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An explicit expression for the exeitation spectrum of the stationary solutions of а nonlinear 
wave equation is obtained. It is found that aII branches of many-valued solutions of а nonlinear 
wave equation between the (2К + 1, 2К + 2) turning points (branch points in the complex plane 
of the nonlinearity parameter) are unstaЫe. Some parts of branches between the (2К,2К + 1) 
turning points are a1s0 unstaЫе. ТЬе instabi1ity of the latter is related to the possibi1ity that рш 

. of complex conjugate eigenvalues cross the reaI axis in the к. рlanе. 

1. INТRODUCТION 

@1998 

In the Ref. [1-5] it was found that for а transverse electromagnetic wave (Fig. 1) propagating 
in а nonlinear medium, manу states are possible fO( а given amplitude of the incident wave. ТЬе 
nonlinear medium was Шеп in the form of а slab. ТЬе reflection and transmission coefficients 
in this сазе are functionals of the state. In а linearmedium, there exists Оnlу опе state for а given 
incident wave, and this state is stable аgainst small perturbations. In а nonlinear medium, some 
ofthe states are stable and some are unstablе.agaШst small perturbations. This property is very 
important for practical purposes, In this раре! we. study the proble~ of stability for all states. 
The тain result is as follows: all solutions ofthe nonlinearproblem сап ье parametrized Ьу опе. 
parameter Pl, which is equal to the transparency of the поnlinеа! medium. This parameter Рl 
is а mu1tivalued function of the effective nonlinearity 1-". ТЬе graph of Рl = РI (1-") has tuming 
points (see Fig. 2). All branches between the 2К + 1 and 2К + 2 (К = 0,1,2, ... ) tuming 
points are unstable, and some рartз of branches between the 2К and 2К + 1 tuming points 
are unstable against small perturbations. In thermodynamics it is also possible to fmd тапу 
solutions for given extemal conditions. Some of them are stable, some are not. But there 
always exists а state that yields the absolute minimum ofthe free energy. All other stable states 
сап ье considered metastable. Qnly quantum о! thermal fluctuations сап lead to transitions 
between different metastable states. In а dynamical problem, оп the other hand, there is по 

incident wave .-
reflected wave 
• 

о 

nonlinear medium 

d 

transmitted wave 
• 

Fi.g. 1. Geometry of wave propagation 

1487 



Уu. Н. Ovchinnikov ЖЭТФ, 1998, 114, .Ыn. 4(10) 

'f 
lt---------·-t-

(1 + n2у. 
~-----------------------------------

Иg. 2. Dependence of Pl оп р.; the number of solutions for given р. 

general principle that distinquishes one solution from all other loca1 stable states. Which state 
will ье realized after а transition from an U11$ble state is still an unsolved problem. 

2. FORМULATION OF STAВILIТY PROBLEM 

We investigate the stability of solutions of the wave equation 

. /РЕ 1 /Р д 2_ 

дх2 - 2с2 дt2 дЕ (ЕЕ) - О, (1) 

in а slab оflеngth d. In Щ. (1), n is the refractive index and с the speed oflight. In the general 
case, ро is а function of position х. In real materials J1.o '" Ео2, where Ео is the electric field 
оп the atomic scale. Hence, in real materials J1.o1E12 ~ 1. only such а case will ье considered 
below. We investigate the stability of soIutions of Eq. (1), that take the form 

(2) 

for an incident wave given Ьу 

Аехр (i~ х). (3) 

It is convenient to use the dimensionIess variables 

ц/n З, ЦJn. 
У = ~X, J1. = 4J1.oIAI 2, 'Фо -+ А'Ф, ь = ~d. (4) 

Then Щ. (1) takes the form [5] (inside the slab) 

(1 + 2J1.1'Ф1 2 )'Ф + ~:~ = о, (5) 

with boundary conditions 

, i 
'Ф(о) = 1 + R, Ф(о) = -(1 - R), . n 
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'Ф(ь) = ТеОЬ/n , 'Ф(ь) = !:... Teib / n . (6) 
n 

