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When a NMR line of a solid narrows at the ‘‘magic’’ orientation of the effective field in the
rotating frame, the linewidth is determined by a three-spin effective interaction, rather than by the
original dipolar interaction. When the line is narrowed further by a second effective field

acting in the doubly rotating reference frame, the spin dynamics are now determined by four- and
five-spin effective interactions. The Hamiltonian for these interactions is found. An

expression for the longitudinal nuclear spin-lattice relaxation time in the third effective field
acting in the triply rotating reference frame is found. This expression consists of terms with
two-, three-, four-, and five-particle correlation functions of products of the dipolar coupling
constants modulated by the atomic and molecular motions. The dependence of this time on

the correlation frequencies of the motions is calculated in the approximation of high-dimensionality
lattices for different models of the motion and values of the rf field parameters. The high
sensitivity of the spin-lattice relaxation time in the triply rotating frame to details of the ultraslow
internal motions in the solid is demonstrated; measuring it can therefore provide an effective

way to investigate such motions. A method is proposed for testing the correlation of the atomic
motions directly by comparing experimental plots of the temperature dependence of two-

and three-spin relaxations measured when the first and second effective fields, respectively, deviate
from their ‘‘magic’’ orientations. © 1996 American Institute of Physics.

[S1063-7761(96)02008-2]

1. INTRODUCTION

Investigating nuclear spin-lattice relaxation is a gener-
ally accepted method for studying atomic and molecular mo-
tions in solids.! The traditional nuclear magnetic resonance
(NMR) methods measure the spin-lattice relaxation time of
the magnetization in a strong constant field (7;) or in a
radio-frequency (rf) field in a rotating reference frame
(T,,). Each motion appears in the expressions for these
times in terms of the Fourier transform of the temporal two-
particle correlation function of the dipolar coupling constants
at the precession frequency in the corresponding field. The
calculation of the relaxation times and the analysis of the
relaxation curves are significantly simpler than the calcula-
tion and analysis of the NMR line shape of the dense spin
system in a solid. However, the line shape is more sensitive
to details of the motions of atoms and molecules, since it is
actually determined by many-particle correlation functions
of products of the dipolar coupling constants of from two to
an infinite number of particles.

The modern methods of NMR spectroscopy?> based on
the effects of a pulsed or continuous strong rf field on the
nuclear spin system make it possible to combine the simplic-
ity of the relaxation methods with the informativeness of the
spectral methods. In fact, under the action of an rf field that
is strong compared with the dipolar interaction, the dynamics
of the spin system is determined not by the original two-spin
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interaction, but by an effective multispin interaction,>™* the
number of spins participating in an elementary event increas-
ing as the form of the applied rf field becomes more compli-
cated. Therefore, it becomes possibles‘7 to selectively ob-
serve the correlation functions of dipolar coupling constants
with an assigned number of particles, viz., two, three, four,
or more, using the spin-lattice relaxation time. An analysis of
plots of the temperature dependence of such a multiple-
frequency spin-lattice relaxation time permits determination
not only of the rates, but also of the types of atomic and
molecular motions. Also, since the effective interaction is
many times weaker than the original interaction, it is specifi-
cally the ultraslow motions characteristic of the solid phase
that will be accessible to study.

The method described has not attracted the attention it
should from investigators. The amount of information ob-
tained is increased by employing the modern methods of
two-dimensional or multiple-quantum NMR spectroscopy,*®
in which active treatment of the spectrum simplifies its
analysis. For example, such a fine characteristic of molecular
motion as correlation was found from multiple-quantum
spectra in Ref. 9. The analysis of a spectrum can be simpli-
fied if the number of magnetic nuclei in the molecule or in
the molecular group studied is not excessively large. Since
this is not the case in the dense nuclear spin system of a
crystal, the spectrum does not become simpler than the origi-
nal one after it has been separated according to the chemical
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shifts or when multiple-quantum transitions are observed.!'’
In such systems the method described above of measuring
many-particle spin-lattice relaxation is the only way remain-
ing to extract detailed information on the internal mobility.

