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A new, mathematically correct quantization procedure for gravitation theory is derived on the
basis of dynamic quantization. A classical canonical formalism in tetrad-connection

variables is developed within the procedure in the four-dimensional theory of pure gravitation,
and regularized quantized fields corresponding to classical tetrad and connection fields

are constructed. It is shown that the regularized fields satisfy generally covariant equations of
motion, and an iterative procedure for solving these equations is proposed. © 1996
American Institute of Physics. [S1063-7761(96)00211-9]

1. INTRODUCTION

A mathematically correct quantization procedure for the
theory of gravitation in four-dimensional space-time which
was derived on the basis of dynamic quantization is pre-
sented in this paper. The dynamic quantization method that
we developed has been successfully applied to the theory of
gravitation interacting with a Dirac field in
(2+ 1)-dimensional space. Regularization, which conserves
the general covariance of the theory, has been performed,
and a perturbation theory has been devised."? The reasoning
behind the dynamic quantization method is Dirac’s theory
for the canonical quantization of systems with constraints,
particularly generally covariant systems.

Let us briefly describe the essence of dynamic quantiza-
tion. As we know,> in generally covariant theories the Hamil-
tonian is an arbitrary linear combination of the constraints
Xo Of the first kind. If |.#) is some physical state, then
Xaol- #)=0. Let |/ Y=a"|. #) be another physical state,
where a* is a creation operator. Since the Hamiltonian an-
nuls all physical states, [ x,,a*]=0. We assume that the
theory has an infinite number of creation (a ,’; ) and annihila-
tion (ay) operators that convert some states into others and
exhaust all the local physical degrees of freedom in the sys-
tem. All the operators {ay ,ay } are integrals of motion, since
they commute with the Hamiltonian. Hence it follows that
any set of operator pairs {ay,ay}" can be regarded as a set
of second-class constraints in the Dirac sense.’ This fact cre-
ates the possibility, in principle, of performing regularization
in the theory under consideration. This technique for per-
forming regularization is the basis of the dynamic quantiza-
tion method. The system is regularized by imposing an infi-
nite series of second-class constraints

ay=0, ay=0, |N|>N,. (1.1)
Thus, only a finite number of degrees of freedom corre-
sponding to the operators ay and ay with |[N|<N, remain in
the theory. The finite set of remaining operators {ay,ay}’
corresponds to a set of physical states that adequately de-
scribe the system under study. As a result, each Poisson
bracket is replaced by a corresponding Dirac bracket. It is

critically important that under such regularization the equa-
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tions of motion conserve their classical form (see Sec. 4),
which signifies conservation of the general covariance in the
regularized theory. This fact plays a significant role, since
the equations of motion underlie all the calculations in the
regularized theory in the dynamic quantization method. In
addition, by leaving only a ‘‘small’’ number of physical de-
grees of freedom and states in the theory, we obtain a fun-
damentally new possibility for developing a perturbation
scheme with respect to the number of degrees of freedom.

Without attempting to perform a complete survey of the
other approaches to the canonical quantization of gravitation
theory, let us focus our attention on the results of one of the
most rapidly developing ones, which can be represented by
Ref. 4 (see also the references therein). The possibility, in
principle, of correct nonperturbative quantization has been
established within the technique for quantizing gravitation
developed in Ref. 4. The physical states of the theory are
subject to explicit description and form a normed space. A
theory of linear operators, which include first-class con-
straints or the Hamiltonian, has been devised in this space.
The problem of constructing physical states that annul the
Hamiltonian has been solved. In this case the commutation
relations between the constraints do not contain undesirable
Schwinger terms. This filled us with enthusiasm, since, in
our opinion, the correctness of our method, which leads to
the same general results, has been indirectly confirmed.

The dynamic quantization method was devised using the
principles of canonical quantum theory. Therefore, the ma-
chinery for classical Hamiltonian mechanics must first be
developed in the theory under consideration to apply it. This
problem is solved in Sec. 2. Section 3 presents the formal
derivation of the quantum theory. Since formal quantization
is mathematically incorrect in gravitation theory, the presen-
tation in this section has an heuristic character. A logically
and mathematically correct systematic quantum theory of
gravitation is devised in Sec. 4. Section 5 proposes an itera-
tive procedure for solving the Heisenberg equations that cor-
responds to the dynamic method.

2. CANONICAL FORMALISM

Let us consider the action of four-dimensional pure
gravitation in the Palatini form:
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A=— —17 d*xe*g,, efeR?C = | dx°%, (2.1)
8« abed®\Cp™ v 2y .

ab: ab __ ab gb__ gb
R,,=0,0, —d,w, +w”gw w,,gwﬂ .

Here the e are tetrads, so that g,,,= 7,,e #e’,’, is a metric

tensor m the local coordinates  x*=(x%x');
Mm.v,...=0,1,23 are the coordinate indices;
a,b,c, =0]2,3 are the local Lorentzian indices;
Nub= d1ag(1 —1,—1) is the Lorentzian metric; and
w’t= —wZ is a connection in the orthogonal reference
frame e# so that the covariant derivative of the vector

&'=e), & has the form
V, 820,68+ 0l E,.

Furthermore, £#"™?(£%%=1) and &4, 4(80123=1) are to-
tally antisymmetric unit pseudotensors belonging to the co-
ordinate and Lorentz reference frames, respectively.

