
ЖЭТФ, 1997, том 111, 8Ыn. 3, стр. 1057-1070 

МAGNEТIZAТION OF А DIFFUSIVE RING: 
BEYOND ТНЕ PERТURВAТION THEORY 

v. v. Ajoninl), Уи. М Ga/perin l ,2) 

1) А. Р. /ojJe Physico-Technical /nstilu/e, Rиssian Academy 01 Sciences 
2) Deparlmen/ 01 Physics, Universi/y olOslo, Р. О. Вох 1048 Blindem, 03160s/0, Norway 

Submitted 10 June 1996 

Average persistent сuпепt over а set of diIТusive metal1ic rings with flxed number of electrons 
is considered. We study the case in which the phase breaking time is much greater than ап inverse 
average interlevel distance. In such а case, тапу return events for ап electron must ье taken into 
account. As а result, опе arrives at а nonperturbative probIem for а cooperon mode flxed Ьу ап 
external magnetic fleld. This multi-cooperon probIem has Ьееп considered previously Ьу A1tIand et 
al. [17], and in several following papers within the framework ofsupersymmetric approach. Such 
ап approach involves уесу tedious calculations which were реrfолnеd using а computer algebraic 
package. Here we solve the probIem in question with the help of а replica trick. It is demonstrated 
that the replica trick in combination with а proper analytical continuation in the replica space 
allows опе to obtain the result in much more explicit way. 

1. INТRODUCTION 

@1997 

Magnetic properties of small conductors were studied extensively during ttre last several 
years (see Refs. [1,2] and the bibliography cited there). It has Ьееп understood that the magnetic 
moment (and the associated persistent current) induced Ьу ап external magnetic flux is а very 
specific manifestation of mesoscopic behavior. While originally predicted to appear in clean, 
one-dimensional, metallic rings [3], most ofthe recent discussions about persistent currents have 
Ьееп focused оп metallic rings that contain impurities [4]. Static magnetic properties of small 
rings and dots were studied Ьу several authors [5-11]. An important step in the understanding of 
magnetization of mesoscopic quantum rings took into account the difference between canonical 
and grand canonical ensembles [7,10,12-14]. It was shown that the magnetization of isolated 
rings with а fixed number of particles is much larger than that of the ensemble of rings kept 
under f1Xed chemical potential. As а result, the main contribution to the magnetic moment 
was expressed in terrns of the fluctuation of the number of particles at f1Xed chemical potential, 
{ (Б N)2) . The latter quantity was analyzed in Refs. [1 О, 14] under the condition h / м ф » 1. 
Here 6 is ап average interlevel distance at the Fermi level, 6-1 = 11 V (v is the density of states 
at the Fermi IeveI, and V is the volume) and ТФ is the phase-breaking time. 

Let us discuss the physical meaning ofthe раramеtеrh/Мф. As is well known [15], in the 
absence of ап external magnetic field the quantum correction to the conductivity is proportionaI 
to the classical probabi1ity W for ап electron with а velocity v and momentum р to return to the 
vicinity of the starting point (more exactly, into the volume of the order of v dt (h / р)2, which 
is important for quantum interference). The probability W is given Ьу the expression [15] 

vh2 JТФ 
W <х --:р2 dt P(r, t)lr=o' (1) 
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where P(r, t) is the probabi1ity density. Here we employ the fact that in а diffusive regime it 
is а smooth function of coordinates at the scale of the mеап free path l. То estimate Р(О, t) 
we take into account that the electron diffusion is restricted Ьу а finite volume of the sample. 
In such а case, we have 

1 [( n2 02)] Р(О, t) сх v L ехр -D R2 + i t 
n,D.L .1 

(2) 

Here D is the diffusion constant, R is the radius ofthe ring, and d1. is its transverse dimension. 
The numbers n, 01. have the meaning of quantum numbers for longitudinal and transverse 
diffusive modes, respectively. For а thin ring, d1. « R, on1y 01. = О is important. We сап 
see that at Dтф/ R 2 » 1 the sum over discrete n, 01. in (2) cannot ье replaced Ьу ап integral. 
Otherwise, on1y n = О is important, and W ...... тфl:1/h. Ifthis quantity is small, we сап restrict 
the analysis to а single return event. 