Spin-lattice relaxation caused by a three-spin effective
interaction was observed experimentally in Ref. 11. Under
the conditions of that experiment a strong continuous rf field
that forms an effective field having the ‘‘magic’’ orientation
in a rotating frame* acted on the nuclear spin system of solid
benzene. The shallow modulation of the rf field in a doubly
rotating frame (the second rotation is about the effective
field) created a second effective field. The relaxation time
(T)pp) of the magnetization directed along this field was
measured. The method employed of directly recording NMR
in the rotating frame, which was developed by Mefed et
al.,'">' has several advantages over the method of multiple-
pulse sequences and ensured the success of the experiment.
Mefed" recently showed how the longitudinal spin-lattice
relaxation time (T',,,) of the magnetization parallel to the
third effective field in a triply rotating frame (the third rota-
tion is about the second field) can be measured by direct
recording. The time T, is governed already by four- and
five-spin effective interactions.

The purpose of the present work is to develop the theory
needed for the successful practical implementation of this
method for studying motions on the basis of the multiple-
particle spin-lattice relaxation time. General equations for
Ty, (Refs. 1 and 2) and T pp (Refs. 6 and 7) are presently
known. There are no equations for Ty, ; they are derived in
this paper. For this purpose in the third and fourth sections,
respectively, four- and five-spin effective Hamiltonians are
found and divided into parts that are nonsecular toward the
third field, which are used to obtain the equations sought in
second-order time-dependent perturbation theory. Then the
dependence of T, ,,,, on the motional correlation frequency is
calculated for various cases in the fifth section. The influence
of the motion model, nonuniformity of the rf field, and de-
viations of the first and second effective fields from their
magic orientations is analyzed. Finally, the coefficients
needed for the calculations in the approximation of lattices of
large dimensionality are calculated in the Appendix.

2. NUCLEAR SPIN SYSTEM IN A MODULATED rf FIELD

Consider the system of nuclear spins (/= 1/2) of a crys-
tal in a strong constant magnetic field H, and a strong trans-
verse 1f field with amplitude 2H | and frequency w, which is
close to the Larmor precession frequency wy=yH, and is
modulated in the following manner:'>'®

H\(t)=2H cos{wt+ @+ ¢ cos[,t+ dp,

XCOS(ta+ (Pz)]}, (2.1)

where {8¢,0¢,}<m/2.

At first we set do=0. In the reference frame rotating
with the frequency w about the field H,, an effective field* of
strength w, (in frequency units), which forms an angle 6
with the field H, acts on the spins:

0, =[VH}+(0—wp)?]"%,  6=arctan] yH, /(wy— )].
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When the rf field is nonuniform, H, and w, are understood
to be their transform-averaged values H, and @, , and the
deviation is taken into account by a correction term in the
Hamiltonian (here and in the following we measure the en-
ergy in frequency units):

Hyg= — wesinOE_ ni[17cos6+ I3sind], (2.2)

1

where {I,I7 ,I{} are the components of the spin vector op-
erator at the site i in the reference frame with the z axis
parallel to the effective field w,, and 7,=H,;/H,—1. For
example, under the experimental conditions in Refs. 11-16
the degree of nonuniformity is estimated to be 0.15%.

We write the Hamiltonian of the system in the rotating
frame in the following manner:

F=—wl,+ 2

m=0,*1,*2

*", 1= I, (2.3)
]

where, besides the Zeeman interaction in the effective field,

we have separated the parts that satisfy the condition

(1., %" =mF". (24)
The secular part is
1
= — wesinZOZ il i+ 5(3C0829_ 1)
1
L+ PP
X2 b,-,-[lfl% — 2:5)
i#j

where b, ;= Yh[1— 30052(0,~j)]/2r,-3j , and 6;; is the angle be-
tween the internuclear vector r;; and the constant magnetic
field Hy. The contribution for the dipolar interaction to (2.5)
vanishes at the magic angle 6= 0,,=54.74° (Ref. 4). At that
angle, for the nonsecular parts in (2.3) we obtain

V2

Lo
.%tl=_’?we El: nili—_ﬁgj byl (2.6)

E 6 il

Under the action of the effective field the nonsecular
parts ™ (m # 0) oscillate rapidly with time at the frequen-
cies mw,. Their contribution to the slow relaxation pro-
cesses in the spin system can be taken into account by means
of the theory of averaging in terms of the effective
Hamiltonian*’

F=rxr.