Let us proceed to devising a canonical formalism for the
Palatini action (2.1) in a form that is convenient for our

purposes. This problem has been treated repeatedly in the
ab

canonically conjugate variables w;” and
%
;baa ab——(ZK )&k apcatel (2.2)

(see, for example, Ref. 5). The dot indicates the derivative
with respect to the time t=x°. However, because the system
(2.1) contains second-class constraints, the Poisson brackets
in the variables {w?® ,7!,} are very complicated. In addi-
tion, the equations of motlon and the constraints are quite
cumbersome in these variables. On the other hand, both the
equations of motion and the constraints appear exceptionally
simple in the variables {w?b,ej-}. This circumstance is ex-
tremely important to us, since the equations of motion play a
major role for calculations in the dynamic quantization
method. Another reason for preferring the tetrad-connection
variables is that the property of supersymmetry is formulated
in just these variables in the theory of supergravitation.
Therefore, it seems more efficient to us to develop a Hamil-
tonian formalism in the variables {wf’b,elc-}, which have a
direct physical meaning.
By definition,

_&.Z.

where g denotes the generalized coordinates. In our case the
Hamiltonian has the form

H=Jd3x —lw“"/\/ +—1—7
2770 Aab Ty

/
= [4 d
Xab™ P eubcdeijkeivjeks ¢.=

€| (2.3)

abcdsukekR
Here V ,e,=9 "+w""e,,l,, and wg" and ey are arbitrary

functlons Wthh play the role of Lagrange mu]tlpllels We
represent the action in the form

1
A= —J d* P Za‘,,,uls,lke‘e;!w”h f dt H. (2.4)
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From the condition SA=0 we find two equations for w?®

and e:
1 oH
Feabcdeljkekw +(7 c =0, (25)
1 oH
(2.6)

2K 2€abcd8uke ek o b‘ =0.

Equation (2.6) has a solution only under the additional con-
dition

M= (g™*e i+ g™ e im)eaV et =0, 2.7
where g'*g, =0 ; Equation (2.7) should be regarded as a
second-class constraint. This is seen from the fact that the six
equations (2.7) reduce the number of independent variables
w?b (x) at each point x from 18 to 12. The number of inde-
pendent variables e{ (x) is also equal to 12. From (2.6) under
the condition (2.7) we find

Voei=V,eq. (2.8)
In addition, the constraints x,,~0 and Eq. (2.7) give
Viej—V ei=0(mod x,p). 2.9)

As we know, a connection can be uniquely expressed on the
basis of Eqs. (2.8) and (2.9) in terms of tetrads and their
derivatives. Equation (2.5) defines w?’ to within the term
8jk1e2e§’s,-j , 5;j=5;; - The equations of motion can ultimately
be determined after requiring conservation of the constraint
(2.7) in time. We write out the equations of motion for a
connection:

1 1
b _ gdab, ) b]
R§; =78 Jk,e(,de,feoge, R” 8— E(e ([)“e, ef

1
+5el'e; 'eo) cag€iueoRSE mod (xup.bc).  (2.10)

Here and in the following &p,=—g 'e,pcqeteses,
g=det g;;, and (a b) (or [a b]) denotes symmetrization
(or antisymmetrization) with respect to the pair of indices in
the brackets.

We note that Eq. (2.10) and the constraints ¢.=0 are
contained in the equations
e* M Ly ge R =0, (2.11)

According to the definition of a Poisson bracket, the
equations of motion (2.8) and (2.10) can be written in the
form

A=[A.H].

Here[ ..., ...] is the Poisson bracket of A and H, and A is
any function of the dynamic variables.

Equations (2.5) and (2.6), as well as the condition
[e4(x),N*(y)1=0, uniquely specify the following Poisson
brackets:

Lef(x),e}(y)]= (2.12)
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[w!(x),ef(y)]=8(x—y) k*{2& P efle) +ellesle s

+e5~bé"8]ef‘}(x). (2.13)

More lengthy calculations are needed to find connection-
connection Poisson brackets. Since connection-connection
Poisson brackets will not be used explicitly below, they are
not written out here.

To complete the description of the Hamiltonian formal-
ism, we show that with consideration of the second-class
constraints (2.7) x,, and ¢, are first-class constraints.

It follows from (2.3), (2.8), and (2.10) that the x,,(x)
generate local Lorentz transformations at the point x. In par-
ticular,

[Xa(x),€5(9)]= — 8(x—y)(8sepi— She)(x),
[Xab(x), @ (y)]= —28,8(x—y) 8L 8 = 28(x—y)
X {8 wh+ 8w} (x).

Any vector quantity has a Poisson bracket with y,, similar
to those written out. Therefore, the equation of motion for
Xap has the form

X“'=2w{x"*

1
_ [a 4b]
T P
Thus,
3,x**=0(mod x,p,P,)-

Differentiating the curvature tensor (2.1) with respect to
the space-time coordinates, we find

(2.19)

VAR, +V R+ VR =0, (2.15a)

where

ab _ ab a pcb b pac
V)\R#V—axRM+wMRw+w>\le“,.