Let us now concentrate оп the case of external magnetic field. In а magnetic field, the 
number n in the expression (2) must Ье replaced Ьу n - Ф/ФО, where ф is the magnetic flux 
embedded in the ring, and Фа = 1Гпс/ е [16].It is clear that the quantum contribution is maximal 
if Ф/ФО is close to ап integer number по. If the difference n == по - Ф/ФО = О, we have the 
same situation as that in the absence of а magnetic field - on1y the mode with n = по is 
important. Опе сап expect that this property is also the case at finite Inl « 1. Indeed, for 
n =f по 

(for the last estiтate We have assumed Dтф/ R2 » 1). Consequently, if 8W « 1 опе сап 
ignore the contributions of all the modes with n =f по to the probabi1ity for the return. However, 
the corresponding contribution of the mode with n = по is not small at Мф/h ;::: 1. Непсе, 
we arrive at theproblem of calculating of the 10calization contribution in the case 

In this region we сап still use а single-mode approxiтation, but the perturbation theory involving 
а single return event fails. 

The problem in question was addressed Ьу Altland et al. [17,18] (see also Refs. [19-
21]). The authors used the so-called Q-Hamiltonian approach within the framework of the 
supersymmetric method. An intrinsic feature of this method is that опе has to сапсеl out 
specific nonphysical contributions. Therefore, the supersymmetric approach involves tedious 
algebraic calculations. Consequently, the authors of Refs. [17, 18] extensively used а computer 

. algebraic package. As а result, the intermediate equations have notbeen published, because, 
as it was stated, the computer printout had тапу pages. 

ОП the other hand, another approach - the so-called replica method - exists [22]. 
According to this method, опе has to replace the system under consideration Ьу N systems which 
are identical to the original опе and at the end tend N ---+ О. Usually, after such а procedure 
опе obtains relatively simple expressions. The limiting transition N ---+ О (if done properly) 
automatically cancels out the nonphysical contributions, which has to ье done explicitly within 
the supersymmetric approach. 
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То take the fuП advantage of this property, one needs а regular procedure to calculate the 
limit N _ о. The aim of the present paper is to suggest а procedure of analytical continuation 
of а nonperturbative two-particle Green's function from integer N to the whole complex plane 
which includes the point N = о. Such а procedure allows опе to calculate the limit rather 
automatically,without the need of direct cancellation of nonphysical contributions. We obtain 
ап analytical nonperturbative expression for the persistent сuпепt in а mesoscopic diffиsive ring 
and compare it with the results of Refs. [17, 18]. 

The paper is organized as follows. In Sec. 2 the basic equations for the fluctuation of the 
number of particles, as wеП as for the persistent сuпепt are analyzed. The effective action 
in the single-mode approximation is considered in Section 3. In Sec. 4 the particle number 
аutосопеlаtiоп function and persistent сuпепt are calculated in the nonperturbative region, 
and results are summarized. In the following calculations we set n = 1. Then n will Ье restored 
in the estirnates and final results. 

2. BASIC EQUATIONS 

According to Ref. [10], the main contribution to the persistent current 1 сап beexpressed 
in terms of the magnetic flux ф embedded in the ring as fоПоws: 

(3) 

where (6 N)2) Jl={Jl) is the particle number аutосопеlаtiоп function, calculated at а given value 
of chernical potential. The latter сап Ье expressed in terms of single-electron Green's functions 
as [23] 

where 

о 

(6N)2) = J dEldE2K(El, Е2), 
-Jl 

(4) 

К(Еl, Е2) = :2 J drl dr2 х 
х {(ImG~(rl,rl)ImG~(r2,r2») - (ImG~(rl,rд)(ImG~(r2,r2»)} . (5) 

Here ( ... ) means the usual impurityaverage. The quantity (5) has been calculated in Ref. [10] 
in the limiting сазе ДТФ «n. Our aim is to go beyond this lirniting case, i.e. to calculate the 
сопеlаtiоп function for arbitrary дтф/n, keeping pFI! » n. For this purpose we employ the 
method used Ьу Efetov, Larkin, and Кhmelnitskii [22] with minor modifications. Namely, we 
will use the so-called Q-Harniltonian approach within the framework ofthe replica trick. The 
confined expression for the сопеlаtiоп function K(I.V) (I.V = Еl - Е2) сап Ье written in the form 
(cf. Ref. [22]) 

K(I.V) = [N2 J D;:XP(-F) J dr l dr 2 J DQe-F Tr [ЛQ(rl)] Tr [ЛQ(r2)]] N ..... O' (6) 

where 
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(7) 

Here А is the vector-potential, and [А, В] _ == АВ - В А. Taking into account only the elastic 
scattering Ьу short-range, nonmagnetic impurities, we сап specify Q as 2N х 2N Hermitian 
matrices, Q2 = 1, Tr Q = О, N is the number of replicas, while 

л = (! о.) 
о -1 ' 

where i is the N х N unit matrix. The parameter 7;;1 is introduced phenomenologically. We 
assume that the phase breaking is due to the inelastic processes. Following [22], we use the 
parameterization 

Q = л exp(W) , W = ( _ ~+ ~) , 

where В is ап arbitrary N х N matrix. 

