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Semiclassical quantization of the SU (3)-skyrmion zero modes is performed by means of the
collective coordinate method. The quantization condition known for SU(2) solitons quantized
with SU(3) collective coordinates is generalized for SU(3) skyrmions with strangeness content
different from zero. Quantization of the dipole-type configuration with large strangeness content
found recently is considered as an example and the spectrum and the mass splittings of the
quantized states are estimated. The energy and baryon number density of SU(3) skyrmions are
presented in the form emphasizing their symmetry in different SU(2) subgroups of SU(3), and
the lower boundary for the static energy of SU(3) skyrmions is derived.

1. INTRODUCTION

The chiral soliton approach proposed at first by Skyrme [1] allows one to describe the
properties of baryons with fairly good accuracy [2-4]. Considerable progress has been made
recently also in understanding the properties of few-nucleon systems [5-7]. Moreover, this
approach allows some predictions for the spectrum of states with baryon number B > 1 [8-13].
The quantization of the bound states of skyrmions, primarily their zero modes, is a necessary step
towards realization of this approach. Different aspects of this problem have been considered,
beginning with the papers [2, 13] and [8, 9, 14]; however, more general treatment allowing the
consideration of arbitrary SU(3) skyrmions was lacking until recently.

In the sector with B = 2 besides the SO(3) hedgehog with the lowest quantum state
interpreted as an H-dibaryon [8, 9], the SU(2) torus — a bound B = 2 state — was discovered
10 years ago [15]. In the flavor-symmetric (FS) case, when all meson masses in the Lagrangian
are equal to the pion mass, there are three degenerate tori in the (u, d), (d, s) and (u, s) SU(2)
subgroups of SU(3). In the flavor symmetry broken (FSB) case the (u, s) and (d, s) tori are
degenerate and heavier than the (u,d) torus. Another local minimum with large strangeness

Fig. 1. Map of the different local minima for
classical configurations with B = 2 in the plane
(Cy — C4), Cs. Here C,, Cq and Cgs are the
scalar quark contents of the soliton, (1) is the
SO(3) hedgehog, (2),(3) and (4) are SU(2) tori in
the (u,d), (d, s) and (u, s) subgroups of SU(3),
and (5) is the dipole-type configuration (strange
skyrmion molecule)
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content was found recently in the SU(3) extension of the model [16]. This configuration is
of molecular type and consists of two interacting B = 1 skyrmions located in different SU(2)
subgroups of SU(3), (u, s) and (d, s). The attraction between two B = 1 skyrmions in optimal
orientation which led to the formation of the torus-like state is not sufficient for this when
both skyrmions are located in different SU(2) subgroups of SU(3) and interact due only to
one common degree of freedom. To find this configuration a special algorithm was developed
allowing for the minimization of an energy functional depending on eight functions of three
variables [16]. The position of the known B = 2 classical configurations representing local
minima in SU(3) configuration space is shown on Fig. 1 in the plane with the scalar strangeness
content C's [17] as Y'-axis and the difference of the U- and D-contents as X -axis. Since the
sum of all scalar contents is equal to unity, they are defined uniquely at each point of this plot.
The SO(3) hedgehog (1) has all contents equal to 1/3 [12]. Intuitively this is clear, since the
basis for the SO(3) solitons is formed by the matrices A,, —As, A7 and they are located in three
SU (2) subgroups of SU(3) on equal footing. The three tori in three different SU(2) subgroups
of SU(3) are denoted by the labels (2), (3) and (4), the u — d symmetric state (2) with Cg =0
being of special interest. The configurations (3) and (4) can be connected by isorotation in the
(u, d) subgroup. The dipole type state (5) found recently [16] has a binding energy about half
of that of the torus, i.e., about 0.04 of the mass of the B = 1 skyrmion.

The zero modes of solitons have been quantized previously in a few cases: for SU (2) solitons
rotated in the SU(2) [2] as well as in the SU(3) configuration space of collective coordinates
[13,8, 14], and also for SO(3) solitons [8,9]. In the case of SU(2) solitons rotated in SU(3)
space the quantization condition known as the Guadagnini condition [13] was established; see
also [18].

The quantization of the SU(2) B = 1 hedgehog yields the spectrum of baryons, mainly the
octet and decuplet, and moderate agreement with the data has been achieved [4]. Quantization
of the SU(2) torus in the SU(3) space of collective coordinates leads to predictions of a
rich spectrum of strange dibaryons [19, 11]. Most of them are probably unbound if a natural
assumption concerning the poorly known Casimir energy of the torus-like solitons is made; see
also the discussion in the last section.

However, these solitons are only particular cases, since other types of solitons exist, €.g. the
above-mentioned solitons of dipole type with large strangeness content [16], point (5) on Fig. 1.
In general, one should expect that the map of the local minima in the SU(3) configuration
space will come more and more complicated with as the baryon number of the configuration
increases. In some cases the local minima corresponding to larger strangeness content may
have greater binding energy than configurations small or zero C's. Therefore, a quantization
procedure for arbitrary SU(3) solitons should be developed. This is a subject of the present
paper ([20] contains a preliminary short version).