C

Next, differentiating Egs. (2.8) and (2.9) and utilizing
(2.14), we obtain

RZ’;,eb)\+Rf,feb“+R§zeb,,=O(mod Xab ®c).  (2.15b)

The relations (2.15) indicate that the Bianchi identities
hold in the canonical formalism.
We now establish that

¢c=0 (mOd Xab 7¢c)-

Equations (2.14) and (2.16) indicate that x,, and ¢ are
first-class constraints. From the definition of the ¢, we have

(2.16)

bped, b cd
Vobu~eabcatijn(Voe; R +e; VR
:Sabcdeijk[viegR%—eﬁ’(VjR,‘;g+VkR6;’)],
(2.17)

The last equality is based on Eq. (2.8) and the identity
(2.15a). Using (2.9) and (2.15), we represent the right-hand
side of (2.17) up to terms containing x,, or ¢, in the fol-
lowing manner:

V,-[S abcd® ijk(egR;"Z'I_ 2€7R E)‘I\I) ]( mod Xab» (b() . (2 1 8)
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The quantity in the square brackets in (2.18) can be written
in the form 8%/ e{ which is equal to zero by virtue of the
equations of motion. The equality (2.16) is thereby estab-
lished.

3. FORMAL QUANTIZATION

When we go from classical to quantum mechanics, the
classical Poisson bracket must be replaced by a quantum
bracket. It is usually assumed that the quantum Poisson
brackets for fundamental variables differ from the classical
analogs only in the multiplier i, which appears on the right-
hand sides of (2.12) and (2.13) in our case. The Heisenberg
equations iA=[A,H] for the variables e? and w?’ maintain
their classical form to within the arrangement of the opera-
tors.

It follows from transposition relations like (2.12) and
(2.13) that the set of variables {e;(x)} is a complete set of
commuting variables. The possible values of these variables
satisfy the condition

~w<ef(x)<+ow,

We write out the formula for a connection operator.
Since a formal quantum theory is considered in this section,
the question of correctly ordering the operators in the equa-
tions presented here is meaningless. Using the classical Pois-
son brackets (2.12) and Eq. (2.7), we find
wj."'(x)= KZ{ZEI([,be,F]e;f +‘e,[bej-]évg

b

b~ i -1 > a9 d
+€§~ € 616?}77;(x)+(2g) 8klmeinpene:aalem

X{gijeax— 8 jxeui— gixeaj}- 3.1

Here the operator field 'n'f‘(x) satisfies the commutation rela-
tions:

[7h(x),eb(y)]1=i8858(x~y), [w;(x),ﬂJ,;(y)]=?_)
3.2

The second term in (3.1) is uniquely specified by Eq. (2.7).

We now move on to the solution of the problem of find-
ing the conserved operators that embody all the physical de-
grees of freedom of the system.

In generally covariant theories it is also reasonable to
refer to conserved operators as gauge-invariant operators. It
is far more convenient to solve the problem posed of deriv-
ing complete sets of gauge-invariant operators axiomatically,
as was done in Ref. 2 during the quantization of gravitation
in three-dimensional space-time.

We introduce the following natural hypotheses or axi-
oms regarding the structure of the space F of physical states
of the theory.

Axiom 1. All the states of the theory that have physical
meaning are obtained from the ground state |0) using the
boson creation operators ay, :

|n,Ny;...;n.,N,)
=(n!...n )" ay )" .. (ay)"|0), (3.3)
aN|0):0.

The states (3.3) form an orthonormalized basis of the space
F of physical states of the theory.
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The numbers n, . .. ,n, take positive integer values and
are called occupation numbers.
Axiom 2. The states (3.3) satisfy the conditions

Xab(x)lnl’Nl; s ;ns’Ns>:O’ (34)

¢a(x)|n Ny .. .50, ,N)=0.

Axiom 3. The state ef(x)]nl ,Ny;...;ng,Ng) contains a
superposition of all the states of the theory, in which one of
the occupation numbers differs in absolute value by unity,
while the others coincide with the occupation numbers of the
state (3.3).

Here the operators a, and their conjugates ay have the
usual commutation properties:

[ay.am]=0, [aN’a;l]:aNM- (3.5)

For the case of interest to us of a compact x space without
the generality restriction it can be assumed that the index
N, which labels the creation and annihilation operators, be-
longs to a discrete finite-dimensional lattice. A norm is easily
introduced into the space of indices.

It follows from (3.3) and (3.4) that

[H’a;]zo’ [H’aN]:()’ (36)

where the Hamiltonian operator H is assigned according to
(2.3).

Thus, the gauge-invariant operators of interest to us have
been formally indicated. They comprise the set of annihila-
tion and creation operators {ay ,ay}, which exhaust all the
physical degrees of freedom of the system. We note that the
commutation relations (3.6) are a consequence of the generali
covariance of the theory. A set of operators with the proper-
ties (3.6) that exhausts the physical degrees of freedom of the
system does not exist in the other theories.

We present some consequences of Axioms 1-3.

Let |[N)=a,|0). It follows from Axiom 3 that

1
ei(x)|N)= —=ey(0)[0) +|N:ef(x)),

V2

(0|N;ef(x))=0.

(3.7

Here the fields ejy;(x) are linearly independent and do not
contain creation and annihilation operators:

[ej\',,-(x),a;;]=0.

Since the operator e{(x) is Hermitian, the following expan-
sion exists as a consequence of (3.7):

[eni(x),ap]=0, (3.8)

1
ef(x)= —\/.—2_ % (ayefyi(x)+aye yi(x))+ef(x). (3.9)

The field ¢ {(x) does not contain the operators ay and ay in
the first power, but it contains a zeroth-order contribution
with respect to these operators, which we denote by ef-‘(O)
X(x).