3. EFFECГIVE АСГЮN IN SINGLE-MODE АРРRОХlМАТЮN 

Let us consider а ring with the radius R and the width d.L « R. We сап therefore, take 
into account only the dependence of the matrices В оп the angular coordinate <р. Expanding 
this dependence into the discrete Fourier series, В = 2::n Вn exp(in(j), we introduce the 
mode number n. As was explained in Sec. 1, only опе mode with n = по corresponding to 
min(n - Ф/ФО ) is important(this assumption will Ье justified at the end of Sec. 4А). Retaining 
only this mode and assuming '\1 'f' = (1/ R)IЭ / IЭ(j), we obtain И''\1 'f' W + '\1 'f' WW = О. Непсе, 

'\1 Q = ~Л~еW = ('\1 W)W- 1 sh W = ino sh W 
'f' R IЭrp 'f' R' 

We сап then expand sh2 W = O/2)(ch2W - 1) as а series in 

W 2k = (_I)k ( JBnoB~o О )2k 
О JB~oBno 

The item Тr(ЛQ) сап ье treated in а similarway. As а result, we obtain the following expression 
for Р: 

We must now consider ап important point. An arbitrary complex N х N matrix В сап ье 
described Ьу two Hermitian N х N matrices. These matrices are defined as 

В = р exp(i(j), В+ = exp(-i(j) р. (9) 

The quantity F depends оn1у оп the matrix р. Оп the other hand, ап arbitrary Hermitian 
matrix could Ье diagonalized, the eigenvalues being real. Опе сап immediately see that the 
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integral оуег р in the expression (6), with F taken from Eq. (8) for the correlation function 
diverges. This divergence, in fact, does not оссиг, because the eigenvalues of р must ье defined 
in а finite interval. Indeed, опе has to define the variabIes р in а way to оЬtШп а one-to-one 
correspondence between р and Q. ОП the other hand, опе сап ехрliсitlу show that 

( 
cos v' вв+ siп..fiПj+ В ) . . 

= ЛеW =. v'BB+ = cos~ sшре''Р 
Q sшv'вв+ (е-''РSШР -соsрТ ), 

в+ -соsv'в+в 
v'BB+ 

(10) 

where рТ denotes the transposed matrix р. Неге we have employed the relation 

(11) 

which is а consequence of the symmetry properties of the initial герliса Hamiltonian (see 
Appendix А). It is clear that the matrix Q is а periodic function of р, and that опе has to specify 
а region at least not larger than опе period in order to obtain а one-to-one correspondence. 
Moreover, to obtain proper analytical properties (damping is the lower semi-plane of the "'-'­
variabIe) of the action F (8), we must define the integration Iimits as (-7r /2, 7r /2). Finally, 
the action F reads as 

[ ) 2 ()] 
7r D Ф .2 . 1 

F = - - (по - - Тг sш р + 2 и<.I - - Tr cos р . 
2д Ш ФО ТФ 

(12) 

Now let us transform the variabIes from В,В+ to р,и == exp(i<p), where the Jacobian is (see 
Appendix В) 

D(B, в+) = 2(d t -1)N 
D(p,u) е и р . (13) 

We see that the variabIes и сап Ье integrated out and cancelled with the denominator in Eq. (6). 