2. THE WESS-ZUMINO-WITTEN TERM

Let us consider the Wess-Zumino (WZ) term in the action which defines the quantum
numbers of the system in the quantization procedure. It was written by E. Witten in the elegant
form [21]:

s = %E”MBW/Triﬂiui‘aiﬁi"‘/dsx,7 @
Q
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where Q is the 5-dimensional region with 4-dimensional space-time as its boundary, N¢ is the
number of colors of the underlying QCD, and L, = U'd,U. As usual, we introduce time-
dependent collective coordinates for the quantization of zero modes according to the relation:
U(r,t) = A(t)Uy(r)Af(t). Integration by parts is possible then in the expression for the WZ-term
in the action, and we obtain for the WZ-term contribution to the Lagrangian of the system:

where Lo = UldoUp = iLg oM and Ry = daUU] = UpLo U], or

k=8

LW% =< 2/Zkadew——Zka , 3)

with the angular velocities of rotation in the configuration space defined in the usual way,
At A = —jw; A /2. Summation over repeated indices is assumed here and below. The functions
W Z, can be expressed through the chiral derivatives Ly:

WZ,=WZR+WZE = (Ru(Uo) + 6)W ZE, (42)

i,k=1,...,8, and

WZLl = —(Ly, L4Ls + L¢L7) — (L,L3Lg)/V'3 — 2(Lg, LsL7 — LsL¢)/V/3,

W2} = ~(La, LaLs + LsLy) — (LsLiLa)/V/3 = ALy, LaLs + LsL)/V3,

WZE = —(Ly, LyLs + LgL7) — (L1LyLg)/ V'3 — 2(Lg, LaLs — LsL7)/V/3,

WZ§ = —(Ls, L1 Ly = LsLo) = (LsLsL)/V/3 + 2Ly, Ly L + LoLe)/V3,
WZ§ = —(Ls, 1Ly = LsL7) + (L3LaLs) /3 = 2ALs, L1 Ls — L, L)/ V3, ©
W ZE = (Ls, Ly Ly + LaLs) + (LsLyLg)/V/3 — 2Ly, LiLs — LrLa)/V/3,
WZ} = (L7, LiLy + L4Ls) — (L3LsLg)/ V3 + 2(53: LiLs + LyLs)/ V3,
W Z§ = —V/3(LiLaLy) + (LyLaLs) + (LgLsLy),

where (L;L,L3) denotes the mixed product of vectors L;, L,, L3, etc. and

Ls=(Ls+V3Le)/2, Ls=(/3Li=Ls)/2, Ly=(-Is+V3Ly)/2, Lg=(/3Ls+Lg)/2

are the third and eighth components of the chiral derivatives in the (u, s) and (d, s) SU(2)-sub-
groups. Here [L}Lg] = —[LsLg], etc.

1
Ri(Uy) = 5 Tr MUMU]

is a real orthogonal matrix, and W Z; R are defined by the expresswns (5) with the substitution
L, — Rj. Relations similar to (5) can be obtained for wz 3 and Wz g; they are analogs of
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W Z; and W Z; for the (u, s) or (d, s) SU(2)-subgroups, thus clarifying the symmetry of the
W Z-term in the different SU(2) subgroups of SU(3).

The baryon number of the SU(3) skyrmions can be written also in terms of L; in a form
where its symmetry in the different SU(2) subgroups of SU(3) is obvious:

L X
272

X / ((LlL2L3)+(L4LSI:3)+(L6L7133)+';‘[(LlyL4L7—LSL6)+(L2,L4L6+L5L7)])d37'- )

B:

The contributions of the three SU(2) subgroups enter the baryon number on equal footing.
In addition, mixed terms corresponding to the interaction of the chiral fields from different
subgroups are present also.

It should be noted that the results of calculating the WZ-term according to (5) depend
on the orientation of the soliton in the SU(3) configuration space. When solitons are located
in the (u,d) SU(2) subgroup of SU(3), only L,, L, and L; are different from zero, W Z{
and W Z§ are both proportional to the B-number density, and the well known quantization
condition by Guadagnini [13] rederived in [18],

Yr = %dLWZ /dws = N.B/3, (7)
applies, where Yy is the so-called right hypercharge characterizing the SU(3) irrep under
consideration. This relation is generalized to [20]

2
73_

where the scalar strangeness content Cg is defined in terms cf the real parts of the diagonal
matrix elements of the matrix U:

dL"Z [dwg = ! N.B(1 — 3Cys), 8)

Yénin = 3

<1 - RCU33)
(3 —Re(Uy; + Uy, + Us))’

Cs= )

and (. ..) means averaging or integration over the whole 3-dimensional space [17]. This formula
was checked in several cases.

a) One can rotate any SU(2) soliton of the (u, d) subgroup by an arbitrary constant SU(3)
matrix containing Uy = exp(—iv\y). Inthiscase Cs = (1/2) sin® v [17], and both W ZE, W ZL
are proportional to Rgg = 1 — (3/2) sin?v. As a result, the relation (8) is fulfilled exactly.
Solitons (3) and (4) on Fig. 1 can be obtained from the (u, d) soliton (2) by means of U, or
U,U, rotations and satisfy relation (8). For example, when the skyrmion is located in the (u, s)
SU(2) subgroup of SU(3) we have

LW Z(u,s)= — ﬂf\zch (ws — V3ws). (10a)
For skyrmions in the (d, s) SU(2) subgroup
LY%d,s)=— ﬁNcB(ws +v/3ws). (10b)
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Since Cs = 0.5 in both cases [17], relation (8) holds. To derive (10a,b) we have noted that
if the soliton is located in any SU(2) subgroup of SU(3) two terms in (2) and (4a) give equal
contributions. :

b) For the SO(3) hedgehog the strangeness content was calculated previously, Cs =
=1/3, [12,11] and LW Z = 0 according to [8], at least for periodic A(t) [9]. The standard
assumption that the angular velocities are constant corresponds to (quasi)periodic behaviour of

A(t), so, relation (8) is satisfied.
¢) We obtained the relation (8) numerically for solitons of the form [16]

U =UL(u,s)U(u,d)Ur(, s), (11)

with U(u,d) = exp(ia);)exp(ibAs) and Uy (u,s) and Ug(d, s) being deformed interacting
B =1 SU(2) hedgehogs. For this ansatz we had for the rotated SU(3) Cartan-Maurer
currents [16]:

LL’ = $4Cal3i, ‘ ng = dia,
L3, = (C2al3s — 73:)/2 + dib, Lj; = colys,

(12)
L3, = cala, Lg; = salii + r1i(b),

L3, = saly +1(b), Ly = V3(lz + 13) /2.

in terms of the SU(2) Cartan-Maurer currents [ ; and 7 ; (¢,k = 1,2, 3) and the functions
a and b, with

T1(b) = cpry — 8p7m2, T2(b) =cprat SpTy, cp =cosb, s, =sinb, ¢, =cosa,etc.