Information regarding the configuration of the fields
ey;(x) can be obtained by studying the matrix elements of
several invariant operators relative to the states (3.3). For
example, let us consider the quantity V= fd*x J—g, which
is invariant with respect to permutations of the coordinates in
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three-dimensional space. The expression on the right-hand
side of (2.8) is known to give the variation of a tetrad in
response to infinitesimal variation of the coordinates. On the
other hand, the right-hand side of (2.8) is equal to the Pois-
son bracket of a tetrad and the Hamiltonian. Since the Hamil-
tonian annuls physical states, we have

(0|(fd3x\/:E)|N)=(0|e"i5H(fd3x\/—_g)ei8H|N).

This equality readily yields the relation

(O|:l f d3x \/:Egij(ej-'vifa+ V&, 6’,“')] :|N)=0,
(3.10)

which is valid for any field &%(x).

To proceed further, we assume that Heisenberg tetrad-
connection fields can be represented in the form of formal
series in the operators ay and ay For tetrad fields the begin-
ning of this expansion is assigned according to (3.9). For a
connection operator the naturalness of this hypothesis fol-
lows from Eq. (3.1). We use wf”(o)(x) to denote the zeroth-
order (in the operators ay and a) contribution to the con-
nection. This contribution can be expressed in terms of the
fields ¢/V(x) using (2.8) and (2.9).

Now, from (3.10) we obtain the conditions for the fields
en;:

V[(_O)( _ g(o)gij(o)eg,j) =0. (3.11)

The superscript (0) means that all the operators and fields
bearing it depend only on the zeroth approximation of the
tetrad fields ¢?* and the connection fields w?*® .

We use e,f’(‘)(x) and w,‘-’b(”(x), where s=0,1,..., to
denote the contributions that are of order s with respect to
the creation and annihilation operators to the tetrad and con-

nection fields, so that

ef(x)= EO e?)(x),

ex)y= > ay,...ayey, .y i(x)
NN,
+
+2 2 ayan,---an__,
My Nyp...Ngy

Xegy v F (3.12)

Here the creation and annihilation operators are normally
ordered. There are similar formulas for a connection field.
All the information on the evolution of the system with time

is contained in the fields ey v ;(x), w,‘(,': v i(x), etc.
<N, N,

(s=0,1,...). The set of these fields is denoted by ® ,(x).

The group of motions or the gauge group (a set of expo-
nential functions of the Hamiltonian) is denoted by ‘<. This
group acts in the space of the fields ® ; (x). The Lie algebra
of the group ¢ is the set of operators {x,(x),¢.(x)}. The
operators x,,(x) and ¢.(x) are first-class constraints in the
Dirac sense [see (A7)]. Therefore, they can be represented as
vector fields on 2, whose components depend in the general
case on P | {(x).
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The group ¥ contains the subgroup G of local Lorentz
transformations, which can easily be described. Let the ma-
trix field Sj(x) satisfy the condition

S&(x) 7°Sy(x)=n.

The group formed by the set of elements {S;(x)} is denoted
by G. Each element of G corresponds to a transformation of
the tetrad and connection fields:

e]%(x)=S4(x)e(x),
o] (x)=S8%(x)S5(x) 0f(x) + S%(x) 7°48;S5(x).

The operator

1
X(wo)sz dEx0f’xap,  0—0,

is a right-invariant vector field on G, which transforms the
point Sj(x) to an infinitely close point Sj(x)
— wy (x)S5(x).

The vector field on & corresponding to the operator

1
be)= 3oz | Pxese, 50,

generates the next displacement of the tetrad fields [see (2.3)
and (2.8)]:

a a a
ef—el+Veq.

Now it is not difficult to represent the field wf,(x), which
is conjugate to the tetrad field e{ (x) [see (3.2)], in the lowest
approximation with respect to the operators ay and ay . For
this purpose we must supplement the set of the fields
en;(x) in (3.9) to obtain the complete orthonormalized set
{eq:(x)}. This gives

j d3x\/—g V¢ Xligij(O)eNasz2qlzw77MN’ (3.13)
where 7y y=0,if M # N, and 7yy=1 or — 1 for a space- or
time-like field e%;, respectively. Here g3, is a normalization
factor, which has the dimensions of length. Besides the or-
thonormality condition (3.13) there is a completeness condi-
tion:

(;)) 77(1[1 S(x

2 K_quczﬂNNelaVi(x)é—lej(x): (o)gl
N -8

-y)=VOx) VO (y) DO (x,y), (3.14)

— VO =g i OV DO (x,y) = 7 8(x~y).

The set of the operators a, and ay should also be supple-
mented so that the commutation relations (3.5) are replaced
by the commutation relations

[ap.ay]=nmn- (3.15)

Taking into account Egs. (3.9), (3.14), and (3.15), we obtain
the following representation for the operator
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1

V2u?

mh(x)=i( —g‘°)g‘j(°’)(x){ ; ay (ayeny(x)

_a;e_Naj(x))-i-V‘(’,O)f d3z DZ(O)(x,z) 5E(2) }‘.

(3.16)

The second term in (3.16) is a vector field on &, so that

=V,ep(x). 3.17)

0¢(2)

It is seen from Egs. (3.1), (3.9), and (3.14)—(3.17), first,
that to lowest order in the operators a ; and ay the tetrad and
connection fields satisfy the quantum Poisson brackets (2.12)
and (2.13) and, second, that the connection fields, like the
tetrad fields, contain all these operators in first order with
respect to a;,L and ay .