4. PARTICLE NUMBER AUТO-CORRELATION FUNCТION 

A.Eigenvalue representation 

Let us now return to Eq. (6). Since Тг ЛQ = 2 Tr cosp, we see that the integrand depends 
only оп the eigenvalues of р. Непсе, we should transform the variables to the eigenvalues and 
some other ones which could ье integrated out in the numerator and the denominator. This 
transform is outlined in Appendix 5. Ав а result, we obtain 

(VV)2 j{dЛ}8(Л(i» [tcoS7r~(j)]2 
о )=1 

KN = --....:...---:1---=------=-- (14) 

N2 f{ dЛ} 8(л(i» 
о 

N-1 
where {dл} == П dл(i)lл(i)1 2i+N , and 

i=O 
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[ ( ) 2 ( ] 
1г D Ф. 2 1ГХ 1Г. 1 1ГХ О(х) = ехр --- ПО - - sш (-) - - Z(fl - Е2) - -) cos (-) 

2f1R2 Фа 2 f1 ТФ 2 
(15) 

The expression (15) contains three dimensionless parameters: 

(16) 

where ii == (nо-Ф/Фо). It is important to keep in mind the following. Ifmax(1",Q)>> 1, only 
. the small л 's are important. Непсе, опе obtains at the result which is found in the framework of 

theperturbation theory [10, 14]. However, ifboth 1" and Q are small опе must sum the multi­
cooperon contributions, which cannot Ье done in the framework of the perturbation theory. 
There is а substantial simplification in the сме 

ii ~ 1, (17) 

In this сме, only опе mode with 'NО - Ф/ФОI ~ 1 is important; this is the сме in which 
Eq. (15) is valid. Consequently, we consider the сме in which the inequa1ities (17) hold, 
but the quantities 1" and Q сап ье arbitrary. In fact, the mode по must ье considered in 
а nonperturbative manner, while the other modes сап ье treated in the framework of the 
perturbation theory. 

В. А n а 1 у t i с а I с о n t i n u а t i о n 

We are not аЫе to analytically calculate the expression (14) for ап arbitrary N. Instead, 
we will perform analytical continuation of this expression to arbitrary N, and then calculate 
its limit as N --+ О. 

We introduce the quantity 

where 

lt is convenient to define 

where 

N-I 1 

ZN = П / dXkXik+N O(Xk) , 
k=O О 

1 _т,-' /1 
(А == 2 L ln dx х-2k- l +бо(х), 

k=-l:if! о 
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1т k 

С С+ 

Rek 

Fig. 1. Тhe integration contours С± for 
N=4 

(lIn-)lm k 

ё+ 

(lIn-)Rе k 

ё 

Fig. 2. Тhe integration contours ё± for 
N=4 

(j is а small positive number which later will vanish. We introduce this parameter to keep the 
important integrals convergent in the limit N --+ О. The flrst step is to express the sum over 
k in terms of the contour integral over complex k. For this purpose we should keep in mind' 
that the derivative 8f[27ri(k + 1/2)]/8k [where J(z) = (e Z + 1)-1] has second-order poles at 
integer numbers. Consequently, опе сап express (ЩА) as 

( = J dk (8J(21Гik») F±(k) 
ЩА) 8k ' (21) 

е± 

Р'щ ~ ~ j dk' In [1 dx х"" -"'О(Х)] (22) 

The contours С± are shown in Fig. 1. These expressions are correct only if other singularities, 
except for the poles of J, are not important. We сап show that the function F+(k) has 
singularities only in the left-hand semi-plane of the complex variable k, while the function 
F- has singularities only in the right-hand semi-plane of k. То prove this statement, опе 
must expand the function О(х) in а Taylor series. For the following, it is convenient to rotate 
the k-plane through 1г /2 Ьу introducing а new variable, k1 == 21Гik. The transformed contours 
с± are shown in Fig. 2. 

МаЮng use of exponentiaI convergence of the integral due to the properties of 8 J / 8k, we 
transform the contour integrals to the integraIs along the reaI axis. For simplicity let us assume 
that N is even. As а result, we have 

( = /00 dk (8f(k») [F± (k ± i1ГN) _ F± (k ± 3i1ГN)] 
R(A) =f Bk 21Гi 21Гi (23) 

-00 

We сап now perform ап analyticaI continuation over N. For the functions F± the continuation 
must ье done in а different way for the reason to ье discussed later. For this purpose we replace 
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iN Ьу ±No in the functions Р±, respectively. Here No is а real, positive quantity which will 
eventual1y tend to zero. Finally, we Ьауе 

-00 

As а result, the 10west -order term in the No-expansion of the function (No is ос Nб. Finally, 
we obtain 

(25) 

ТЬе reason for sp1itting the function (N into (R and (А with the replacements N ~ ±iNo 
is as fol1ows. As N tends to zero, the integration contour comes infinitely close to the cut of 
the 10garithm functions in the expressions for Р±. Such а situation is not the case for апу 
finite N, and it leads to а nonphysical pinch which should Ье subtracted. Within the аЬоуе 
mention procedure such а contribution is purely imaginary, while the опе of interest to us is 
real. ТЬе imaginary contributions to р+ and Р- Ьауе opposite signs. Thus, the nonphysical 
contribution is automatically cancelled in the sum (R + (А. We note that these terms аге of 
the first order in No, and that they must vanish; otherwise, the two-particles Green's function 
would ье divergent. . 