H= R+ HR+ ..., (2.7)
where
1
3)_ m
‘%ff‘zwe =:21:2 [(# ", %" |Im, (2.8)
W= __2_{[%“ [#H, % 2]]
+[# [, 2]} (2.9)
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are the first two terms of the series. The ratio of the local
field to the effective field is actually a small parameter.
Rather than the root-mean-square value of the local field
(H}), it is more convenient to use the second moment of the
NMR absorption line, which is related to it by the simple
expression

9
— 2 _ 2

where N is the number of spins in the system and the small
parameter is

e= (Mzd/(l)g) 1/2.

In turn, we characterize the effective interaction by the sec-
ond moment of the NMR line in the rotating frame M,,
(Refs. 12-14).

We turn to the general case (2.1). Confining ourselves to
the first order in the expansion of this expression in the small
parameter J¢, in the rotating frame we obtain an additional
term in the Hamiltonian:

%r’f=2'yﬂzcos[ﬂlt+ @1+ 6p cos(yt+ ¢,)]

X (1+7)E, (2.10)
H

where H,= H 6¢/2. We now move on to the doubly rotating
frame spinning with a frequency 2, about the effective field.
For simplicity, let 8¢, =0. Then a second effective field'!~'®
of strength w, (in frequency units), which forms an angle
0’ with the field w,, acts on the spins in this reference
frame:

wy=[(yH2)*+(Q,—w,)*]"?,

0’ =arctan[ yH, /(w,— )] (2.11)

When the second field has sufficient strength
(w>M i’;) , it causes fast oscillations of the effective Hamil-
tonian (2.7) and thereby leads to further weakening of the
effective interaction. The greatest narrowing of the NMR
line of a solid'>!* is achieved when the second effective field
is orthogonal to the first. Under these conditions the parts of
) given by (2.8) and the contribution from the nonuni-
formity of the rf field to (2.5) that are secular in the second
field vanish. Therefore, the dynamics of the spin system is
determined by the weaker new effective interaction (.%%)
formed according to the same rule (2.8) (with the replace-
ment of @, by w,), but now from the parts of the effective
Hamiltonian %)} that are nonsecular and satisfy the prop-
erty (2.4) with respect to the second field (Ref. 7) and Eq.
(2.5):

5= 3, Wl {5+ an T3 ALY,
(2.12)

+3__ ol e o
H=¢ 2# Bind I}
where
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$r,ij=4(bixbi;—2bib ju—2b;:by),
ay ;j=(5bijbj+5biby—byby;),
ﬂlﬂ(:7(bljb]k+blkbkj+bjlblk)/3’ (213)

32w’y 1
L= 2+ e = —
4,=6 j(;i) i 3 0 ¢ 32ew,’

and the z axis is directed along the second field. The Hamil-
tonian F#5) is second-order in & and will be found in the
fourth section of this paper. The part of the effective Hamil-
tonian that is of the same order &€ and secular in the second
field is ,%g‘f’f) given by (2.9), which will be found in the third
section of this paper.

In addition, the Hamiltonian contains a term due to the
nonuniformity of the second field in (2.10). Since the rf field
scarcely varies on the scales of atomic and molecular mo-
tions, this term does not make a contribution to the spin-
lattice relaxation. However, it makes a contribution to the
residual NMR linewidth'* that is quite appreciable in a lig-
uid. It can be balanced'® by the contribution from the non-
uniformity of the rf field to (2.5), if we take the angle 6’
specified by equating the projections of the two contributions
onto the second field:

yH,sind’ + w,sin?fcosd’ =0,

whence follows 8’ =~ 7/2+ yH, / w,sin?6 for yH,< w,sin’6.

Finally, when we have 8¢, # 0 in (2.10), going over to
the triply rotating frame (the third rotation is about the sec-
ond field with a frequency {2, = ®,), we obtain a third effec-
tive field'*!> of strength (in frequency units)

w3=4yH 8080,

which is orthogonal to the second. Note that to be specific
we chose phase modulation of the rf field'>'® above in (2.1).
The results obtained in the present work are equally appli-
cable to other types of modulation,' !~ viz., amplitude and
frequency modulation. Only the equations defining H, and
w3 change.

