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Off-diagonal matrix elements ( 1  sns 3 ~ 1  (H,,,,( 1 sn 'd 3 ~ 1 )  (n,nl = 3- lo), which determine the 
mixing of 1 sn s3S1 and 1 sn 'd  3 ~ 1  levels in neutral helium have been estimated 
analytically. We have demonstrated that the matrix elements are nonzero if the spin-spin part 
(He,,,) of the full Breit-Pauli Hamiltonian is used. The basis is composed of 
antisymmetrized products of hydrogen-like electron functions in the Coulomb field of a nucleus. 
A technique has been developed to get rid of divergence in calculating matrix elements 
including radial wave functions. O 1996 American Institute of Physics. [S 1063-776 1 (96)00709-31 

1. INTRODUCTION 

In processing measurements of energy gaps in the he- 
lium fine structure, the researchers often use a semiempirical 
approach in which a recorded spectrum is interpreted in 
terms of averaged atomic Hamiltonian parameters with due 
account of both spin-dependent and spin-independent relativ- 
istic corrections proportional to C Y ~ R ~ , " ~  where a is the fine- 
structure constant. This approach seems preferable because 
the spectral characteristics are expressed in terms of several 
parameters which are, in fact, reduced matrix elements of the 
Hamiltonian and can be calculated in advance using accurate 
variational and Hartree-Fock techniques. 

The limitations of this approach are primarily caused by 
the selection of the initial basis for the atomic Hamiltonian. 
The Hamiltonian, in particular, is assumed to be diagonal 
with respect to the total orbital momentum, this means that 
the total orbital momentum L is presumed to be a "good" 
quantum number. 

In interpreting accurate measurements of fine-structure 
energies, however, an adequate interpretation of measure- 
ments may be possible in some cases only when the mixing 
of states with different L and equal parity is taken into ac- 
count. This issue was discussed by Kaiser and von oppen? 
who studied the singlet-triplet anticrossing of the Stark com- 
ponents of the 1 s3d level in neutral helium. 

The goal of this work was to estimate analytically non- 
diagonal matrix elements of the spin-spin coupling operator, 
( Isns 3 ~ , ~ ~ , , , , ( l s n ' d  3 ~ 1 )  (n,nl = 3-10), which deter- 
mines the mixing constants in the expansions 

Il)=cos 8 J l sns  3 ~ l ) + s i n  Ollsn'd 3 ~ 1 ) ,  

(1) 

12)= - sinOllsns 3~,)+cosOl lsn 'd 3 ~ 1 ) ,  

where ( 1 ), 12) are the eigenstates of the total atomic Hamil- 
tonian and 8 is the mixing angle between the l sns  3 ~ 1  and 
1 sn' d 3~ states. 

2. ANALYTIC CALCULATIONS OF OFF-DIAGONAL MATRIX 
ELEMENTS IN THE LS-COUPLING SCHEME 

In this work the perturbation operator generating non- 
zero off-diagonal matrix elements coupling the states with 
the orbital momentum L and L+2  is the operator of spin- 
spin coupling He,,, in the Breit-Pauli ~ami l tonian~ in the 
form of a scalar product of irreducible second-rank ten so^-s:~ 

Equation (2) does not include the term with the delta- 
function responsible for the contact interaction because its 
contribution to the energy of triplet states is zero. An impor- 
tant point is that Heisenberg's hydrogen-like approximation4 
cannot be applied to the basis wave functions in this case 
because it leads to zero off-diagonal matrix elements by vir- 
tue of the identity 

for the corresponding radial integrals. Here g,,(r) is the ra- 
dial wave function of a hydrogen-like atom.4 Therefore we 
took for the basis the antisymmetrized product of electron 
wave functions in the Coulomb potential of a nucleus with 
the charge 2 = 2  (Z is the nuclear charge) in the 
LS-coupling scheme. The corresponding reduced matrix el- 
ement is determined by the equation5-? 

( L ' S ' J ' M ' I S ( ~ ) .  L (~)~LSJM) 

where J and M are the total angular momentum and its pro- 
jection, and respectively, 
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is Wigner's 6j-symboL6 The integration with respect to 
angles is performed using standard relations of the algebra of 
angular momenta6.* and it presents no great difficulty. On the 
contrary, the calculation of radial integrals is difficult be- 
cause of nonphysical divergence due to the cofactor l ~ r : ~  in 
the integrands. The methods for eliminating this divergence 
are usually based on recursion relations for Legendre poly- 
nomials and Gauss's hypergeometric functions, which 
emerge in the process of integration with respect to the radial 
 variable^?.'^ 

We propose an alternative technique for getting rid of 
the divergence prior to the integration with respect to the 
radial variables. First of all, let us expand the function 
llr;, in terms of spherical harmonics, which allows us to 
separate the radial and angular variables6 

1 
-=C 5 qr(r, ~ < ) Y ~ ( n i ) Y ~ ~ ( n z ) ,  
r12 

I (5 )  
'Ti I< 

qr(r> , r<)=  2 3 (21- 1)(21+3)7TT 
3(r$ - r<)  r >  

where r, (r,) denotes the smaller (larger) value of r l  and 
r2 ,  and Ylm(n) is a spherical harmonic. 