7y = ULdUy, irgFy, =dURUS, k=1,2,3.
Here
Ur(u,s)= fo+i7efe, Ur(d,s)=q +ituqe, k=1,2,3,

7 and 7 are the Pauli matrices corresponding to the (u, s) and (d, s) SU(2)-subgroups, and
it +fH=Lg+. . .+gd=1

T=TLT!, Uy=VT, V =U(u,s)exp(ia);), T =exp(ib\)U(d,s).

The chirally invariant quantities, B-number density (6), and the second-order and Skyrme term
contributions to the static energy have the same form in terms of Lx; and L7,. The formula
(4a) should be written then as

WZ; = [Ri(V) + Ry (THIW ZE, (4b)

with WZ ,f given in terms of L according to (5). In the following we shall omit the index «r»
everywhere. Relations (10a,b) can be checked easily with the help of (4), (5) and (12).
Using (12) and (5) we obtain

V3

Wzy = ‘2—((111213) + () + so[(hr; — ril, I +13) — (ds,ls, 13 — 2db)]).  (13)
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It follows from (13) and (4) that at large relative distances, for arbitrary but not overlapping
solitons, and for a = 0, we have

1
szn - LWZ = /WzLd3 =
\/§ 2V/372 b ¢
1
= 3 [[00) + @rrlds = ~(Be + B2 (14)

where By, and Bp are the baryon numbers located in the left (u,s) and right (d, s) SU(2)
subgroups of SU(3). Relation (8) holds since Cs = 1/2 for both (u, s) and (d, s) skyrmions.
Equation (14) does not hold in the general case for overlapping solitons, since there is no
conservation law for the components of the Wess-Zumino term.

For the strange skyrmion molecule [16] we should calculate (3), (5), (8) with W Z; =
= (Rgr (V) + Rpg(TYHYW Z kL The contribution —(By + Bg)/2 also appears with some additional
terms which turn out to be small numerically. We obtained Cs = 0.475 and Y"”" = —-0.87
in the FSB case, so relation (8) is satisfied with good accuracy.

It is natural to assume that (8) is valid with good accuracy for any SU(3) skyrmions.
However, corrections to this relation are not excluded by our treatment.

3. ROTATION AND STATIC ENERGY

We start with the well known Lagrangian density of the Skyrme model widely used in the
literature since [2]. It depends on the parameters F, = 186 MeV (experimental value) and the
Skyrme parameter e:

o J R S
LSk = —E TrLuL;L + ﬁei Tr(LuLu - LVL[J,)z + LM (15)

We take e = 4.12, close to the value suitable for describing, with a bit more complicated
Lagrangian, the mass splittings inside the SU(3) multiplets of baryons [4]. The chiral and
flavor-symmetry-breaking mass terms Ly, in (15) depending on meson masses will be described
in detail in Section 4.

The expression for the rotation energy density of the system depending on the angular
velocities of rotations in the SU(3) collective coordinate space defined in Section 2 can be
written in more compact form than previously [20, 16]:

F2

Lrot 32

T(@0F+@3+ .+ @p)t
1 ! )
+Tez {(512 +545)% + (845 + S67)> + (867 — 812)° + 3 ((2513 — S45 — S57)> + (2833 + 847 — $56)>+

+(2834 + S16 — 527)° + (2535 + 817 + 536)> + (2836 + 814 + 835)% + (2837 + 515 — 524)2> } (16)

Here s;;, = &Ly — @x Ly, 3,k = 1,2...8 are the SU(3) indices, and s34 = (s34 + \/_s34)/2
$35 = (S35 + V/3885)/2, 836 = (—$36 + \/—Sxe)/2 s377 = (=83 + v/3847)/2, similar to Ly and Lg.
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XOTD, 1997, 112, euin. 6(12) Semiclassical quantization. . .

To get (16) we used the identity: $q4Scd — SadScb = SacSbd- The formula (16) possesses
remarkable symmetry relative to the different SU(2) subgroups of SU(3). The functions Lg or
Eg do not enter (16) as well as expression (6) for the baryon number density. The functions w; are
connected with the body-fixed angular velocities of SU(3) rotations by means of transformation
(see (8) above)

o =ViwV - TwTT, (17a)
or
&; = (Ri(V1) = Rip(D))wy = Rewg. (17b)

Ry (V') = Ryi(V) and R, (T) are real orthogonal matrices, i,k = 1,..8, and &} =
= 2(wf- — Rii(Up)wrw;). Expressions for R;; are given in the Appendix for the general case
of the parametrization (11). Relations (17) hold just because we are operating with rotated
functions L}; in (12).

The expression for static energy can be obtained from (16) by means of the substitution
w; — 2L; and s;;, — 2[L;L;], [16]. Tt can be written in a form which emphasizes quite clearly
the lower boundary for the static energy proportional to the winding (baryon) number of the
system:

E [
Egar = /{g I:(Lx — 2m3 — Ny +msg)? + (Ly — 203, — ngg — ns7)? + (Ly — 2ms3 + my7 + my) >+

2 .
+(Ls—2m34—ny6+ny7)>+(Lg— 273 +“15—ll24)2“'(L7"2“3(r'"14—llzs)2"‘§ ([L3+L3—3(n12+n45)]2+

+[Ls + Ly — 3(n4s + ng7)]? + [Ls — Ly — 3(ngy — nlz)lz)l + M.t + 3r2%é}d3f, (18)

where B is the baryon number density given by the integrand in (6), f = Frer and n;;, = [L;Ly].
When i = 4,5, k = 3 then iq should be taken in n;;. Fori=6,7 I-,3 should be taken. In (18)
we used relations 153 — I:; = L; and

(L + L)+ (Es + Loy + (s ~ L) = 203+ D).

