 

R~,~, = RX' + RX: , (9) 

where 

(О) = k2 - л2 , (2) = (p~ - k)2 - т2 , (1) = (Рl - k)2 _ т2 , 

(q)=(Pl-kl-k.)2_т2, A2=~(L -~) L =lпк!.. 
Хl ХI 2' ХI т2 • 

(11) 

The quantity RX' corresponds to the Feynman diagrams depicted in Fig. 2d, while RX: 
corresponds to those in Fig. 2 (е). The first term оп the right-hand side ofpq. (10) corresponds 
to the first two of Fig. 2d under conditions (2). Тhe gauge invariance Сбпditiоп R~~,kl-' = О 
is clearly satisfied. The gauge invariance condition regarding the heavy photon LoreiItz index 
provides some check of the loop momentum integrals, which can ье found in Ref. [6]: 

L -2 L,-l 
А = -2 ХI _ 6-:::.x,~...., 

Хl x~ 
(12) 

The gauge invariance is thus satisfied due to the Lorentz condition for the оп shell photon, 
e(k1 )k1 = О. As stated аЬоуе, the use of crossing symmetries of amplitudes permits us to consider 
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on1y RXI. For interference of amplitudes at the Вот level (see Fig. 1 (1-4) and Fig. 1 (5-8», 
we obtain in terms of the replacement operatorS 

{дiMI 2)o = 25a4JГ2(l + Р + Q + R)(1 + Й)[Е~' + 0i5 - I"fs' - IN], (13) 

with 

duо=--(1+Р+Q+R)Ф --L +-Lt +2Lt ln- , duo а А А А [ 1 2 3 л ] 
F JГ 2 t, 2' I m 

-tl 
Lt, = ln-2 • 

m 

3. VACUUM POLARlZATION AND VERTEX INSERTION CONТRIBUТIONS 

(15) 

Let us examine а set of m-type Реynmaп diagrarns. The contribution of the Dirac form 
factor of fermions and vacuum polarization (see Fig. 1 (1~16» сап ье parametrized as (l + 
r t )/(1 - Пt ), while the contribution of the РаиН form factor is proportional to the fermion 
mшs, and is omitted here. We. obtain . 

where . 

do-o а А А А 
dUm = - -2(1 + Р + Q + R)(rt + Пt)Ф, . 

F JГ 

-t 
L t =ln-2 • 

m 
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In realistic calculations, the vacuum polarization due to hadrons and muоns сап ье taken into 
account in а very simple fashion [8], just Ьу adding it to Пt • 

4. CONТRIBUТION OF ТНЕ В-ТУРЕ SET OF FEYNМAN DIAGRAМS 

А procedure resembling the опе used in the previous section, applied to the B-type set 
of Feynman diagrarns (Fig. 1 (9-12а», enables us to use only certain one-loop diagrarns 
in practical calculations, specifically three of those in the scattering сЬаппеl with uncrossed 
exchanged photon legs: 

2 5 4 2 """" " (lilMI )в = 2 о! 11" Re (1 + Р + Q + R)[(1 - Р22, )1f91 + (1 + Р22, )1~' - 1], (18) 

where 

and 

Иеrе 

I Р2 ~ -p~ 8 ~ и I 
Р22' = Рl ~Pl 81 ~Ul , 

P~, k1 --+ P~, k1 t, t1 --+ t, t1 

Х' - J d4k 1 16 1 Т (,;./ ВХ' "О ) 
119 - i1l"2 (0)(q)«P2 + k)2 _ т2) t 4 r\l'1 Рl 11' Х 

Х ~тr~I",(-Р2 - k),лр~,р), 

Х, _ J d4k 1· 16 1 (,:,/ XI" ) 
129 - i1l"2 (0)(q)«P2 + k)2 _ т2) ~ 4 Tr\l'IB Рl1р х 

х ~тr~I",(-Р2 - k),лр~022')' 

-J d4k 1 {4 1 Т {,:,/ "/ ВХ' " 012" (А + .8) 
1- i1l"2(0)(q) ~4 r\l'21pPl Рl Р2 . + 

+ ~ ~ Tr<p~0I'2'~IBXIPI1PP2(A + .8» } , 

А = 1".( -fi2 - k),л 
(Р2 + k)2 - т2 ' 

.8 = IЛ('-Р~ + 1.,)1". 
(-p~ + k)2 - т2 ' 

ВХ' = Iл<Рl - 1.,1 ..... k)'".<Р1 - k1)'/-L + Iл<Рl - 1.,1 - k)'/-L<P1 - 1.,)1". + 
. -ю (d) (d)(1) 