In fact, а similar trick Ьш Ьееп used Ьу Matsubara to formulate the thermal Green's 
function technique (see, e.g. Ref. [24]). Let us compare our analytical continuation of the 
function ( to the analytical continuation of the two-particle Matsubara Gr~n's function 
К(От), where От is the extemal Matsubara frequency. In еасЬ сше опе must use two 
functions, which are regular in the upper (retarded) and the 10wer (advanced) semi-plane, 
respectively. ТЬе two above-mentioned functions сап then ье combined into опе with а cut 
in the сотрlех рlапе. ТЬе physical reason for such а sp1itting into R and А parts is to сапсеl 
the nonphysical contributions. In the Matsubara сше the nonphysical contributions to К (От) 
arise at the point От ~ О and сапсеl out after а similar continuation От ~ iO of the sum 
over О. 

C.Persistent current 

Following Ref. [10], we express the current according to Eqs. (3) and (4). Оп the other 
hand, 

Finally, we obtain 

1 - СА д l' (No(€l = €2 = О) _ ], - = - - - - 1т - - onJ 
2 дф No-+O Nб ' (26) 
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1 
00 2 J dx siп2(1I'х/2)х- ik /1I'-1+60(х, о= О) 

э' = . J dk д f(k) .;:...0 ---:-----------

Z дk2 1 
-00 J dx x-ik/1I'-1+БО(х, Q = О) 

о 

Опе сап check directly that at 

11, hD 
д « - « R2' liil« 1 

ТФ 

(27) 

the above expressions lead to the expressions obtained in Refs. [10,14]. Опе сап calcиlate the 
integra1s with the help of the steepest-descent method to find [10,14] 

(28) 

In the region 

I «1, ~c ~ ~ ~ 1 

опе сап also develop а perturbation theory. Indeed, only small values of х in the integrals 
in Eq. (27) are important. The physical reason for this is the magnetic-field-induced phase 
breaking. In this region we obtain the result 

1 ед 
I=---

1I' З ii 11, • 
(29) 

This result agrees with the asymptotic result of Ref. [14] for I ~ 1, vЮ/Dтф « ii « 1. 
Note that the result (29) obtained for I « 1 is valid in the region 

vЮд/hD « ii « 1. 

For the сше I « 1, ~« 1, where the perturbation theory is not аррНсаЫе, we set О(х, Q = 
= О) = 1. As а result, we obtain э' = 0.21, and the сипепt being 

I = -O.2111'~~2 ii . (30) 

We observe а maximum at ii '" vR2д/hD, where the maximal сипепt is 

Imax '" е"; дD /hЮ . (31) 

Expressions (29) and (30) are fиlly consistent with the curve calculated in Refs. [17,18] with 
the help of а computer algebraic package. Let us consider the dependence of the maximal 
сипепt оп I ~ h/Дтф. At I ~ 1 the perturbation theory [10,14] prt"dicts the maximum of 
the current at ii '" V R2 / DT ф; the maximum value is 

(32) 
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Consequently, IIШ1X ос ,-1/2 at , ~ 1, and it is ,-independent at , « 1. In this region we 
estimate the persistent current to 

J '" ev F J t1Te! 
тах R 11,' 

where Те! is the elastic relaxation time. The quantity t1Tel /11, for а typical metal сап Ье estimated 
as (f./ R)(a2 / А) where f. is the mean free path, а is а typical interatomic distance, and А is the 
cross section of the ring. Equation (30) shows that at t1тф/11, ~ 1 the phase-breaking time ТФ 
is not contained in the expression for the persistent current. Retuming to Eq. (1) we have to 
conclude that at t ;::: 11,/ t1 the electronic wave packet is not smeared in space. This means that 
the no-mode of the cooperon is localized in а sense; the localization length is of the order of 
JhD / t1. Of course, this does not mean localized, because other modes are still under weak 
localization conditions. 