Under the conditions of the experiment in Ref. 15 the
phases ¢, and ¢, are chosen so that at =0 the second field
is orthogonal to H and the third field is parallel to H. The
magnetization is captured by the third field (spin locking in
the triply rotating reference frame) and follows it without
significant losses, if the third field is sufficiently large rela-
tive to the effective interaction in the triply rotating frame,
whose magnitude will be characterized by the second mo-
ment of the NMR line in the doubly rotating frame
My, Blje., if w3>M:§/§p . The conditions for spin locking
in a triply rotating frame are similar to those in a doubly
rotating frame, studied in Refs. 11, 14, and 16. In a rigid
lattice the projection of the magnetization onto the third field
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should not vary with time. When there is atomic and molecu-
lar mobility, relaxation of this magnetization is observed un-
der the action of the parts of the effective Hamiltonian
F,, that are nonsecular in the third field and satisfy the
condition (2.4) with respect to that field. For the longitudinal
spin-lattice relaxation rate in the case under consideration,
from time-dependent perturbation theory?>~"!7 we obtain the
relation

~22

Tlppp m=1

m2J ,(maw,),. (2.19)
where J,,(w) is the Fourier transform of the correlation func-
tion

G (1) =(Tr {F0(1)F, (O} Te{I2}, (2.15)

in which the averaging is carried out over the random mo-
tions of the atoms and molecules in the coordinate space. We
note that if #,, has a part (#,) that is conserved during
motion and does not make a contnbunon to the spin-lattice
relaxation, Tr {(#™.)(9%,.")}/ Tr{I?} should be subtracted
from the right-hand side of (2.15).

3. CONTRIBUTION OF THE SECOND-ORDER EFFECTIVE
HAMILTONIAN %4 TO THE SPIN-LATTICE
RELAXATION

After calculating the commutators in (2.9), for the
Hamiltonian sought we find

K= -488) ITI; Ay,

1
= _2‘2‘ bibyjb 112111i12+'2‘ biibijf(bji—by)
bijbi "](1"1;+1Y1 WBI+PE) - [bk,

+ = (bklbhb i+b; b.kbiz“‘blkbljbli)}lfli(lflf

ey 1 vz L +I,y13'
+Ij11) +m3-2 Ay LT~ ———2——-— , (3.1
where
A= bbb i+=[b;b? +b 112
ij k(#{i,j})[ ikY kjv ji [ ikYkj kYkj

'_(b +b2k)bu]]

In (3.1) and in similar equations below the summation is
carried out over all the lattice indices appearing in them un-
der the condition that terms with two identical indices are
excluded.

To calculate the contribution of this Hamiltonian to the
longitudinal spin-lattice relaxation in the third field (2.14), in
(3.1) we isolate the part that is secular in the second field,
from which we then isolate the parts that are nonsecular in
the third field and satisfy the condition (2.4):

Hh=-u8Y DL {2|i,jk1| +12(ijkl) +8(jikl ) - 8(kijl)} ,

rm mm
H =@ IR { 12fi, k1] - 8(ijkl)} ,

(3.2)

%44_30 2 + 74 g4 7+ I_l'l:'l I'TI"I
=308 LRI i gkl|+2(ijkl) ¢ .

Here the z axis is parallel to the third field, and the following symbolic notation is introduced for the products of the dipolar

coefficients:

(ijkl)=b;bjxby, |i,jkl|=b;byb;.

(3.3)

The joining of the lattice indices in the coefficients in (3.2) by lines schematically denotes their symmetrization with respect

to the interchange of these indices in the products (3.3):

rm
4li, jkl| = |3, k| + |, k| + |k, 51| + |1, i5k|,

mm
12(ijkl) = (ijkl) + (ikjl) + (iklj) + (iljk) + (ilkj) + (ijlk)

+ (klig) + (kjil) +

3.9
(kigl) + (kily) + (Gikl) + (ki) ,

A1 A
4(jikl ) — 4(ki jl) = Gikl) + Gkil) + (klji) + (kjli)
— (kijl) — (ikjl) — (kilj) — (iklj).
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Such symmetrization enables us to obtain more compact ex-
pressions and to simplify the calculations of the traces in
(2.15). The Hermitian conjugate parts %,,> and 7,,* of the
Hamiltonian are obtained after the replacement of I* by I~
and of I~ by I* in (3.2).