In the approach described at the end of this section [be-
ginning from Eq. (3.13)] the tetrad and connection fields
clearly have more degrees of freedom than are necessary on
the basis of kinematic arguments. In fact, besides the degrees
of freedom that correspond to the gauge group ¥ and are
included in the fields ® ;(x), there is an overfull system of
degrees of freedom that are included in the set of all the
creation and annihilation operators. However, this is not a
problem, and it even facilitates further progress for the fol-
lowing reasons. First, all these creation and annihilation op-
erators are gauge-invariant, and, second, when regularization
is performed, almost all the creation and annihilation opera-
tors are eliminated, and only the ‘‘minimum’’ necessary
number of operators remain. On the other hand, the gauge
group remains unharmed.

The presence of extra degrees of freedom above the ki-
nematically required number in the tetrad and connection
fields is similar to the analogous phenomenon in a more
common example. Consider any gauge theory containing a
Dirac field . The gauge group transforms the Dirac field
according to the formula ¢(x)— S(x)(x). Therefore, it can
be assumed that the field ¢ contains the degrees of freedom
of the gauge group S(x) in addition to the kinematically
required fermion degrees of freedom.

We now have all the necessary tools to devise a regular-
ized theory.

“ d’z "’C(Z)—(S— ef(x)
0 &

4. REGULARIZATION

The presentation in the preceding section had a formal
character, since divergences were not taken into consider-
ation. The formulas written out in Sec. 3 have a heuristic
character. In this section we perform regularization and
thereby impart strict meanings to all the operators and equa-
tions used.

The commutation relations (3.5) and (3.6) are important
because any set of pairs of the operators ay and ap can be
treated as a set of second-class constraints according to
Dirac.® This makes it possible to perform regularization in
the following manner.

We identify a finite set {ay ,ay }’ of pairs of annihilation
and creation operators and number them in such a manner
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that |N|<N,. Operators from the set {ay,ay}’ satisfy the
commutation relations (3.5). Since physical information is
contained in the wave functions ef,;(x), this choice is actu-
ally determined by the choice of the set {ey;(x)}" of linearly
independent wave functions corresponding to the step of op-
erators {ay ,ay }'. The choice of the functions in {e,(x)}’ is
determined by the physical conditions of the problem. For
example, if the x-space is a torus, periodic traveling waves,
whose wave numbers are restricted in absolute value, can be
taken as the wave functions of this set. Such a choice of
{eni(x)}' corresponds to the problem of gravitational waves.

Regularization of the theory involves equating to zero all
the pairs of creation and annihilation operators except the
selected pairs, i.e., all the pairs with |[N|>N,

ay=0, ay=0, |N|>N,. (4.1)

An infinite system of second-class constraints is thereby im-
posed. As a result, the commutation relations (2.12), (2.13),
etc., should be replaced by the corresponding Dirac commu-
tation relations, and the regularized equations of motion
should be investigated.

Let us prove an important theorem for our method,
which imparts meaning to the entire dynamic quantization
procedure.

Theorem: Imposition of the second-class constraints
(4.1) does not alter the forms of the Heisenberg equations
and conserves their classical character.

Proof: Let |. #Z'),|./ "), ... be the basis vectors (3.3)
constructed using the restricted set of operators {ay,ay}’,
and let F' be a Fock space with these basis vectors. The
imposition of constraints (4.1) means that the space of physi-
cal states F is confined to the regularized subspace F'CF.
Only the matrix elements of the form (. #’|A|./"") are con-
sidered for any operator A in the regularized theory. There-
fore, the matrix elements of the quantum Dirac bracket" of
A and B corresponding to the constraints (4.1) are repre-
sented in the form

(Z'|[ABY*|.1")= g‘, K Z'|ALZ"WZ'|B|.4")

—( 2 |BlEWE AL TY).
(4.2)

According to the definition of a quantum Dirac bracket, the
operators ay and a5 with [N|>N, contained in the operators
A and B from (4.2) are normally ordered and then set equal
to zero. The Poisson bracket [A,B] is formally distinguished
from the Dirac bracket (4.2) by the fact that in the calculation
of the matrix elements {. #’|[A,B]|./ ") using a formula
similar to (4.2) the summation is carried out over all the
intermediate states (3.3). We assume that the operator B is
diagonal in the basis (3.3) and does not depend on the op-
erators ay and ay with [N|>N,. Then it is seen from (4.2)

that
(. 2'|[ABY*|.) "Y=(. 2'|[A,B]|.1 "), (4.3)

if we set ay=0 and ay =0 for |[N|>N, in the matrix ele-
ment on the right-hand side of (4.3). Now, we need only note
that all the operators of the occupation numbers ny=ay ay
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commute with the Hamiltonian of the theory according to the
axioms introduced. Moreover, because of the commutation
relations (3.6) the Hamiltonian does not depend on the op-
erators ay and a; Therefore, the Hamiltonian H can be
substituted for the operator B. This implies the validity of the
theorem.

There is also a classical variant of this theorem.

Theorem. Imposition of the second-class constraints
(4.1) does not alter the classical form of the Hamilton equa-
tions for the remaining degrees of freedom.

To prove it we write out the formula for a Dirac bracket
in the classical theory.