The range of parameters in which the theory is applicable al1d where it leads to non-trivial 
results сап Ье e.xpressed as follows 

where К'" (Pd j .J11,)2 is the number oftransverse channels. The left inequality is the criterion 
for а diffusive motion, the first right inequality is the Thouless criterion ~c ~ 1, and the last 
right inequality is the condition t1тф/11, ~ 1. We see that one needs low temperatures to satisfy 
the inequality Тф/Те! ~ К ~ 1, and also samples ofvery small size. No previous experiments, 
to the best of our knowledge, satisfy this set of conditions. 

S. DISCUSSION 

As Оl1е сап see from the preceding sections, the results of the replica procedure which are 
complicated for arbitrary integer N, are rather simple in the limit N -+ О. In this limit the 
nonphysical contributions are cancelled automatically, while in the supersymmetric method 
this has been done explicitly. Ап important feature which leads to such а simplificatiol1 is the 
procedure of the analytical continuation which is done before direct calculatioJ1S. Specifically, 
one has two fиnctions which are analytical in the upper (lower) semi-plane of the complex 
plal1e of N, respectively. The proper analytical continuation is а combination of these two 
fиnctions. Consequently, it has а cut at ImN = О. The procedure used аЬоуе allows опе 
to cancel automatically the nonphysical pinch in the two-particle Green's fиnction, which 
otherwise would exist at No = О. We believe that such а construction is important, in general, 
for the calculations involving the replica trick. In such а way we reproduce analytically and 
rather simply the results obtained in Refs. [17, 18] Ьу а compllter algebraic package. 

We wish to thank V. L. Gurevich, V. Уи. Petrov, and А D. Mirlin for valuable comments. 
One ofthe author (У. V. А) is gratefиl to the Research Council ofNorway for а financial support 
within the Cultural Exchange Program (КAS). 
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APPENDIXA 

EtJective action-derivation 

Here we rederive the expression (6) following Ref. [22], in order to clarify important 
symmetry properties. Following Ref. [22] we use the replica trick and introduce field operators: 

Here 'Фi'Фt + 'Фt'Фi = О. ТЬе action сап Ье written as follows: 

F = i j (dr) '1'+ (r)(E - it)Ч'+ (r) , 

E=Ei , 
it = [НО + Ue1(r)]i - (~+ iб) л. (А.l) 

Here НО is the free-electron Hamiltonian, i is the 2N х 2N unit matrix, and Uel(r) = 
= UО ~~ б(г - гд, where М is the total number ofimpurities. ТЬе first N rows of it describe 
the evolution of the retarded Green's functions, while the last N rows describe ап evolution of 
the advanced Green's functions. ТЬе following step is the averaging over the positions of the 
impurities. We have 

м 

Е" Ц J ~' ехр [iИо ~ .... (r;)'F(r;)] ~ [; t Ц (1+ iUоф j(r)фj(r»)] (А 2) 

Here we have taken into account that only the linear terms in 'Фj and 'Ф j сап enter the continual 
integral for the correlation function (Grassman algebra). For the same reason, опе must allow 
for only the terms with different f when calculating the product. For а weak scattering and 
in the thermodynamic limit М, V ~ 00, м jV = const, 

~ ;:;; ехр(бр, + iГ) , 
МUО! + бр, = ---v- dгЧ' (г)Ч'(г), 

Г = ~ j dr L 'Фj(Г)'Фj (Г)'Ф;(Г)'Фg (г) . 
fig 

(А.З) 

Here бр, is а shift in the chemical potential, and gб = 2МЩ jV (go is the соирНng constant). Ву 
analogy with Ref. [22], we introduce an аиюНасу scalar field which is represented Ьу Hermitian 
matrices Q. As а result, the effective 'Ф4 interaction сап ье decoupled as follows: 
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ехр [-g; / dr L фj(Г)Фt(Г)ф;(Г)фg(г)] 
Ng 

_ J @Q ехр [- Tr J dr(1rlJ/4Te l)Q2(r) - (1/2Tel)'I'+(r)Q'I'(r)] 
(А.4) - J @Q ехр [- Tr J dr(1rlJ / 4Tel )Q2(r)] 

Here we used the definition 27!'lJg5Tel = 1. This expression is the same as Eq. (17) from 
Ref. [22]. То analyze the symmetry properties ofthe impurity-averaged Hamiltonian, we take 
into account that the initial Hamiltonian possesses the property Hijli,j<N = .7ti+N,j+N' This 
property must ье kept after impurity averaging and after introducing tl1e field Q. In terms of 
Q it reads as iQij = -iQi+N,j+N' Taking into account Еч. (10) we obtain the relation (11). 
The following steps are exactly the same as those in Ref. [22]. 