The substitution of (3.2) into (2.15) gives correlation
functions of products of the dipolar coefficients of different
kinds, which we shall represent using graphical expressions:
the lattice sites (spins) are depicted by circles, and the inter-
actions (couplings) b;; between them are represented by lines
[the b;;(1) are depicted by solid lines, and the b; (0) by

— o }

Fo = % 3 (I 3H1, 0,) =

dashed lines]. For example,

4 m rm
RO=5% < i, 5k1), )5, jkqo) = @

= N1 {(54 (£9u ()5 (b (0)bix (064 (0))
+ 3 (b (£)bia (£)bur (£)b;:(0)5;x(0)b;1(0)) } .

i v
// +3

(3.5)

For the remaining correlation functions we confine our-
selves to the graphical expressions, since their explicit forms
are easily written out according to the rules indicated:

N

2= 12 37 (6 3H), 6. 7R, )

NS

D

-
INFO )

= +2N+ N +2 +4
o) ) :},_._\ ¢
M. A @ AR o
P(t) = ’NG ) < [(jikl ) = (ki jl)] [(jikl ) - (ké jl)] > =8 (3.6)
t 0 o)
{ ! . 9 p
+8N+4 N [ 16 - 16 +4] X [+8 ,
= =1 L. .. = _l_ o l ol - N
A®) = N7'Y " (A;(DA;(0) 3 ["{; *+3 ! B
A 9.1
INEN AN RN
[
The functions (2.15) are expressed in terms of the cor- 1 /T(;:;)pp: UT )+ UT 4.

relation functions (3.5) and (3.6) in the following manner:
Go(N=GP(1)+G5(1),

GH(1)=9-2°£A(1), (3.7)

GSY(1)=T72£429R (1) — 24F (1) + 8 P(t) + 28L(1)},
G 4(t)=450¢*3R(t)+4L(t)+24F(1)}.

After the correlation functions (3.5) and (3.6) are found
for a specific motion model, Egs. (3.7), (2.14), and (2.15)
make it possible to find the desired contribution l/T(l‘:,)pp of
the interaction (2.9), which we divide into two parts corre-
sponding to the two-spin and four-spin interactions in 4.3
(3.2):
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To analyze the relaxation process we take the two sim-
plest models of the motion of atoms: 1) independent motion;
2) correlated motion. In the former case each atom varies its
coordinates independently of the other atoms, while in the
latter case the coordinates of all the atoms vary simulta-
neously. We describe the variation of the positions of the
atoms by a Markovian random process with correlation time
7., for which we represent the correlation functions (3.5)
and (3.6) in the form

R(t)=R(0)exp(—|t|r/7.), L(t)=L(0)exp(—|t|l/T.),

P(1)=P(0)exp(—|tlp/1.), F(t)=F(0)exp(—|t|f/.),
3.8
A(t)=A(0)exp(—|tla/T.). G8)
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In model (2) we have r=I=p=f=a=1. In model (1) we
take r=I=p=f=4 and a=2 for the calculations. In fact,
for the correlation function A(t) the displacements of atoms
i and j and of atoms k are inequivalent. When the latter
move over a lattice with equivalent sites, the sum in the
definition of the A;; remains unchanged.

When the foregoing statements are taken into account
and (3.8) has been substituted into (3.7), from (2.14) and
(2.15) we obtain

UT(3)=27%-97M,,e*Ag,(2w;), (3.9)

UT(4)=278-972M,,6*{25V 484(403) + V,84(25)},

(3.10)
where
A=A(0)/B®, B=N"'2 bl=4M,,9,
V,{29R(0)+28L(0)+8P(0) —24F(0)}/B>,
V4={3R(0)+4L(0)+24F(0)}/B?,
gn(®)=1,/(1+ 0*72) (3.11)

is a Lorentzian function with a parameter that depends on the
motion model

7./n—independent motion,
Tp= .
" 7.~ correlated motion.