The chiral- and flavor-symmetry-breaking mass term M.t. will be considered in Section 4.
From (18) we have the inequality

Esta.t - m Z 37T2%B. (19)

This inequality was obtained first by Skyrme [1] for the SU(2) model and is a particular case
of the Bogomol’ny-type bound.

Eight diagonal moments of inertia and 28 off-diagonal ones define the rotation energy, a
quadratic form in w;wy, according to (16), (17). The analytical expressions for the moments of
inertia are too lengthy to be reproduced here. Fortunately, it is possible to perform calculations
without explicit analytical formulas, by substituting (17) into (16).
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The expression for E,.,; simplifies considerably when the (u,d) SU(2) soliton is quantized
in the SU(3) space of collective coordinates:

F? 1
mt(SUz)——”(wl @3t +w7)+ (512+523+531+ (@3+.. +w3)(l2+12+l2)), (20a)

or

2

R

2 2 2 2
(wi +ws +wg +w7)] +

- . 1-f
2 2 02 2 2
+ 52 [w I; — @) + 5 E(w; + ... +w7)] , (20b)

where
@; = [Rix(Uo) — Sixlwi = 2(fi fx — 6ik + focira fr)wi

for i,k = 1,2,3, w and @ have three components in the (u,d) SU(2) subgroup with & =
4[w?f? — (Wh)?].
To derive (20b) we used also that

QP+ =2(1 - fo) (Wit .. +wd).

Here 1; parametrizes the chiral derivatives of Up: UJ diUy = i7il; k, and the functions fy, f
define the matrix Uj in the usual way

= (difo)* + ... + (di ).

Equation (20b) defines the moments of inertia of arbitrary SU(2) skyrmions rotated in
SU(3) configuration space and illustrates well that the SU(2) case is much simpler than general
SU(3) case. The analytical expressions for the moments of inertia of axially symmetric SU(2)
skyrmions, also rotated in v-direction, can be found in [11, 19].

When the SU(2) hedgehog is quantized in the SU(3) collective coordinates space only
two different moments of inertia enter [8,13,14]: ©; = 0, = Q; and O, = O5 = Qs = O,
For the SO(3) hedgehog the rotation energy also depends on two different moments of inertia:
0, =0; =0;and B, = O3 = O, = B¢ = O3 [8,9]. In the case of the strange skyrmion
molecule we obtained four different diagonal moments of inertia [20]: ©; = ©, = Op; Os;
04 = 05 = ©g = ©; = Og and ©g. Numerically the difference between ©5 and O, is not large
while Oy is a bit greater than Og (see Table 1 below). In view of the symmetry properties of
the configuration many off-diagonal moments of inertia are equal to zero. Few of them are
different from zero, but at least one order of magnitude smaller than the diagonal moments of
inertia, e.g. ©4 and Os;. For this reason we shall neglect them here in making estimates.

The Lagrangian of the system can be written in terms of the angular velocities of rotation
and moments of inertia in the form (in the body-fixed system)

(G2} 2+@s

(C] (Ch)
Lrot = =5} +wd) + i+ (] +wf + 0 +wf) + S + Ouslwaws —wewn) + ... (21)

The above-mentioned relations between the different moments of inertia of the strange molecule
can be obtained in the following way, at large distances between the two B = 1 hedgehogs.
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Table 1

The values of the masses M,;, the mass term M.t. (in MeV), the strangeness content

Cs and the moments of inertia (in 10~3 MeV~') for the hedgehog with B =1 and the

dipole configuration with B = 2 [16] in the flavor-symmetric (FS) and flavor-symmetry-broken

(FSB) cases. Here M.t. is included in M,;, F, = 186 MeV and e = 4.12. The accuracy
of calculations is at least ~ 0.5% in the masses and few % in other quantities

B M M.t. Cs On Os O3 Oy Q33 |O4 = —0Os7

FS 1 1702 | 46 - 5.55 | 2.04 - - - -
FS 2 3330 | 87 |0495| 4.14 | 7.13 | 2.86 | 8.14 | 0.01 0.63

FSB 1 1982 | 199 — 3.24 | 1.06 — - —
FSB 2 3885 | 380 | 0475 | 2.44 | 4.13 | 1.70 | 4.77 | 0.002 0.24

When the B = 1 skyrmion is located in the (u,s) SU(2) subgroup of SU(3) we obtain from
(12) and (16):

1
L,,i(u,s)= 075(01% + w% + wg + w%) + 0—21! [wﬁ + wg + Z(w3 + ﬁwg)z] , (22a)

where we have retained the notations used for the (u,d) B = 1 soliton.
For the B = 1 skyrmion in the (d, s) subgroup:

6
L,ot(d,s) = TS(wf +wl 4wl +wd)+ O Wi+ wl+ %(wa - \/§ws)2] . (22b)

2

with [13, 14]
— 1 2 1 1”2 2 2 3
bs =3 [(1—cp) |2+ 5(F? +25%/r)| d'r,

Oy = % / 2 [F,i + .:_2(1!?'2 + s}/ﬂ)] d*r, (22¢)
where F'(r) is the profile function of the B = 1 hedgehog and f, = cos F. Relations (22c)
follow immediately from (20b). Note, that the combinations of w; and wg which enter the
" expressions for the rotation energy (22a,b) and the WZW-term (10) are orthogonal to each
other, as it follows from general arguments.