APPENDIX В 

Calculation of the Jacobian 

Let us arrange the columns of the 2N2 х 2N2 matrix 8(В, в+) / 8(р, и) as 

and the rows as 

{Pll"", PN1; РI2,···, PN2"", PNN; 

Ull,···, UN1; иI2,···, UN2,···, UN N}. 

Taking into account the matrix identities 

dB = dpu + pdu, 

dB+ = и -1 dp - и -1 du и -1 Р 

we express 8(В, в+) / 8(р, и) as follows: 

8(В,В+) = (~11 ..412) 
8(р, и) А21 ..422' ' 

where ..4ik are the N 2 х N 2 matrices. One сап show that 

, " -1 -1 All = и х 1, А22 = -(и Р) х и , 

А21 = Р ~ Р ~ ... Р , 
""----v---' 

N 

А' - -1.0, -1.0, -1 12 - и '6' и '6' ••• и . 
, у , 

N 

(В.l) 

(В.2) 

(В.3) 

Here х means the Кronecker product, and ~ means the direct product [25]. Making ше of 
the identity [25] 

det(A х в) == (detA)P (det B)q 

(where q аnd р are the ranges of the matrices А and в, respectively), and of the Laplace 
expansion of the determinant [25], we obtain Eq. (13). 
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APPENDIXC 

VariabIe transformation 

Let us consider the set of variables which includes the eigenstates Л(Ь) and N eigenvectors 
Х(Ь). One сап see from the definition PikXkb) = л(Ь)8ikХ~Ь) that any vector ofthe type eix(b'X(b) 
(where Х(Ь) is an arbitraryphase) satisfies the equation with the same л(ь) and Pik. Consequently, 
one must exclude N extra variables х(Ь). We therefore require the diagonal elements Х?) to ье 
real. Consequently, the matrix Xki ) сап Ье constructed according to the following procedure. 
The first column, x~l), contains N -1 variables x~l), i =f 1, while the last (real) соlитп, x~I), 
is calculated from the requirement of normalization. In the next column, x~2), the last N - 2 
variables are chosen independently. The element x~2) is determined Ьу the orthogonality of 
the vectors Х(2) and X(I), while the last element, x~2) is determined Ьу the normalization of 
IX(2)I. The following elements are determined Ьу continuation ofthis procedure. Note that since 
аН the off-diagonal elements are complex, we сап consider the real (Uki » and the imaginary 
(V~i» parts. In this way we сап present N 2 independent elements of the matrix Р in terms 
of N eigenvalues л (i), and N 2 - N independent variables Uki ) and v~i). From the definition, 

Р ·· = '" X(k) л(k) X(k)* we сап express Р in terms of {И V л} as '1 L..k, l' , , 

BPij = л(k) [U(k)(l + 8 .. ) - iV(k)(l - 8 .)] 
au(k) 1 '1 J '1' , 
BPij = л(k) [iU(k)(l _ 8 .. ) + v(k)(l + 8")] 

BV'<k) J '] J 'З' 
1 

(C.l) 

Note that the аЬоуе formulas do not contain summation over repeated superscripts. То calculate 
the Jacobian, we arrange the corresponding N 2 х N 2 transformation rnatrix in the following 
way. The columns are labeled Ьу N 2 «old» v.ariables 

{Pil' Pi2"", PiN}, 

The rows are labeled Ьу N 2 «new» variables 

{U(I) } {u(2) } {U(N-I)}. { (I)} {v,(2) } {V(N-I)}. {'(k)} 
k>l' k>2"'" N 'Vk>l' k>2"'" N ,Л • 

~ ~ '--" ----- ----- -----~ N-I N-2 1 N-I N-2 1 N 

Consequently, as follows from Eq. (33), the first (N - 1) rows contain the common factor 
л(l) times the quantities which depend only оп {И, V}. The next (N - 2) lines contain the 
factor л (2) , etc. The last N lines are {Л}-iпdерепdепt. As а result, the Jacobian сап ье 
expressed as П[:I [л(i)] 2(N-i) x(some function of {И, V}). This expression has to ье multiplied 

Ьу (det p)N = (п[:1 Л (i) ) N, and we obtain at Eq. (14). 
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