The coefficients in (3.10) are expressed in terms of lat-
tice sums, whose structure is clear from the diagrams (3.5)
and (3.6). These sums were calculated for a simple cubic
lattice in Refs. 18—20 and three orientations of the magnetic
field relative to the crystallographic axes (to match the accu-
racy the sums from Ref. 18 were recalculated for a large
number of lattice sites). The calculated values of the coeffi-
cients are presented in Table I. The last column in Table I
contains the values of these coefficients in the limit of an
infinite lattice'>?! keeping only the lattice sums not contain-
ing loops of couplings, which have the following structures

TABLE I. Coefficients in the equations for T{}, .

[100] [110] [111] d=oo

A 051 0.36 0.52 1
v, 100 124 132 121
Vs 70 11.6 119 7

F/ >

D D

When we calculated #. above from the second-order
equation (2.9), we omitted the contribution from the varia-
tion of the rf field in (2.6), since it leads to corrections of the
next order. A contribution of comparable magnitude is ob-
tained in first order after (2.6) is substituted into (2.8). It
takes into account the spread of the magnitude of the secular
part of the dipolar interaction in (2.5) over the sample be-
cause of the orientation of the effective field differs from the
average. This correction has an operator part, as in the case
of H#,} in (3.2); therefore, it results in a change in A;;
amounting to

8

and a change in the correlation function A(f) amounting to

64
A’(t)=A(t)+?w37]ZB(t), (3.13)

where  B(1)=N"'3(b;()b;j(0)) and 7*=N"'S
X (H;—(H,))%/{(H,)? is the mean square of the relative
nonuniformity of the rf field. In deriving (3.13) we took into
account that the averaging with respect to the motion and the
averaging with respect to the nonuniformity of the rf field are
carried out independently and that (#;)=0.

4. CONTRIBUTION OF THE EFFECTIVE HAMILTONIAN %3
INDUCED BY THE SECOND FIELD TO THE SPIN-
LATTICE RELAXATION

Substituting (2.12) into (2.8) and calculating the commu-
tators, we find

n
34;)! = _uple? ZC“(i)I: - 2wyl Z (I{I,:I;{jk.i} + I [U’C])

—~1e2 +ptpg—g—1y: rt‘_?‘ . s +q. - n
- 227N LRI I I (gl jk,d) — I i kq)

+ I,-‘Ij],:];lf(ijkql)) ,
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where we have introduced the following compact notation
for the coefficients:

C“(i)=j§; (3Blu+2a; = ol + {219 +2A2,
A2 2
[Uk]—Zﬂijk‘zak,ij+2§k,ijAk+EI Crailrits

{Jk,i}= Z (6BinBij+2ay ya;ut2a;ja;

—2a; i i~ rilj e 2 jid1jit 2 180 1i)

+4A,~ak_,-j—2Aj{kJ,-, 4.2)
{ql,jk,i}=3BiuBigi— @i i xj+ 4y yay i
4 g1k git 20108 k,ij
(ijlkql=28k il q 4 qilyij,

(ijkql)="C1iilk.q-

According to (4.2), the three-spin interaction in (4.1) consists
of a correction due to the doubly averaged dipolar interaction
and a correction due to the variation of the strength of the
effective field over the sample, primarily because of the non-
uniformity of the rf field. The presence of the detuning A;
makes the second effective field deviate from its ‘‘magic’’
orientation 6’ =7/2 and consequently leads to incomplete
averaging of the first-order effective Hamiltonian %3,

In (4.1) the z axis is parallel to the second field. To
calculate the spin-lattice relaxation of the magnetization par-
allel to the third field, we move over to a new reference
frame with the z axis of that field perpendicular to the second
field, and we divide the Hamiltonian into the nonsecular
parts #,, (m=*1,+3,+5), which satisfy the condition
(2.4) for the third field. Each such part, in turn, consists of
the terms %, (p), which differ with respect to the form of
the operator expressions émp(i jkql),

g A
FHr(p)=— w—22 Complijkq1) O plijkql),

where the summation is performed over the lattice indices
(one, three, or five) present in the respective part. The index
p labels the different contributions for an assigned m, whose
sum gives .%#,,. The results obtained for the operator ex-
pressions and the coefficients in front of them are presented
in Table II.