By using Eq. (5) and omitting the constant factor due to 
the integration with respect to the angles, we obtain the fol- 
lowing expression for the radial component of the spin-spin 
coupling: 

The upper (a) and the lower (b) lines correspond to the direct 
and exchange interaction, respectively. By substituting Eq. 
(5) into (6a). and (6b), one can easily prove that the expres- 
sion in the upper line equals llr: if r l > r 2  and zero if 
r < r2 ,  and the expression in the lower line equals zero and 
llr;, respectively, for the same conditions for the radial vari- 
ables. These results allow us to unify and simplify the pro- 
cedure for calculating the radial integrals 

I (direct Coulomb interaction), 
@( r ,  ,r2)= 

gno(r~)g 10(r1)g10(r~)grr2(r2) 
(8) 

( (exchange interaction). 

After these transformations performed on 
~ z , ( r ,  ,r,), the radial integrals in Eq. (7) do not diverge, 
and the integration with respect to radial variables can be 
performed analytically. 

We demonstrate as a example the final expression for the 
off-diagonal matrix element (1 s3s 3 ~ 1 1 ~ , , , , (  1 s3d3II ,) 
which contains only the term of the lowest order in a and 
z: 

5 6  
( 1 s 3 s 3 ~ 1 1 ~ e , s , ( 1 s 3 d 3 ~ 1 )  = - a.u. 

2 - 3  

= - 2.5503 GHz. (9) 

This result is very close to the value numerically calcu- 
lated by  rake,".'^ who took account of the relativistic cor- 
rection proportional to ( c u ~ ) ~ :  

Similar calculations of off-diagonal elements 
( ~ s n s ~ ~ ~ ~ ~ , , , , ~ l s n ' d ~ ~ ~ )  with n,n1=3- 10 are given in 
Fig. 1 and Table I. The graph indicates, in particular, that the 
off-diagonal elements are functions of both n and n ' and at a 
fixed n'  drop by a factor of about ten as n changes from 3 to 
10. 

3. DISCUSSION 

The technique proposed in this paper can be applied, 
naturally, only to approximate estimates of parameters of 

FIG. 1 .  Off-diagonal matrix elements I = (  I s n s 3 ~ , I ~ , . , , I  I s n ' d 3 ~  ,) in 
neutral helium versus n  at n'=3,5,10 and tt ranging between 3  and 10. 
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TABLE I. Nondiagonal matrix elements ( Isns SIIH,,,,l 1 sn'd 'D , )  (GHz) in helium. 

helium spectra. Our calculations in the Hartree-Fock ap- 
proximation using the multiconfigurational approach yield 
the following result: 

= - 2.278 GHz. (1 1) 

The difference between numerical values in Eqs. (9) and 
(1 1) is 0.2723 GHz and is caused by neglecting correlation 
effects when we have used the hydrogen-like functions in the 
derivation of Eq. (9). The more accurate calculation based on 
the variational approach with many parameters yields1) 

The higher-order corrections, which also yield nonzero 
contributions to the off-diagonal matrix elements, may be 
classified with two types. The first type includes corrections 
which tend to a nonzero value as M A W ,  where M is the 
nucleus mass. The corrections of the second type are due to 
the finite nucleus mass. The corrections of the first type pro- 
portional to a 3 ~ y  are due to the contribution of the anoma- 
lous magnetic moment of electron (the Schwinger correc- 
tion) to the two-particle Hamiltonian. If the spin-dependent 
component of the Breit-Pauli Hamiltonian is presented in 
the form 

H = H z , s o +  He , , ,  + H e m  9 (12) 

where HZ,,, is the spin-orbit interaction with the nucleus, 
He,, ,  is the spin-orbit interaction between the electrons, and 
He,, ,  is the spin-spin coupling defined by Eq. (2), the cor- 
rection Hanom due to the anomalous magnetic moment of 
electron is determined by the formula14 

The corrections H M  of the second type are due to the 
effects of radiative "recoil" of a nucleus of a finite mass:15 

Here ui and pi are the spin and momentum of the ith elec- 
tron, me is the electron mass. It is obvious that nonzero off- 
diagonal matrix elements are only due to the spin-spin com- 
ponents of the Hamiltonian in Eq. (12) and defined by Eqs. 
(13) and (14), and the corrections to the larger numerical 
value in Eq. (9) are proportional to a and me lM.  

In conclusion, we would like to stress once again that, 
although the mixing of the states I S ~ S ~ S ~  and 1 sn'dJD, is 
small (specifically, the mixing angle between the states 
ls3s3s1 and ls3d3D1 introduced in Eq. (1) is 
8-0.000003), this effect is fundamentally important for in- 
terpreting precise measurements of helium spectral 
parameters.3 On the other hand, the mixing of levels with the 
orbital momenta L and L + 2 may be important in the search 
for effects of parity violation in neutral helium16 and in 
helium-like ions with a small chargeJ7 in the anticrossing of 
levels under electromagnetic field. Finally, the mixing of lev- 
els with different orbital momenta and equal parities is pro- 
portional to z3 and may be interesting for the high-resolution 
spectroscopy of multiply charged high Z  ion.^.'^"^ 
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