ТЬе unknown coefficients R and Т can ье eliminatedfrom Eq. (5), and we оbtaШ 

'Ф(о) - in'Ф(о) = 2, 'Ф(ь) + inф(ь) = О. (7) 

We represent 'Ф in the form [5J' 

'Ф= .jPeiOl. (8) 

ТЬе value ofthe function Р(у) at point Ь (РI = р(Ь» completely determines the moduIus ofthe 
transmission and reflection coefficients: 

(9) 

Equation (1) for the stationary solutions of (урс (7) can ье reduced to а function Р оnly [5], 
and its solutions in the general case are еШptiс functions. ТЬе condition Iр.Е2 1 « 1 drastically 
simplifies (Ье investigation о! sOlutions of typc (8) [5). 

ТЬе qualitative dependence of РI оп the effective nonlinearity is shown in Fig. 2 (see also 
Бq. (48». . . 

We are аЫе now to formuIate the stability problem for solutions о! typc (8).We seek а 
solution о! Eq. (1) in the Солn 

Е=Во+Ё, 

where во is given Ьу Eqs~ (2), (8), and 

(10) 

Е1 = Re [e-.... t (E,e-.t + E2e"""'t)] . (11) 

ТЬе boundary condШоns for the function Ё correspond to the outgoing wave: 

(Е:) = _!:...(1 + iK), . (Ef) =!:...(1 + il\;), 
~I о n Е1 ь n 

( E~) . = _!:...(l + i-I\;*), (E~) =!:...о + iK*). (12) 
~ о n ~ ь n 

Inserting Eq. (11) into Eq. (1), we оЬtain 

~~l + (1 + il\;)2 {(1 + 2р.IФI2)Е1 + 2р.(1'Ф12 Е, + 'Ф2 Е2) } = о, 

а;; + (1 + il\;*)2 {(1 + 2p.lтPI2)~ + 2р.<I'Ф1 2 ~ + ф2 Еn} = О. (13) 

NotMhat Ф is the solution of Eq. (5) with boundary conditions given ьу (6). The system 
of equations (13) with boundary conditions (12) сап ье considered an eigenvalue problem for 
the symmetric operator Е. The explicit Солn оСореrator L is given ьу Бq. (13). We easily 
оbtain for the first linе 

А az 2 
L l1 = ду2 + (1 + 4р.1'Ф1 ), 

А 2 А • 2 
L1З = 2р. cos(2а)I'ФI, L 14 = 2р. sm(2а)I'Ф1 . (14) 

Ав а trivial fact, we note that if 1\; is an eigenvalue, then so is 1\;*. 
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3. STAВILlТY IN LINEAR MEDIUM 

Consider as а starting point the linear case (J.t = О). In the linear case, the system 
of equations (13) decouples into two independent subsystems for the quantities Е1 and Е2 • 

Solution ofthe flfSt of Eqs. (13) yields 

(15) 

From the boundary conditions (12), we obtain 

(16) 

Solution of the second of Eq. (16) yields 

к= --1п-- +z 1- - ;" N = 0,±1,±2 ... 1 n+l .( 1ГN) 
Ь n -1 Ь 

(17) 

The second of Eqs. (13) yields 

K=_~1nn+l -i (1- 1ГN); N=0,±I,±2 ... 
Ь n -1 Ь 

(18) 

Непсе the full spectrum of the operator L in the linear case is given Ьу Eqs. (17) and (18). 
The real part of all eigenvalues is negative, hence the unique solution of (5) is sшЫе in the 
linear case. 

If the length Ь of the slab is given Ьу 

Ь = 1ГNо + е, (19) 

then for n » 1, two eigenvalues of the linear problem are closer to zero then all others: 

K12 = --1п -- ±-. 1 (n + 1) ie 
, Ь n"'С" 1. Ь 

(20) 

As we will see below, these two eigenvalues play а special role in th~ nonlinear problem. 

4. STAВILIТY PROBLEM IN NONLINEAR MEDIUM 
\ 

Points where BJ.t/ дРl = О are turning points. It is easy to show from Eqs. (5) and (7) that 
the function д"р / д Рl is а solution of the system of equations (13) for к = о. This теаns that 
of the two branches entering at the turning point, опе is unstaЫе, Ьесаше in the vicinity of 
the turning point к '" БРl. We prove this statement below. 