After %, has been substituted into (2.15) and the traces
of the mat;ices have been calculated, we obtain

Gi(1)=27"C (1) +272C (1) +27%C (1)
+3.272C1()+277C 15(1)3-27°C (1),

G4(1)=3-274C;)(1)+3-277C3(1)+3-2783Cy4(1),
(4.3)

Gs(1)=15-278C4(1),
where
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Conp(D)=ENT'D (Cppijhql;1)Cop(ijhql;0)) (4.4)

is the correlation function of the coefficients listed in the
fourth column of Table II with summation over five, three, or
one lattice index, depending on the coefficient. On the basis
of Table II, Egs. (4.2) and (2.13), and the symmetrization
rules, we can calculate the correlation functions (4.4) for an
assigned motion (at least numerically) and then find the cor-
responding contribution to 1/T; ppp» Which we write in the
form

uTt®

lppp= l/T(l)+ l/T(3)+ l/T(S),

separating the contributions from the one-, three-, and five-
spin interactions to %.;). The expressions for the coeffi-
cients C,,,(ijkql) directly in terms of products of the dipolar
coupling constants b;; are given in the Appendix.

Let us consider the same two motion models as in the
preceding section, for which

Cmp(t) = Cmp(o)exp{— Itlfmp/Tc}'

The coefficient f,,, in the exponent is equal to unity in the
case of correlated motion and to the number of summation
indices in (4.4) in the case of independent motion. Since the
spins move between equivalent sites in the system under
consideration, the contribution of the dipolar interaction to
C (1) will not vary with time, and the coefficients {jk,i}
and [ijk] defined in (4.2) will not vary with the position of
the atom having index /, over which the summation over all
the sites is performed. Moveover, the temporal variation of
the contribution due to nonuniformity of the rf field can be
neglected in C;(#). In fact, it is a macroscopic quantity,
while the motion is microscopic. The mean part of A; does
not make a contribution to the longitudinal relaxation, and it
is understood to be included in w,. Therefore, the pre-
exponential factor C;(0) in (4.5) vanishes.

The remaining pre-exponential factors in (4.5) are calcu-
lated in the Appendix in the approximation of lattices of
large dimensionality. [As we saw in the preceding section in
the example of lattice sums with four summation indices for
a simple cubic lattice (Table I), this approximation faithfully
conveys the relationship between the different contributions
to the relaxation rate.] After substituting (4.5) into (4.3) and
then into (2.14), we obtain

(4.5)

UT3y=M»(3;1)g3(3w3)+[M,(1;2)
+M,(1;3)]g3(w;3),

UT(sy=M,(5)g5(5w3)+[My(3;2)
+M,(3;3)]gs5(3w3)+[M,(1;4)+M,(1;5)
+M,(1;6)]gs5(w3), (4.6)

where the function g,(w) is defined in (3.11) and the
M ,(m,n) are the contributions of the corresponding parts of
the effective interaction to the second moment M,,,. The
values of these contributions in the d=0 approximation are
presented in the last column of Table II.
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TABLE I1. Operator expressions and coefficients for the parts #7,(p) of the effective Hamiltonian H#3) that are
nonsecular in the third field and their corresponding contributions to M, .

m|p| Omplijkql) Crmplijkgl) My(mphi(32w,)' B~
1|1 I} Culi) 18496
. n . 25.3553/9+
L|2| nrn {sk.i} +12. 448w, )' B2
DI L m m™ N 2.675+
13| == S5k 3[ijk)+3{ik, 5} - 2{sk.i} 2 11(8w,)* B2
iy
V| 4| BRIRL {ql.5k, i} 198827/18
T L
IR 6{ql,jk,i}—4{ql,jk,i}+8{qs,lk,i}
1ls |-t ki L [ 814407/(9 - 4)
4 A mn
~12{qj.lk, i} +3[ijk, lq]
_1J
mIm mn mm
I—Ik—I+I+I‘+ 10{ql, kl,] }—S{QI,JILC—,}}"'[O <1k]ql)
1{6 ——-l—;—"— mh mn., m 1390063/(9 - 16)
—lO[ijl,kl]+2[jlq,ik]+6[tk_L,¢Ll]
1*1*1 m, m 2. 8281+
3| {ik,3} - Lz 21 (8u,) B
JHHNN A h A h m N
3|2 -ILIi;—IQ a{ql, jk,i}~2{qj, Ik, i} +[ikl, jq) 400477/4
L wy
2al, 3k,i}—5{ql, 3k, i} +5[ij0, kq]
i oINS AN qt, 3K, —0144, JK, 2 1)¢, Kq
3|3 | EA TN m S 2694559/32
16 —4[kjl,iq) + S(ijkql)
u
LR LS LR
5 — e {ql, jk,i} + [ijl, kq) + (ijkql) 16506875/(9 - 32)