Let {x,} and {k,} be finite or infinite sets of first- and
second-class constraints, respectively. By definition, this
means that

[an 9Xﬁ]%0’ (44)
[Xa»kal=0, (4.5)
I E (4.6)

Following Dirac, we use the symbol ~ to denote equality
with respect to the absolute values of the terms containing
K, or X,. We note that the matrix c,;,} in (4.6) is a nonde-
generate matrix, which depends in the general case on the
dynamic variables. The Hamiltonian H of the system is a

first-class quantity:
[H,xa]~0,
[H,k,]=0.

4.7)
(4.8)

In the classical theory the Dirac bracket of any two quantities
is defined by the formula

[6,77]*=[§,71]—% (& Km]Cmnl s 7] (4.9)

It is obvious that for any ¢ and , we have

[§’K"]*:0'

Hence it follows that the second-class constraints «, can be
set equal to zero before the Dirac brackets are calculated. As
a consequence of (4.8) and (4.9), we have the weak equality

[&H]~[&H]*. (4.10)

The weak equality (4.10) means that the equations of motion
obtained using the Poisson brackets and the Dirac brackets
essentially coincide.

According to (3.6), the weak equalities (4.5) and (4.8)
transform into strong equalities within our method. There-
fore, it follows immediately from (4.9) that [ £, H]=[ &, H]*
for any £. This means that the theorem is correct.

Corollary. The regularized theory is generally covariant.

In fact, this follows directly from the theorem just
proved. The equations of motion which the fields e{(x) and
wf’l’(x) obey in the regularized theory coincide in form with
the classical equations of motion, which are generally cova-
riant. The corollary is thereby proved.

Precisely because the regularization is ideally matched
to the dynamics of the system in the method employed, we
called this quantization method dynamic. We again note that
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the regularization does not in any way affect the gauge
group, which remains the same in the regularized theory as it
was in the classical theory.

To conclude this section we present a more abstract pro-
cedure for solving our problem. Although this procedure is,
perhaps, less natural, it has great logical harmony and sim-
plifies the calculations, since only regularized quantities are
treated within it.

The basis of this approach is ab initio.

Proposition. The theory is regularized in such a manner
that the following axioms hold.

Axiom R1. All the states of the theory having physical
meaning are obtained from the ground state |0) by means of
the creation operators a ; with |N|<Ny:

|n Ny ...;n,Ng)
=(m!...n)™Hay )" .. (ay)"|0), (4.11)

The states (4.11) form an orthonormalized basis of the space
F' of physical states of the theory.
Axiom R2. The states (4.11) satisfy the conditions

Xas(D)=0,  ¢,(x)])=0. (4.12)

Axiom R3. The dynamic variables e}(x) transfer the
state (4.11) into a superposition of states of the theory like
(4.11), which contains all the states in which one of the oc-
cupation numbers differs in absolute value by unity, while
the remaining occupation numbers coincide with the occupa-
tion numbers of the state (4.11).

Axiom R4. The equations of motion and the constraints
for the physical fields ef(x) and w;’b(x) coincide in form
with the corresponding classical equations and constraints to
within permutations of the operators.

Axioms R1-R3 are analogs of Axioms 1-3 in the un-
regularized theory. Axiom R4 replaces the theorem itself. It
postulates the correct form of the equations of motion and
the constraints in agreement with classical mechanics. Since
it is no longer necessary to derive equations of motion, the
role of the Hamiltonian is diminished.

It seems to us that under the quantization approach de-
scribed here the problem of ordering the operators in the
equations of motion can be solved in the following manner.
We use the single symbol ®(x) to denote e;(x) and
©?(x) and the symbol \(x) to denote the fields e§(x) and
wg"(x). The problem of ordering the operators arises in con-
nection with the problem of establishing the self-consistency
of the theory.> We write out the Heisenberg equations in the
general form

O (x)=f(\,®)(x).

In (4.13) f is a local function of the fields A (x) and ®(x)
and depends linearly on the field . By definition, if \ is an
operator field, it is positioned to the left of & in the function
FN,®). According to (4.13), for the arbitrary fields A, and
A\, we have

(4.13)

5i¢=5ti (Ai,(b), i=l,2.

865 JETP 83 (5), November 1996

Let us consider the quantity (8,6,— 8,8,)®, which we de-
note by 8;2P. A necessary condition for self-consistency
of the theory is the possibility of ordering the operators in
(4.13) so that the following weak equality holds:

5[12](b~5t16t2f(K“2],(D). (4.14)

Here the field A, 5 is a bilinear antisymmetric form with
respect to the fields A, and A\, and, generally speaking, de-
pends on the field ®. The first-class constraints x,, and
@, , being vector fields on the group ¥, do not contain cre-
ation and annihilation operators. The latter property is uti-
lized explicitly in the calculations in the next section.

5. PERTURBATION THEORY

In this section we show how the field coefficients in the
expansion of the tetrad and connection fields in operators
ay and a,‘; can be found systematically. This is done first
without consideration of the quantum corrections (loops).
Then the result is refined with consideration of the quantum
fluctuations, which is formally equivalent to expansion in the
number N,. As is shown below, formal expansion in Nj is,
in turn, equivalent to expansion in the dimensionless param-
eter (A k)2, where A is the cutoff momentum of the theory.
If the cutoff momentum is much smaller than the Planck
momentum, then (A «x)%<1.

The presentation in this section is very schematic. A
detailed study of perturbation theory and consideration of
concrete problems using this method should be left for spe-
cial studies.