We use the following simple expression [5] for Р and а: 

{ 1 ( 1 ) 2 ( (у - Ь) ) } Р = Рl n2 + 1 - n2 cos 1 _ 3J.tPl (1 + 1/n2) /4' (21) 
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In Eq. (21), а(о) is the phase of фаt the point у = О: 

[ nдР/дУ ] 
а(о) = arctg 2· ( +) . 

PI" Ру-о 
(22) 

Equations (5) and (21) епаЫе us to .represent the function Ф in а form that yields an explicit 
physical picture of nonlinear wave propagation. Inserting the expression (21)into Eq. (5), we 
find that Ф сап ье represented in the form 

ф = ei>,,(b-y) (Aei l'(b- y ) + Be- il'(b- y») + еiл,(ь-у) (Ceil'(b- y) + Dе-i(I'-Л)(Ь-У») , (23) 

where 

1 
, = -:---::---::---:--;-;:::-7":' 

1 - 3ILPI(1 + 1/n2)/4' 

Equation (5) leads to the following expression for the quantities ЛI,2: 

ЛI,2 = ±л, (24) 

where л = ILPI/2n. From the same Eq. (5), we a1s0 obtain two equations for the quantities 
А, В and С, D. As а result, we have 

Ф = в [ (1 + ~) ехр (-i(, - л)(Ь - у» + (1 - ~) ехр (i(, + л)(Ь - у»] + 

+ с [( 1 +~) exp(i(, - л)(Ь - у» + (1-~) exp(-i(")' + л)(Ь - у»] . (25) 

Now from the boundary condition (7) at у = Ь, we obtain опе equation for В and С 

с = в ILPI (! + ~) 
4 2 2n2 • 

(26) 

Finally, recalling that IФ(ь)1 = ..JPI' we have 

Ф = v; [ (1+~) ехр (-i,(b-y» + (1-~) ехр (i,(b-y»] ехр (iфс+iл(Ь - у», (27) 

where Фс is some constant, that is simply related to the рЬме ао given Ьу Бq. (22). 
Equation (27) means that the speed oflight is slightly different for waves тоving in opposite 

directions; and this is опе of the main effectS' of nonlinearity. 
Below, we use expressions (21) and (27) to so1ve the stabi1ity problem. 
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S. DERIVAТlON ОР ТНЕ EQUATION ОР ТНЕ SРЕСПШМ " 

ТЬе spectral points к" defined Ьу Eqs. (13) with boundary conditions (12), are the roots 
of soте equation that is an analytic function of к, апд the associated parameter Рl. Near the 
turning points, there exists а region where the two eigenvalues are real. ТЬт еnaЫез us to 
consider оnlу real-valued к,. ТЬе equations for к, оЬШiпед under the assumption that к, is real 
сап ье analytically continued into the complex к, plane. ТЬе roots of this equation also yield 
the complex values of It of the initial eigenvalue problem, given Ьу Eqs. (12) anд (13). 

For real values of к" we obtain the following eigenvalue problem: 

(28) 

Е' . 
1(0) - ~ (1 +. ) -- - -- ,к" 

ЕI(О) n 

Е' . 
l(Ь) _ t (1 + . ) 

-- - - ZI>, 
ЕI(Ь) n ' 

(29) 

where 11/11 is given Ьу Eq. (21) апд Ф is given Ьу Eq. (27). Equation (28) has four linearly 
independent solutions. We seek them in the form 

Ё1 = Aei("Y+P)(b-У) + Be'("Y-Р*+РР,!n)(Ь-1I) + Се-О("У-{3)(Ь-У) + De-i("У+{3* -РР'!n)(Ь-У) , (30) 

where А, В, С, D anд {3 are complex numbers. We omitted in expression (30) higher harmonics 
with srnall amplitudes of order О(Ар,). We шо put 

(31) 

Inserting expression (30) for quantity Ё1 in to Eq. (28), we оЬШiп the following system of 
equations for the А, В, С, D: 

where the matrix А is 

! (1+~) + iк,-{3 
4 n2 р'Рl 

А= 
! (1-~) 
2 n2 

1 iк,-{3 
-+--
2n Р,Рl-

О 

ТЬе values of {3 are solutions 

~ В* ( А ) 
А ~* = О, 

~(1_~)2 ! (l-~) 2 n2 

! (1-~) 2 n2 
! (1+~ ) + iк,+{3 
4 n2 р'Рl 

2-+~. 
2n р'Рl 

о 

О 
_2-+ iк,+{3 

2n р'Рl 

detA = О. 