When two B = 1 hedgehogs in different subgroups, (d, s) and (u, s), are located at large
distances, we should take the sum of the expressions (22a), (22b). Simple relations for the
B =2 moments of inertia © in terms of the B = 1 inertia § then appear:

@N=295, @S=9N +95, ®3=9N/2, @g=301v/2=3®3. (23)

For interacting hedgehogs in a molecule these relations hold only approximately (see Table 1
where some numbers are corrected in comparison with [20]).

In the flavor-symmetric (FS) case all meson masses in the Lagrangian are equal to the
pion mass, the distance between centers of both skyrmions in the molecule equals ~ 1.05 Fm.
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Fig. 2. T3-Y -diagrams for the lowest

e SU(3) multiplets allowed for the case of [SU(2)]®

e o o o o o configurations, ansagz (11): singlet (p, q) = (0, 0),

o~ o o . octet (1, 1), decuplet (3, 0) and antidecuplet (0, 3).

- ’, - The lower dashed line indicates isomultiplets with
1 8

R Y = —1 ~ YZ*", T = N; the upper dashed line
10 10 shows nonstrange isomultiplets with Y = B = 2

In the FSB case the kaon mass is included in the Lagrangian (see the next section) and the
distance between solitons centers in the molecule is ~ 0.75 Fm [16, 20].

The Hamiltonian of the system can be obtained by the canonical quantization
procedure [2, 14, 8] which we reproduce here for completeness. The components of the body-
fixed SU(3) angular momentum J,f can be defined as

JE =dL/dwy. (24)

This definition coincides identically with another one,

1
JE= 5; TrANeT, (25)

where 7,5 = dL/dAg,. In the canonical quantization procedure the substitution

dL d
Tag = — —1 26
Ty Aom BTV (26)
is made. The commutation relations
[JRIR = —ifin I 27)

then follow immediately, f;i; are the SU(3) structure constants.

After the standard quantization procedure the Hamiltonian of the system, H = w;dL/dw;—
—L, is a bilinear function of the generators JiR. For the states belonging to a definite SU(3)
irrep the rotation energy can be written in the simplified form:

Erot

_ Gu(SU) ~3Y3/4 NV +1D) (L ! ) LR YR g

205 2 On h @_5 804

The second order Casimir operator of the SU(3) group is C5(SUs) = (1/3)(p*+¢*+pq) +p+q,
N is the right isospin (see Fig. 2) and p, q are the numbers of the upper and low indices in the
tensor describing the SU(3) irrep (p, g). The terms linear in the angular velocities present in
the Lagrangian due to the Wess-Zumino-Witten term are cancelled in the Hamiltonian, but
they lead to the quantization condition discussed in the previous section. Corrections of the
order of ©%;/©% and (@5 — ©3;)/©y have been neglected in (28). Note that Y '™ can take
arbitrary noninteger values because it is a quantity similar to the strangeness content Cg [17],
not a quantum number. Y3 is a quantum number and can take only integer values. The usual
spatial angular momentum is J = 0 here. The correct description of the usual spatial rotations
demands the introduction of a second set of collective coordinates, as it was done previously [11]
for the case of flavor SU(2). It was shown that the states of the lowest energy have J = 0.
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It is clear from expression (28) that for ©3 — 0 the right hypercharge satisfies Yr = Yﬁ“" =
= 2L % /\/3, otherwise the quantum correction due to wg will be infinite. For solitons located
in (u,d) SU(2) we have ©g = 0 and Yy = 2L} % /+/3 = B, the quantization condition [13, 18]
with NV, = 3.

For the skyrmion molecule [16] we have L}V ~ -3 /2,0t YIQ’”'" a —1, as was explained

above. The last term in (25) is absent for Yz = —1, and because of the evident constraints
+2 +2
S SRR (29)

the following lowest SU(3) multiplets are possible: octet, (p,q) = (1, 1), decuplet (3,0) and
antidecuplet (0, 3), Fig. 2. The sum of the classical mass of the soliton and rotational energy for
the B = 2 octet, 10 and 10 is equal to ~ 3.53, 3.74 and 3.89 GeV for Yz = —1 (the flavor-sym-
metric FS-case). The whole FSB mass term described in the following section, AM + 6§ Mrg,
should be added to these numbers. When the FSB mass term is included in the classical mass
the sum M,; + E,.;: equals 4.23, 4.59 and 4.84 GeV for the octet, decuplet and 10. Only the
mass splitting part of the mass term, M rgpg, should be added to these numbers (see Table 2
below). The octets with Y = 0 and 1 have M., + E,,; + AM equal to 4.61 and 4.73 GeV
according to (28) (the FS scheme of calculation). The SU(3) singlet with Yz = 0 has energy
equal to Mg = M, +3/863 which, according to Table 1 equals ~ 3.38 GeV in the FS case.
This can be compared with the SO(3) hedgehog mass, My = 3.272 GeV for the same values
of the parameters [12].

4. MASS SPLITTING WITHIN SU(3) MULTIPLETS OF DIBARYONS

The mass splittings inside SU(3) multiplets are defined as usual by the FSB part of the
mass terms in the Lagrangian density:

2,2 2,02 2,2
Ly = %Tr(U*}-UT —2)+ F}(—mK—zzﬂTr(l - \/5/\3)(U+ Ut — 2). (30)

When (u, d) SU(2) solitons aré rotated in the «strange» direction by means of the matrix
Uy = exp(—ivAs), (30) leads to the substitution

F2m2 — F2m? +sin’ v(Fim} — F2m?2)

[4, 11]. For the ansatz (11), after averaging over all phases in the matrix A(¢) except v, we
can rewrite the mass term in the energy density in the following form:

F2 2 F2 2 2.2 2
Mt = 22 (3 gy — ) + M [1 — vy + Quy — V) — 1g) ”] , (31a)
or, for F = F;
F2m?
M_t. = W—ﬂ.
4
1 2 2_ il
% |G = v — vy —v3) <_ + (mI; - 1) CS) + (m_f; - 1) Qus — v, — 1)) "] . (1b)
2 m2 m2 2
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Here v, v, and v; are real parts of the diagonal matrix elements of the matrix U, depending
on the functions f; and g;. For the ansatz (11) we have (by = 0)

V1 = CaoCalChfo — Sbf3) T SaySaChy
V2 = Cq,CalCsqo T 56G3) + Sa,Salcs(fogo — f3q3) + s6(faqo + foq3)] — 8o, (fiqi + f2q2),

v3 = fogo — fags + salsp(f1q2 — fa@1) — co(fiq1 + fag2)], (32a)

ay and by are the asymptotic values of the functions a,b. For the local minimum found
recently [16] , ap = by = 0. In this case (32a) simplifies to

v1 = calcp fo — Sb f3),
: (32b)
vy = calChqo t 5bq3).

Here w5 is given by (32a) since it does not depend on ag, by. If ag, by are different from zero
the ansatz (11) should be written

U = exp(—iaoA2)UL(u, $)U(u, d)UR(d, s) exp(—iboA3)

to ensure the correct behaviour of U(r) at r — co. For example, if a =ag=7/2, b=5by =10
then v, = 1, v, = v3 = foqo — f3(13 - f1q1 - fzqz, i.e., the skyrmion is located in the (d, s)
SU(2) subgroup.

In the FS case the part of the mass term

M.t.pg = F,%mf,(?» -V — V) — 1)3)/8 (33)
is included in the classical mass M,; which is minimized. In the FSB case the second part,
AM = (F2m?% — F2m2)(1 — v3)/4 ‘ (34)

also is included in minimized M,;, see Table 1. In the FS case {AM ~ 1016 MeV, while in
FSB case it is squeezed ~ 3 times.
The mass splitting inside SU(3) multiplets is defined by the term

1
6M = —Z(Fﬂm.zx — F2m2)(v; + v, — 2v3) <% SiHZV> ; (35)

which is not included in M_.; and is considered as a perturbation in both cases. Here v is the
angle of rotation in the «nonstrange» direction. For two undeformed hedgehogs at large relative
distances we have v; + v, — 2v3 — 2(1 — cos F') where F' is the profile function of the B = 1
hedgehog, and the coefficient of sin’v is the same as for the rotated B = 1 (u,d) hedgehog.
Note that in the case of a strange skyrmion molecule with strangeness content close to 0.5 the
term (35) defining the mass splitting within multiplets is negative — directly opposite to the
case when the nonstrange SU (2) solitons are used as starting configurations and are rotated in
the «strange» direction. The quantity 6 M should be added to the sum of M., + E,,; calculated
at the end of Section 3, and AM should be added in the FS case.
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Table 2

The values of I, (1 /2)sin2 v, the mass splitting M (in MeV) and the masses M (in GeV) for

the octet, decuplet and antidecuplet of dibaryons in the flavor-symmetric and flavor-symmet-

ry-broken cases. The binding energy of the configuration € = (M, + M; — M)/(M; + M)

relative to the final state F.st. is presented. Mpg =M rs+ Erot,rs +AM +6Mpg,
MFpsp = Mo, rsB + Erot,Fsp + 6MFsp

|p,q; Y, T) I |—(sif’v/2)|6Mps| Mps |6Mpsp|Mpsp| Fst. | €ers
18,1,1/2) | —2/10| —4/10 | —385| 4.16 | —124 | 4.10 | AN | 0.14
8,0,1) —1/10 | —11/30 | -353| 4.19 | —114 | 411 | = 0.15
8,0,0) 1/10 —-3/10 | —289| 426 | —93 | 413 | AA | 0.14
8,—1,1/2) | 3/10 —7/30 | —224| 432 | —73 | 415 | A= | 0.14
110,1,3/2) | —1/8 —-3/8 | —361| 440 | —117 | 447 | TN | 0.11
10,0, 1) 0 —1/3 | -320| 444 | —104 | 448 | EN | 0.11
110,-1,1/2) | 1/8 —~7/24 | —280| 448 | —91 | 450 | A= | 0.11
|10, —2,0) 1/4 —1/4 | -240| 453 | -78 | 452 | EE | 0.10
|10, 2,0) —~1/4 | -=5/12 | —401| 452 | =130 | 472 | NN | 0.04
[10, ,}/2) —-1/8 —-3/8 | -361| 455 | —117 | 472 | AN | 0.06
10,0, 1) 0 —1/3 | —320| 459 | —104 | 474 | = 0.07
|10, — 13/2) 1/8 —7/24 | —280| 4.63 | -91 | 475 | = | 0.09

To obtain the mass splitting within SU(3) multiplets we should calculate, as usual, the
matrix elements of the function

<%sin21/> = %(1 — Dgg(v)) = %( )

for each component of the SU(3) multiplets described by the SU(3) D-functions. Then the
quantity I is equal to

- 8(p-aki(p-q)y 8:(p,9)i(p,9)y
I Z Co0.0:v.1,17,1,1.C0.0.0;YR, N, MsYr, N, M > (36)

expressed through the Clebsch-Gordan coefficients of the SU(3) group [22]. In the case of a
strange molecule we have Yz = —1, N = 1/2 for the octet and decuplet, N = 3/2 for 10.
The values of ((1/2)sin’ ) and the mass splittings are shown in Table 2.

For the octet the allowed strangeness of states is —1, —2, —3, for the decuplet it ranges
from —1 to —4, and the nonstrange dibaryons appear in 10, 27-plet, etc. (Fig. 2). The masses
of the dibaryons calculated according to the FS and FSB schemes differ, but not very much
since the increase of the total mass term in the FS case is compensated by the decrease of E,;
in comparison with the FSB case. The states |10, —2,0) and |1—0, 2,0) are supposed to have
J =1 and the corresponding energy is added, roughly estimated according to our previous
results [11].