The calculations begin from the zeroth approximation,
i.e., from ¢?®(x) and w?*®(x). The tetrad and connection
fields in the zeroth approximation satisfy the constraints
(2.8), (2.9), and (2.11) and do not depend on the creation and
annihilation operators. However, in the zeroth approximation
the tetrad and connection fields are operators on the group of
gauge transformations &, according to (3.1), (3.16), and
(3.17). Thus, the fields ¢?®(x) and w@(x) satisfy the
equations of motion (2.8) and (2.10), and the constraints
Xff,’,) and ¢, which are composed of these fields, annul the
single state |0) in the zeroth approximation by definition.
Using reasoning similar to that used to obtain (3.10), we find
that (0] x{9|0) and (0] #.*|0) do not depend on the operator
parts of the fields in the zeroth approximation. This means
that under the matrix elements all fields can be regarded in
the zeroth approximation as purely classical and as satisfying
the equations of motion and the constraints (2.8), (2.9), and
(2.11).

In the first approximation all the quantum states (4.11)
from the regularized space are included in the treatment. The
tetrad and connection fields are expanded in the first approxi-
mation in the following manner [see (3.9) and (3.12)]:
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f)= 7 &, (anehi()+aie (0 +efO(x)
Ee?‘°)<x)+ef“’<x), (5.1)
""<x)‘ Wy, (ORI +aia )+ o V()

Ew;”’<°’(x)+ wf"V(x).

We note that under our approach the fields eg and wg" ,
which play the role of Lagrange multipliers, remain numeri-
cal:

eg(”=0, wgbm=0, (5.2

Substituting the fields from (5.1) into Egs. (2.8), (2.9), and
(2.11) and taking into account Egs. (5.2) and the fact that the
fields ¢ and w?* satisfy all the classical equations, we
obtain

s=1,2,.... .

0 c(0 b
abcdsuk{RU ) C +2€ )V f “)}=O, (53)
sijk(ViO)e‘-'(l)—e(b?)w‘fb“))=0,
abcdsuk{R b(0) c(l)+ec(O)V wab(l +ecV(O )} 0( )
5.4
\% ea“)—e,,ow b=,

Equations (5.3) are constraints, and Egs. (5.4) are the equa-
tions of motion for the tetrad and connection fields. Placing

Egs. (5.3) and (5.4) between the bra and ket (0] . .. |N), we
find

eabcatind R Ve t+2e{ OV wif} =0, (5.52)

ei(ViOen— el wi) =0, (5.5b)

0) (0 b
8abcd{':ijk{Rgi eNJ+eC( VOri+egv . a} 0( )
5.6a

Voen— epowin=0. (5.6b)

Thus, the constraints (5.5) and the equations of motion (5.6)
break down into individual equations with the assigned num-
ber N. The fields e,‘f,l LN and the like also have this prop-

erty, if the quantum fluctuations are not taken into account.
For example, we have the following analogs of Egs. (5.5b)
and (5.6b) for ey v ; and Wy ;

)

(0) ,a (0
el Vi ey vt e oy N21+wN i€N,bjt “’Nz.elv b} =0,

(5.7)

a ab
Vo el v, i~ €@y n,i=0. (5.8)

We note that while Egs. (5.5) and (5.6) are homogeneous
with respect to e%; and wi’, the equations like (5.7) for
€N, n,i and w,‘(,"lNz,- are not.

The following procedure can be used to solve Egs.
(5.5)—(5.8). The homogeneous system of equations (5.5) and
(5.6) must first be solved for e%; and wj,. Then an inhomo-
geneous linear system of equations that includes Egs. (5.7)
and (5.8) is solved for e}, y ; and wj(,’:,vz,-. This system of
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equations depends on the previously found fields ey; and
w:,f Next, this process is extended to the higher fields

e,‘:,l ~ i» etc. If the quantum fluctuations are not taken into
N

account, the equations obtained are inhomogeneous linear
equations with respect to exl ~ i» etc., which depend on
A

the fields found in the preceding steps.

The number of constraints together with Egs. (5.5) and
(5.6) equals 40, and the number of e%; and wly, sought for a
fixed N equals 30. Although the system of equations (5.5)
and (5.6) has an excessive number of equations, it has non-
zero solutions. In fact, the equations of motion (5 6) have
solutions for any values of the fields ey and wg” . This is
obvious for the original equations (2.8), (2.9), and (2.11).
Therefore the equations (5.5) and (5.6) with respect to ejy;
and wj obtamed from them have solutions.

The initial conditions (3.11) for the fields ey, at t=1,
should be used to solve Egs. (5.5) and (5.6). The field w””

can be uniquely expressed in terms of ef; and ey, using Eqs.
(5.5b) and (5.6b). After this Eqgs. (5.5a) and (5.6a) lead to
linear differential equations that are second-order in ey; .

It is seen from the normalization condition (3.13) and
Egs. (5.5) and (5.6) that the fields e; and w{? are propor-
tional to the gravitation constant k. Now we can clarify the
meaning of the multiplication by «? on the right-hand side of
the normalization condition (3.13). The possibility of satis-
fying the Poisson brackets (2.13) in the lowest approxima-
tion with respect to the creation and annihilation operators
(in the unregularized theory) follows from the expansion
(5.1) and the proportionality of efy; and wj to k.