1492 

(32) 

! (1-~) 2 n2 

~ (1+~Y 
. (33) 

о 

_2-+ iк,+{3 
2n р'Рl 

(34) 



ЖЭТФ, 1998, 114, выл. 4(10) Stobility рroЫет . .. 

А simple calculation of det А yields 

( ..!...+iK-13)2 (_..!...+ iK+13)2 =0. 
2n ILPt 2n ILPl 

(35) 

We see that еасЬ eigenvalue 13 is доиЫу degenerate. As а result, we obtain оnlу two linearly 
independent solutions of Eq. (28) of the fonn (30): 

Ё1 ::;:: i [Аехр (i(')' + ILPl/2n +iK)(b-у») + Сехр (-i(')' - ILP1/2n - iK)(b- у»)], (36) 
\ 

where А апд С are real numbers. 
Two other sоluЧопs of the system of equations (28) сап ье found in the fonn 

Ё1 = (iy+ Ад ехр (i(')'+ILP1/2n+ik)(b-у») +С1 ехр (-i(')'-ILР1/2n-iк)(Ь-у») (37) 

for 13 = ILP1/2n + iK, anд 

Ё1 = (iy+C2) ехр ( -i( ')'- ILPI /2n +ik)(b-у») + А2 ехр (i( ')'+ ILPI /2n-iк)(Ь-у») (38) 

for 13 ::;:: ILPt/2n - iK. 
Inserting expressions (37) anд (38) into Eq. (28), we obtain the following system of 

equations for the coefficients А1 ,2 апд С1 ,2: 

апд 

• ILPt 1 ILPI 1 *_ 
( ) 2 ( (А 1 + А1 )4 1 - ~ + т 1 - n2 ) (С1 + С1 ) + 1 - О, 

(С1 + Cn IL: 1 (1 + ~2) + (А1 + A;>IL~1 (1 - ~2) + 2iKC1 = О, 

(С2 + C;>IL:1 (1 + ~2) + IL~1 (1 - ~2) (А2 + А2 ) - 1 = О, 

(A2+A2)IL:1 (1_~)2 +IL~1 (1- ~2)(C2+C;)+2iKA2=O. 
ТЬе solutions of the system of equations (39), (40) are 

2· i 1 + l/n 
Аl = - С1 = - - ---'-:с-

ILPl{1-1/n)2' к 1-1/n' 
А - i 1 - 1/n С2 = 2 

2 - ~ 1 + l/n' ILPl(1 + 1/n)2' 

Непсе, the general solution of thesystem of Eqs. (28) is 

Ё1 = i ( А ехр (i(')' + ~1 + iK)(b - У») + в ехр ( -i ( ')' - ~1 + iK) (Ь - У»)) + 

(39) 

(40) 

(41) 

(42) 

+ Се-К(Ь-У) [(-iУ + ILPl(1: 1/n)2) ехр (i (')' + ~1) (Ь - У») + ~ : ~ ~j: х 
х ехр (-i (')' - ILPl) (Ь _ У»)] + De"(b-y) [(iY + 2 ) х 

2n ILPl(1 + 1/n)2 

х ехр (-i (')' - ~) (Ь - У») + ~ ~ ~~~: ехр (i (')' + ~) (Ь - У»)] . (43) 
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In Eq. (41), А, В, С апд D are real nurnbers. 
The boundary conditions (29) at у = Ь yield the first pair of equations for the coefficients 