+ I/-L<P~ + k1 ),л<Рl - 1.,)1". 
x~(1) , 

(q) = (Р2-р~+k)2_л2, (d) = (р1-kгk)2_m2, 

(19) 

(20) 

(21) 

Ana1)itic eva1uations divulge а lack ofboth double logarithmic (сх: L;) and infrared logarithmic 
(сх: lп(лjm)L) terrns in the Ьох contribution. In spite of the explicit proportionaJity of the 
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individual contributions to the structures Ео , 00, and 10, the overall expression tums out to 
Ье somewhat convoluted, despite it has а factorized form in each gauge-invariant subset of 
diagrams. We parametrize the correction coming from the B-type Feynman diagrams as follows: 

(22) 

The total virtual correction to the cross section has the form 

d(J"1Jirt = d(J"o+d(J"m+d(J"B = d(J"o; [-L;+L. (1з1 +41n ~ +до+дт+дв ) +&(1)], 

1 (82 t2 . t2 . 82) 
~+~=_ф~_+~~_+~~_l+~~~, 

F ttl 88! 88! ttj 

(23) 

where Фр = РФ, ФQ = QФ, and ФR = RФ. 

5. CONТRIВUТION FROM ADDITIONAL 80FТ PHOTON EMI88ION 

Consider now radiative Bhabha scattering accompanied Ьу emission of an additional soft 
photon in the center of mass reference frame. Ву soft we mean that its energy does not exceed 
some small quantity де, compared to the energy е of the initial beams. The corresponding 
cross section has the form 

The soft photon energy does not ехсееdде « е! = е2 == е '" e~ е2. In order to 
calculate the right-hand side of Eq. (24), we use the master equation [9]: 

_::;jd:k (~~~;21 =-;ln(~:ie) w=v'k2 +л2 , (25) 
"'<&, 

47ra j d3k 2ql~· I - а [L 1 (т2(де)2). 1 L2 

167r3 ~ (kqj)(kq2) "'<&, -;: q n л2еj е 2 + 2 ч-

Here we used the notation 

_q2 
L q = ln -2-' q~ = q~ = m 2, _q2 = -(qj - q2)2 »т2 , 

m 

() = «i\ci2, 
(27) 

where el, е2, and () are the energies and angle between the 3-momenta ql, Q2, respectively, 
and л is the fictitious photon mass (аН defined in the center of mass system). 
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The contributions of each possible term оп the right-hand side· of Eq. (24) are 

-и 
Lu = In-2 , 

m 

-и, 

L u, = In--2 ' 
m 

z 

Li2(Z) == - J ~ In(1 - х), 
о 

where c;~ , c;i are the center of mass energies of the scattered electron and positron, respectively; 
0",02' are their scattering angles (measured from the initial electron momentum direction); 
and 0"2' is the angle between the scattered electron and positronmomenta. 

Separating out large logarithms, we obtain 

{jsojt = ~ {4(Ls _ 1) In тДС; + L~ + Ls In.!!.!.. + Ls In 1 - (;:"2' + О(1)}, 
1г ЛС; . ии, 2 (29) 

С"2' = cOS,O"2" 

This сап ье written in another [оrm, using experimentally measurable qиantities, the relative 
energies of the scattered leptons and the scattering angles (see ТаЫе): 

с;'. 1 у, + У2 - 1 
У; = --.!., С; =cosO:, -(1 - С"2') = , 

с; 2 У'У2 
t 1 + С2 U 1 - С2 t, 1 - с, 

-~ = У2-2-, --; = У2-2-, --; = У'-2-' \ (30) 

8, и, 1 + с, 
--; = у, +У2 -1, --; = У'-2-' 
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Numerical estimates оС dL and d versus Ун У2, ~1, С2 

f УI У2 СI С2 tlL tl 

1 0.36 0.89 -0.70 -0.10 10.70 -24.53 

2 0.59 0.66 0.29 -0.06 4.86 -Н.41 

3 0.67 0.67 0.50 0.30 5.82 -35.58 

4 0.68 0.65 0.60 -0.50 4.10 -10.45 

6. CONCLUSIONS 

Тhe double logarithmic terms ofty"e L; and those proportional to L.lп(Л/т) сanсеl in 
the overaH sum with the сопеsропdiпg terms from the soft photon contribution (29). Omitting' 
уасuuт polarization, we obtain in the logarithmic approximation , 

Тhe function tl(YI,Y2,CI,C2) is quite complicated. То compare it with tlL, we give their 
numerical values (omitting уасиит polarization) for а certain set of points from physical 
regions (32) and УI + У2 > 1, D > О (see ТаЫе). Considering the kinematics typical 
of large angle inelastic Bhabha scattering, we show the lowest-order contribution previously 
obtained [10] and the radiative corrections calculated in this work. 