Thus, the fields e§; and w4, are found according to the
following rule. The fields e§; and wj; which satisfy the con-
ditions (3.11) at #=t¢; and (3.13), as well as Egs. (5.5) and
(5.6), are sought. The tetrad and connection fields composed
from them according to (5.1) (where the summation is car-
ried out over all N) must satisfy the Poisson brackets (2.13)
in the lowest approx1mat10n Then the regularized set of
fields {ey; ,wN,}’ with [N| <N, is chosen from the entire set
of ef; and w4’

We note that, according to Egs. (5.7), we have

ab 2
Oy N, %K

ey N, %K, (5.9

Let us briefly consider the question of taking into ac-
count the quantum fluctuations or loops.

We use e, s=0,1,. .., to denote the contributions to
ey; that correspond to the s-loop contribution. Thus, the
fields ejy; considered above correspond to e“(o) in the new
notation.

We find the following equations in the single-loop ap-
proximation in the same manner that we obtained Egs. (5.5)—
(5.8):

1) b(0) > (0) ~ ab(0) ,(0)
1/k[‘9eN1 + ; [2( xMr Mb_1+wa e;VMbj)

+(w ab(0) (0) + o ab(0) (00) )]

wy.NiembiT Opi €prnn) ] =0. (5.10)

It can easily be understood from dimensionality arguments
[see (5.9)] that the order of the sum in the last equation is
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(A k)%, where A is the cutoff momentum of the theory, i.e.,
the maximum momentum of the regularized system of func-
tions {e4(x)}'. The expansion for systematically taking
into account the quantum fluctuations is performed in the
dimensionless parameter (A «)2. The concept of the *‘small
number”’ of physical degrees of freedom now becomes clear:
it is a number for which

(Ak)?<1. (5.11)

The condition (5.11) means that the cutoff momentum is
much smaller than the Planck momentum. In this case the
quantum fluctuations can be taken into account using a finite
perturbation scheme, as was shown above.

6. CONCLUSIONS

Thus, we have devised a mathematically correct proce-
dure for the canonical quantization of gravitation theory. The
quantum theory devised has the following principal proper-
ties.

A. If the x-space is compact, the number of physical
degrees of freedom is finite.

B. The Heisenberg equations for tetrad, connection, and
other fields have the classical form (to within permutations
of the operators).

C. The theory derived is generally covariant.

Unfortunately, we are forced to make a significant res-
ervation. The mathematical correctness of the theory will be
established completely only when the problem of ordering
the annihilation and creation operators in the equations of
motion is solved. The mathematical correctness of the theory
claimed in this paper refers to the ultraviolet divergence and
general covariance problems solved herein. At first glance,
the problem of ordering the creation and annihi’ation opera-
tors in Sec. 5 is solved automatically, since the coefficients
in front of the creation and annihilation operators in the
equations of motion and the constraints are set equal to zero.
This produces equations for finding the fields ®_,-. How-
ever, it also raises the question of the compatibility and cor-
rectness of these equations. This question calls for a special
investigation.
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We note that under the nonperturbative axiomatic ap-
proach the problem of ordering the creation and annihilation
operators in the constraints does not exist, since the con-
straints do not depend on these operators in our theory.
Therefore, the problem of ordering the creation and annihi-
lation operators is significant only in the equations of motion
(see the end of Sec. 4).

We note that the condition (5.11) for the existence of the
perturbation scheme is not a necessary condition for math-
ematical correctness of the theory. In our opinion, a physi-
cally intelligible quantum theory of gravitation need not be
subject to the condition (5.11). Nevertheless, it is possible
that the condition (5.11) will be significant in some specific
problems.

Although the theory was devised in the case of pure
gravitation in this paper, the inclusion of matter in the theory
cannot create fundamental difficulties in dynamic quantiza-
tion at first glance. In our opinion, the study of supergravi-
tation is of greatest interest in this respect. It also seems
promising, because the supersymmetry of the theory is estab-
lished most easily in the equations of motion, which play the
main role in the dynamic method.
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DThe notation for a Dirac bracket is distinguished from the notation for a
Poisson bracket by an additional raised asterisk.

'S. N. Vergeles, Zh. éksp. Teor. Fiz. 102, 1739 (1992) [Sov. Phys. JETP
75, 938 (1992)].

2S. N. Vergeles, Yad. Fiz. 57, 2286 (1994) [Phys. At. Nucl. 57, 2196
(1994)].

3p. A. M. Dirac, Lectures on Quantum Mechanics, Yeshiva University,
New York (1964) [Russ. transl., Mir, Moscow (1968)].

4A. Ashtekar and C. J. Isham, Class. Quantum Grav. 9, 1433 (1992); A.
Ashtekar, Mathematical and General Relativity, American Mathematical
Society, Providence (1987); A. Rendall, Classical Quantum Gravity 10,
605 (1993); A. Ashtekar and J. Lewandowski, J. Math. Phys. 36, 2170
(1995); A. Ashtekar, J. Lewandowski, D. Marolf er al., J. Math. Phys. 36,
6456 (1995); C. Rovelli and L. Smolin, Nucl. Phys. B 442, 593 (1995); C.
Rovelli, Nucl. Phys. B 405, 797 (1993); L. Smolin, Phys. Rev. D 49, 4028
(1994); S. Carlip, Class. Quantum Grav. 8, 5 (1991); S. Carlip, Phys. Rev.
D 42, 2647 (1990).

3X. Xiany, Gen. Relativ. Gravit. 25, 1019 (1993); A. Ashtekar, A. P. Bal-
achandran, and S. Jo, Int. J. Mod. Phys. A 4, 1493 (1989).

Translated by P. Shelnitz

S. N. Vergeles 867