А, В, С, D. In the leading approxirnation for the pararneter Il, we have 

С = D (1- l/n)З 
• 1 + 1/n 

А ( 1 + 1/n) _ В _ С ( 1 + 1/n) (Ь + .!.) + D (-Ь + .!.) = О. (44) 
1 - 1/n 1 - 1/n к, к, 

The second pair of equations for the coefficients А, В, С, D we оЬtain frorn the Ьоипдасу 
. conditions (29) at у = О: 

where 

А (1 - ~2) e-к.Ь cos(l'+b) - В (1 + ~) 2 ек.Ь cos(l'_b) + 

+Ce-к.Ь (1 + 1/n) (2Sin(l'+b) _.!. (1 + .!.)2 CO~(I'_b») + 
1 - 1/n IlPl к, n 

D Kb(2sin(l'_b) 1(1 1)2 ( Ь»)-О + е + - - - cos 1'+ -, 
IlPl К, n 

А ( 1 - ~2) e-к.Ь sin(l'+b) + век.Ь (1 + ~) 2 sin(l'_b) + 

+Ce-к.Ь ( 1 + 1/n) (_ 2 cos(l'+b) + .!. (1 + .!.) 2 Sin(l'_b») + 
1 - 1/n IlPl к, n 

D к.Ь (2COS(I'_b) 1 (1 1)2. ( Ь») - О + е + - - - sш 1'+ -, 
IlPl . К, n 

IlPl 
'У± = l' ± Тr;:' 

(45) 

(46) 

The condition that the systern ofEqs. (44) апд (45) has nontrivial solutions leads to an aJgebraic 
еquaЧоп for the spectrurn к, of the eigenvalue problern, given Ьу Бq. (28) with boundary 
conditions (29). То оЬtain this equation, it is convenient to elirninate the coefficient С frorn 
the systern ofequations (44), (45), апд to calculate the deterrninant ofthird order. The result 
of this calculation is 
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То simplify Eq. (47),we use the equation [5] for Рl 

'- 8(1- Pl) n 2 

1 - cos(2')'b) - (2 1)2' 
Pl n-

(48) 

Inserting the expression for cos(2')'b) from Бq. (48) into Eq. (47), we оЬtain the following 
equation for the spectrum points к,: 

32n2 + sin(2')'b) [(е2I<Ь -1) (1 + ~)2 _ (е-2I<Ь _ 1) (1- ~)2] + 
J.tpib(n2 - 1)2 к,Ь, n n 

+sin(2')'b) ((1 + ~) 2 + (1- ~)2) + 

+_2 [(е2I<Ь _ 1) (1 + 1/n)2 + (е-2I<Ь _ 1) (1- 1/n) 2] = О. 
bJ.tPl 1 - 1/n 1 + 1/n 

(49) 

Ав noted аЬоуе, Eq. (49) solves the general eigenvalue рrоblещ given Ьу Eqs. (12) and (13). 
Near the turning points, Eq. (49) has two,real solutions. If n ~ 1, then both are in the 

range Iк,ы� «: 1. In the range Iк,ы� «: 1,we оЬtain from Eq. (49) the quadratic equation 

[ 16n2 n2 + 1 . ] [ 16n(n2 + 1) 4. ] 
J.tptb(n2 - 1)2 + 3~ sш(2')'Ь) + к,Ь J.tP1b(n2 _ 1)2 + n sln(2')'b) + 

2 2 [ 1 n4 + 6n2 + 1 п2 + 1 . ] _ 
+4к, Ь J.tPIb (n2 _ '1)2 + ~ sш(2')'Ь) - О. (50) 

The first term in Eq. (50) vanishes at the turning points, because the equation for the 
turning points is precisely the free term in Бq. (50): 

16n2 n2 + 1 
2ь( 2 1)2 + 3-2- sin(2")'b) = О. 

J.tPl n - n 
(51) 

The last statement immediately follows from Eq. (48). The coefficients of the terms к,Ь 
and (к,Ь)2 in Eq. (50) are both positiveat the turning points, becausePl is bounded from аЬоуе 
and below: 

(?2) 

The inequality (52) is а consequence of Eq. (48). Hence, near the tUГl1ing points the two 
eigenvalues are real: One of them сап ье found from Eq. (50) for anу vaJue of the refractive 
index n; it changes sign at the tщning points. The second eigenvalue is a1so sma1l (Iк,ы� «: 1) 
near the turning points only if n ~ 1. For all other eigenvalues Iк,ы� ;::: 1. 