When FSB mass terms are included in the minimized static energy M, they are squeezed
by a factor ~ 3 due to the smaller dimensions of the kaon cloud in comparison with the pion
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cloud [16], therefore, the moments of inertia are greater and E,,; is smaller in the FS case
(see Table 1). The absolute values of the masses are controlled by the Casimir energy [23-26],
which has the order of magnitude ~ —1 GeV for B = 1 [25,26] and ~ —2 GeV for B = 2
molecules.

For the 27-plet the value of the difference of I for states with maximum and minimum
hypercharge is 3/8, just as for decuplet and antidecuplet. The relative binding € is shown in
Table 2 because it is less sensitive to the method of calculation. M; and M, are the masses
of the final baryons available due to strong interactions, calculated within the same approach
(theory-to-theory comparison). Inclusion of configuration mixing usually leads to an increase
of the mass splitting by ~ 0.3-0.4 [27]. Since the results for the mass splitting shown in Table
2 depend on the starting configuration, and both FS and FSB calculation schemes are not
consistent by themselves, one should use some interpolating procedure, e.g., similar to the
slow- rotator approximation used successfully in [4] for the description of the hyperon mass
splitting.

5. CONCLUSIONS AND DISCUSSION

The quantization scheme for the SU(3) skyrmions has been presented and the quantization
condition known previously [13] is generalized for skyrmions with arbitrary strangeness content,
which allows one to investigate the consequences of the existence of different local minima in
SU(3) configuration space. The quantization condition (8) is valid for all known B = 2 local
minima shown in Fig. 1. It is proved rigorously in several cases; in other cases it was confirmed
by numerical calculation. However, some corrections to relation (8) cannot be excluded. The
moments of inertia of arbitrary SU(3) skyrmions can be calculated with the help of formulas
(16), (17). Both static and rotational energies as well as the baryon number density of SU(3)
skyrmions are presented in a form which makes apparent their symmetry in different SU(2)
subgroups of SU(3).

For the dipole-type configuration with Cs = 0.5 our results are in qualitative agreement
with those obtained in [28] for the interaction potential of two strange baryons located at large
distances. The absolute values of the masses of both B = 1 and B = 2 states are controlled by the
Casimir energies, which make a contribution of order N? to the masses of the configurations [22-
25]. However, the dipole-type configuration does not differ much from the B = 2 configuration
within the product ansatz which we used as a starting point in our calculations [16]. For this
reason the Casimir energy of the dipole can be close to twice that for the B = 1 soliton and can
cancel in the binding energies of dibaryons. We conclude therefore that a new branch of strange
dibaryons in addition to those known previously [8,9, 11] is predicted with a small uncertainty
in the absolute values of masses due to the Casimir energy, relative to the corresponding B = 1
states. The values of masses and bindings we obtained here cannot, however, be taken too
seriously, not only because the Casimir energy is poorly known but also because the non-zero
mode contributions closely connected with the Casimir energy (principally the breathing and
vibrational modes) have not been taken into account. These effects not only decrease the binding
energies [6,7], but can make many of the states listed in Table 2 unbound.

The prediction by chiral soliton models of a rich spectrum of baryonic states with different
values of strangeness remains one of the intriguing properties of such models. The comparison
with predictions of the quark or quark-bag models [29, 30] is of special interest. Some of such
models predict the existence of bound strange baryonic states [30], similar to the chiral soliton
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approach.

It is difficult to observe these states, especially those which are above the threshold for
decay due to strong interactions. The searches for the H-dibaryon predicted at first within the
MIT quark-bag model [29] have been undertaken in different experiments, without success
till now. It should be noted that observation of the H-dibaryon can be especially difficult by
the following reasons. First, its dimensions are small in the framework of the chiral soliton
approach [12,11], Ry ~ 0.5-0.6 Fm. Therefore, estimates of the H-dibaryon production
cross section based on the assumption that its dimensions are close to the dimensions of the
deuteron may be too optimistic.

Second, it is not clear how the transition from an H-dibaryon to two B = | solitons
can proceed. Schwesinger proposed a nontrivial parametrization allowing for the transition
from the SO(3) B = 2 hedgehog to the B = 2 SU(2) torus (described in [31]). Within
this parametrization the two configurations are separated by a potential barrier; moreover,
the behaviour of some function in this parametrization is singular. So, if such a transition is
not possible with smooth functions, it would be difficult to find H-dibaryon in coalescence
experiments. However, further investigations of the predictions of effective field theories
providing a new approach to the description of the fundamental properties of matter are of
interest. The near-threshold enhancement in pA system which was observed many years ago
in, e.g., the reaction pp — pAK™ [32] and confirmed in recent investigations [33] may be a
confirmation of soliton model predictions, because within this approach there is no difference
between real and virtual levels.

The problem of the H-dibaryon discussed in [8] is that of parity doubling: the SO(3) soliton
has no definite parity, so a special symmetrization procedure should be done [8]. A similar
problem exists for the strange molecules also. For the classical configuration of molecular type
we have different B = | skyrmions in different parts of space and in different SU(2) subgroups
of SU(3). The molecule has no definite parity, but these configurations are invariant under
the combined operation of parity transformation and interchange of SU(2) subgroups. The
electric dipole momentum of the molecule is different from zero (this was noted by M. Luty).
(Anti)symmetrization should be performed, similar to the H -particle case, providing a state of
definite parity and removing the e.d.m. of the quantized state.

I am thankful to Bernd Schwesinger for valuable discussions and suggestions in the initial
stages of the work. I am indebted also to G. Holzwarth and H. Walliser for their interest in
the problems of SU(3) skyrmions and useful discussions during my visits to Siegen University,
and to B. E. Stern for help in the numerical computations. I appreciate also the support by
Volkswagenstiftung, FRG at the beginning of the present work.