After performing loop integration and shifting logarithms (Li = L. + Lis), опе сап 
see that the terms containing infrared singularities and double logarithmic terms '" L;, are 
associated with а factor equal to the сопеsропding Вот contribution. Тhш is true of аН types 
of contributions. 

The phase 'Volume 

. dЗ 'dЗр'dЗk 
dГ = РI 2 1 8(4)(р! + Р2 - р' - р' - kt ) 

c;~ 62""1 t 2 

сап ье transformed in various ways [10]. We introduce the variables (see Eq. (30» 

с;'. 
У; = ....!., Ci. = cos O~ , 

с; 
0< У; < 1, -1 < CI,2 < 1, (32) 

which parametrize the kinematics of the outgoing particles (these do not include а common 
degree of freedom, а rotation about the Ьеат axis). The phase уоluте then takes the form 
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(33) 

The allowed region of integration is atriangle in the у" У2 plane and the interior of the ellipse 
D > О in the р" С2 plane. 

We now discuss the relation of our result to the renormalization group approach. The 
dependence оп М/е in (31) disappears when опе takes into account hard two-photon emission. 
The leading contribution arises from the kinematics when the second hard photon is emitted 
close to the direction of motion of опе of the incoming or outgoing particles: 

z = 1 - Х2, 
У; 

z·=---
• У; + Х2 ' 

"-12 
Х2= -. 

е 

(34) 

The fractional energy ofthe additional photon varies within the limits l1e/e < Х2 = "-I2/e < 1. 
This formula agrees with the Drell-Yan form ofradiative Bhabha scattering (with switcped-off 
уасиит polarization) 

where the поп -singlet structure functions (!g are [11] 

(!g(z) = 15(1 - z) + 2: L(j(l)(z) + (;: L) 2 ~ .9(2)(z) + ... , 
(36) 

[1+z2 (3)] .9(1)(z) = liт --8(1 - z - 11) + 15(1- z) 21nl1 + - . 
~-+O 1 - z 2 

In our calculations we see explicitly а factorization of the terms containing double 
logarithmic contributions and infrared single logarithmic ones, which arise from G- and m -type 
Feynman diagrams. То ье precise, the сопеsропding contributions to the cross section have 
the structure of the Вот cross section (6). But the аЬоуе claim fai1s to ье true for terms 
containing single logarithms. Непсе, the Drell-Yan form (35) is not valid in this сме, and 
the factorization theorem breaks down, because the mass singularities (large logarithms) do 
not factorize before the Вот structure. That is because of plenty of different type amplitudes 
and kinematic variables, which describe our process. The reason for the violation of а naive 
usage of factorization in the Drell-Уап form has presurnably the same origin with that 
found in Ref. [12], where the authors claimed that it is necessary to study independently the 
renorrnalization group behavior of leading logarithms before different amplitudes of the same 
process. Note that in the e/L - e/L'Y reaction, which сап easily Ье extracted from our results, 
factorization does take place. We also see from (31) that factorization will take рlaсе if аll 
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the logarithmic terms Ьесоте equal, i.e., In(sl/m2) = In(s/m2) = .... ТЬе source for the 
violation of the factorization theorem, we found, might Ьауе а relation to some of those found 
in other problems [13]. 

Numerica1 estimates (see ТаЫе) for the Ф factory energy range (..fS ~ 1 GeV) shows that 
the contribution of the поп leading terms coming fюm virtua1 and soft rea1 photon emission 
might reach 35%. Additiona1 hard photon emission will а1З0 contribute to I:!L and I:!. То get 
ап explicit form of that сопесtiоп, опе has to take into account а definite experimenta1 setup. 

Obviously, ап analogous рЬепотепоп of the factorization theorem violation takes рlасе 
in QCDin processes like qij -+ qijg and qij -+ qij-y. А consistent investigation of the 
latter processes, taking into account the рЬепотепоп found, сап give а certain correction to 
predictions for large аnglе jet production and direct hard photon emission at proton-antiproton 
соШdеrs. 

We are gratefulto D. У. Shirkov for useful discussions and pointing Ref. [12] out to us. 
We а1З0 thank А. Belitsky, Р. Fепо, N. Merenkov and L. Trentadue for participating at the 
very beginning of this investigation. We are а1З0 indebted to А. Belitsky for assistance in the 
creation of the tables of integrals [14] used in this paper. This work was supported in part Ьу 
INTAS (grant N293-1867 ext). 
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