We are аЫе now to give а qualitative picture of the movement of these two .1owest» 
eigenvalues. It is presented in рщ. 3. At some values of J.t, the two conjugate eigenvalues 
reach the real axis in the к, plane (point (1,1) in рщ. 2). After collision, they Ьесоте real. 
Опе of them moves along the real axis towards the origin, апд reaches it at point 2 (turning 
point, branch point in the J.t-plgne). After that, one branch is unstable (see рщ. 1). At point 3, 
both eigenvalues reach their extreme values and start to decrease in absolute value. At point 4 
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Fig. 3. Trajectory of two -conjugate. 
eigenvalues, опе of them pзssing through 

zero 

we go to the next turning point. Note that in the limit р, -+ О, Eq. (49) yields for к the values 
ofthe linear problem (Eqs. (17), (18». 

То complete our investigation, we need to prove the possibility of the complex eigenvalues 
(with 1т к, l' О) crossing the real axis Re к, = о when the nonlinearity pammeter р, changes 
from zero to some fmite value. 

Suppose that for some value of the parameters (bP,Pl; 1'ь) а purely imзginary solution of 
Eq. (47) exists with к, = i;' (к. is real). Then from Eq. (47), we оЬtain two equations: 

4 _ . (2 ь)tg(к.ь) (n2 - 1)2 
--- -sm l' --
JLPl Ь к.ь n2(n2 + 1) I 

(53) 

and 

sin(21'b) 2(n:: 1) (1 + SiП~ьк.ь») _ JL:tb [COS(21'b) _ cos(2к.ь) n::2 6~21; 1) = о. (54) 

! 
Inserting the expression for Р,РIЬ from Еч. (53) into Eq. (54), we findone equation for 1'ь 

and к.ь 

2(n:: 1) (1 + SiП~к.ь») + 

+ к.ьn~(~:~ 1) [(n2 - 1)2 cos(21'b) - соs(2к.ь)(n4 + 6n2 + 1)] = О. (55) 

Тhe function оп the left-hand side of Еч. (55) is an even function of the pammeter к.ь. 
Непсе, we сап inveStigate just the region к.ь ~ О. Consider firSt к.ь in the rangе 

7г 
к.ь Е 2" [2K1, 2К + 1], K=O,l, ... (56) 

That is, 

. к.ь = 7ГК + Х, 0<X<.,rj2. (57) 

In the rangе given Ьу Еч. (57), we have 

!(Х) = 2(n2 + 1) (1 + Sin(2X») + tgX 
n2 к.ь к.Ьn2(n2 + 1) х 

х [(n2 - 1)2 cos(21'b) - cos(2X)(n4 + 6n2 + 1)] = О, {58) 
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~ <Х < 1f/2. 

It is easy to prove that the function onthe left-hand зiде ofEq. (58) is positive for О ~ Х < 7г /2. 
То check this, we сЬаngе the cos(2-yb) to -1 and tind 

!(Х) > 2(n2 + 1} (1 + sin(1Х}) + 8tgX . 2 Х 
- n2 2К,Ь К,Ь(n2 + 1} sш , 

0< Х < 7Г/2. 

(59) 

In the rangе О < Х < 7г /2, the ехрreзsiоп оп the tight-hand зiде of the inequa1ity (59) 
is positive; and Ьепсе in the rangе 

К,Ь Е ~ [2К,2К + 1], 

Eq. (55) does not have а solution. 
Consider now the rangе 

К,Ь Е ~ [2К + 1, 2К + 2], (60) 

that ш, 

К,Ь = 7ГК + 7Г/2 + Х; 0< Х < 7Г/2. (61) 

In the rangе (61), we obtain from Бq. (55) 

](Х) = 2(n2 + 1} (1 _ Sin~2X») _ 
n2 к,Ь 

ctgX 
- к'Ьn2(n2 + 1} [(n2 - 1)2 cos(2-уЬ) + сos(2х)(n4 + 6n2 + 1)] = о. (62) 