The work supported by the Russian Foundation for Fundamental Research, grant 95-02-
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APPENDIX
Here we sketch the expressions for the matrix elements R;;, which connect the rotation

angular velocities in body-fixed and rotated coordinate systems:

- 1
@i = Rriwk, Rix = R (V) = Ri(T"), Ru(T*) = Rpi(T) = 3 Tr AT\ T,

V =Ug(u,s)exp(iar;), T =exp(ibA3)Ugr(d,s), Uy=VT.
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Definitions of U (u, s) and Ug(d, s) in terms of functions fo, ..., f3 and gy, ..., ¢ are given
following expression (12).
We use the notations:

=R+, dh=a+d, F=ffi+hfs, F=ffi- fifs,

F=fh+ fifss, F=ffi—fifs, F=fifs+fifss F5 = fofs— fifa

QI =wat e, QT =doa— e, @ =wetas, QF = —qg,

Spby = Sin(b — bo), Q. = Q5 +5QY, Qs = Q57 — @Y,

Ar=fo+fi-F-f, br=f-F+H-Ff, C" =con(@d - &) - 25p+0,q10,
S = Spebe (@} — B) + 2Ch45,9102,  C7 = Cobo (@3 — 3) + 2555,9043,

57 = su,(q5 — G3) — 2bb,9045- (A1)

Here ay and b, are asymptotic values of functions a and b. For the strange molecule [16]
we have ag = by = 0. When, e.g., a = ag = 7/2, b = by = 0 hold, the matrix U corresponds
to solitons located in the (d, s) SU(2) subgroup of SU(3).

Rii = 830052a(1 — £5/2) + C20,C20fo — Cob—26090 — 525—26033
Ry = c2af3 + 526—25,90 — C25—-25,03,

Ri3 = 520,20(1 = f12/2) — 200820 f0,.

Ri4 = 820,Ca 5 — CapSafo + Coby—b@2 T S260—541,

Ris = —824,CaF| + CaapSaf1 — Coby—3q1 T+ S25,—002,

- + = - = 2
Ris = 820,80 Fy + 20,00 fr2, Ri7 = —5205aF] — C2a,Cafi, Rz = —V384,Ca I3,
R = —coaf3 — S2p—25,G0 T C2p—25,03,

Ry = fo — cap—20,90 — S26—25,03
Ry =s3.f3, Roa= safit+ Cao—bq1 — S25,—5G2,
Rys = s, 2+ Sop—p@1 T Cob—bG2y  Ras = —¢ofi, Ry =—c.fr, Rx=0.

Rai = $20C2a,(1 = f}/2) — 20820, fo, Rz = — 824, f3
_ 2 )
R33 = 20C2a(1 — fi3/2) + 820820, fo — 1 +q12/2,
R34 = CaCr0, Fy + 8052002y Ri3s = —CaCra, F\ — SaS240 f1,

— + — —_
R36 - SaCZaon - Ca32aof2 - Qca R37 - _sa.CZaoF] + ca52agfl - Q37

V3
Ry = —T(Czaqflzz +qt),

Ryt = —52CapFy + 80,20 f2 — S2b—b,GQ1 — C20—5,2,

Ry = =54, f1 — Cop—b, @1 T 826,02, a3 = —Cq,C2aFy — 84,820 f2,

Ryt = Co,CaAF + 5q,50 fo — Cob,q0 T S55,43,

Rias = 2¢4,CaFy + Sa,8af3 + 8,00 + Coby f3,

Ris = CaySabF — Sa,Cafo, Rar = 20,80 F5 — $a,Cafs, Ras = —V3ca, Fy .

— +
Rsi = o820 F] — SaoCraf1 t Cob—b,q1 — S25—5,42,
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Rsy = —58a,f2 — Sob—b,Q1 — Cob—b02y  R53 = CayC20 Fy + Sa,820f1,

Rss = —2¢0,CaFy — 80,80 f3 — Sub,@0 — Coby O3,

Rss = Ca,CabF F 8a,8af0 — Cobyq0 T Sbb, G35

RSG = _2Ca03aF3— + sa.ocaf37 R57.= cagsaé‘F - saocaf()a R58 = \/§Ca0F1+,
R61 = _3a052aF2_ - Cauc2a.f21 R62 = Cdafla

Rey = —$0,02aF5 + Cay520f2 + €5,Q; + 55,Q7

Res = $0,CalF — CaySafo, Res = 250,CaFy — CaySafs,

Res = Sa,SaAF t Ca(,cafO -C~ - C+» Rer = ZsaasaF; + caocu.fB -8 - S+a
Res = —V3[sa, Fy + c0,@3 + 55, Q1 1.

Ry = 84,52 F] + ¢a,C2af1, Rn = cafa,

Ry3 = 84,020 F) — Cag$2af1 — 0, Q7 + 55Q3,

Ry = =250,caFy tCaeCafsy,  Ris = 8a,Ca0F — CaySafi,

Ris = —254,80F; — CayCafs + S — 8%, Ry = 84,8a0F + CagCafo —C~ +C*,
Ry = V3[sa,Fy' — 56,Q; + e, Q7 ],

J3 V3
Ry = __2—82af]221 Rgyp =0, Ry = —T(Czaflzz +qh), Ru=Vic.Fy,
Rys = _\/icaFl—v Rgﬁ = \/SSG(F; + QC)’
3
Ry = _'\/g'sa,(F]— - Qs), Ru= 5(9%2 - fizz)' : A2

The Rg; do not depend on ay, by because the matrices Ay, A3 commute with A\s. The

orthogonality of the real matrices R(V) and R(T) can be checked immediately from these
expressions.
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