For апу va1ue of the parameter ~Ь, the function j(x) given Ьу Eq. (62) varies from -00 to 
2(n2 + 1}/n2 when х goes from zero to 7г /2. Непсе, there еxistз а minimum of опе solution 
of Eq.(55} in the range 

к,ь Е ±~[2K+l,2K+2], K=0,1,2. (63) 

Тaking Бq. (53) into account, we tinд, that цew unstable modes (with ImIf, 7' о) a1ways 
appear outside some neighborhood of the turning points, Ьесаuзe the quantity /lsin(2-yb) is 
negative at all turning points (/lsin(2-yb) < о). ТЬе зystет of Eqs. (48), (53), (62) can have 
а solution only if l/lbl is sufficiently large, во we fшd that all branches between the turning 
роintз (2К + 1, 2К +2; К = о, 1,2 ... ) are unstable. For l/lb\ greater than some critica1 va1ue 
b/lcr(n), some parts of branches between the turning РОintз (2К, 2К + 1, К = 1, 2 ... ) ·Ьесоте 
unstable. ТЬе instabi1ity of these branches is re1ated to раirз of conjugate eigenva1ues сrossing 
the rea1 axis Re к, = о. ТЬе сrossing роintз are given Ьу Eqs. (53) and (55). 
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6. LIMIТING СЛSЕ OF WEAК NONLINEARI'IY 1p.IB <: 1 

In the case IfLlb « 1, the tuming point сап exist on1y if the refractive index n » 1, so . 
IfLlbn;::: 1. In the vicinity ofthe tuming points, "УЬ is close to 1ГN, where N is an integer: 

"УЬ = 1г N + € + 371 Ь. (64) 

In the range of parameters considered here, Eq. (48) сап ье reduced to the сиЫс equation 

уЗ + У (4 _ €2n2) _ (2€2nЗ + 8т + 3fLЬn) = О 
3 27 3 ' 

where 

У = 2т + 3fLbnpl 
3 4' 

From Eq. (65) we find that at the tuming points, У is given Ьу 

у = ±(€2n2 _ 12)1/2/3. 

From Eq. (51), it follows that the tuming points exist on1y if fL€ < О. 
Between the tuming points, all three solutions of Eq. (65) are given Ьу 

where 

_ 21ГК 1 (€ЗnЗ + 36т + 81fLЬn/2) 
!.pk - -3- + заrссоs (n2€2 _ 12)1/2 ' к = 0,1,2. 

Equation (50) for к сап ье substantially simplified in tbls case 

. 2 2] к2ь2 + 4кЬ + ~ [4 + зу2 _ n € = О. 
n n2 3, 

The solutions of tbls equation are 

2 1 Jn2€2 (Kb)12 = -- ± - - - зу2. 
. n n 3 

(65) 

(66) 

(67) 

(68) 

(69) 

(70) 

(71) 

It is easy to see that between the tuming points, оnе mode has positive values of кЬ, hence the 
branch between the tuming points is unstable. 

7. CONCLUSIONS 

In this paper we formulate an algebraic equation for the excitation spectrum к that solves 
the problem of the stability of the solutions of а non1inear wave equation in а slab. It is found 
that all branches between the (2К + 1, 2К +2) tuming points are always unstable. Some parts 
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of branches between the (2К, 2К + 1) turning points are alз0 unstable. The instability of the 
latter is associated with the possibility that раirз ofcomplex conjugate eigenvalues cross the real 
axis in the K-plane. Such а phenomenon сап take рlaсе only if the effective nonlinearity is 
sufficiently strong <lJ.tI > /l-cr(n». In that еУеnt, the temporal behavior oftransitions between 
stationary states, when the amplitude of the incident wave varies, сап ье very complicated. 

It was possible to оЬtain ап explicit expression for the excitation зресtrиm, but only Ьу 
virtue of the weak nonlinearity of thecoefficient in the wave equation. Strong nonlinear effects 
result from the large length of the nonlinear medium compared to the wavelength scale. 
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