5. DISCUSSION

The expressions (3.9), (3.10), and (4.6) describe the
spin-lattice relaxation of the magnetization parallel to the
third field in a triply rotating reference frame for ultraslow
motions with correlation frequencies 7, '~ w3<w,. Accord-
ing to the theory of averaging, when there are random
motions”!? with T, '~w2, the mean Hamiltonian for the sec-
ond field %) does not form, and relaxation takes place in
the doubly rotating frame, being caused directly by the ef-
fective Hamiltonian %), which varies rapidly with time
under the action of the motions and the field w,. For the
contribution to the relaxation rate of the magnetization that is
orthogonal to the second field from the parts of the effective
Hamiltonian that are nonsecular in the second field, we find

1 3
T2 210 7 E {127Jt}k Uk(w2)+206"1)k jlk(w2)}
pp
147
+2TZ_E {Juk t}k(3w2)+2‘luk }lk(3w2)}

9
+_'2"‘2 Ji(w;), (5.1)

2'w
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where J i pq1(®) and J;(w) are the Fourier transforms of the
correlation  functions  (b;;(£)b;(1)b,,(0)b,,(0)) and
(Z;b; ](t)Z b? 4(0)), respectively. The same correlation
functions, but preceded by different coefficients, appear in
the expression for T',, (Ref. 6). The presence of the weak
third field parallel to the magnetization has scarcely any in-
fluence on the size of the contribution (5.1). At the same
time, the contribution to the relaxation from the parts of the
effective Hamiltonian that are secular in the second field is
influenced by the third field, as is reflected in the equations
for T’y pp -

In addition, when 7, l~w2, the relaxation rate varies
under the action of the second-order effective Hamiltonian
AR because of the additional contribution from the parts
that are nonsecular in w,. We shall not take them into ac-
count in view of the smallness of the contribution from the
second-order terms in this range of motions.

When the intensity of the motions increases further
('r;l~we), an effective Hamiltonian does not develop,7'l7
and the relaxation is governed by the dipolar interaction
(2.6), which varies with time under the action of the rf field
and the thermal motions. When the rotation of the magneti-
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zation about the second field is taken into account, for the
relaxation rate we obtain

11 ( 1 N 1 ) (5.2)
T\, 2\T,, T,,)’ )
where 7, and 7,, are the well known'?%7 longitudinal and
transverse relaxation times in a rotating frame.

The relaxation mechanisms (5.1) and (5.2) operate when
there are ultraslow motions, although they are less dominant
than the contributions considered in the preceding sections.
When they are taken into account, for the spin-lattice relax-
ation rate in the triply rotating frame we obtain

1 1 1 1
._._..+__.

1
—t——t —t —
Tie Ty Ty Ty Ty Tgsy

(5.3)

Tlppp

As the intensity of the atomic and molecular motions in-
creases, the last four terms should be eliminated first from
(5.3), and then llTépp should be removed. However, we shall
use Eq. (5.3) in the calculations over the entire range, since
in the region of fast motion these contributions are so small
that retaining them has practically no effect on the result.
The full expression (5.3) is composed of contributions
from correlation functions with different numbers of atoms
(spins). The separation of these contributions can be greatly
furthered by studying the dependence of T’y ,,, on the param-
eters of the rf field. Besides the parameters already intro-
duced in (5.3), the orientations of the fields can also be var-
ied. When the angles 6 and 6’ deviate from their magic
values, new terms, which cause an abrupt increase in
1T, appear in the effective Hamiltonian.'?~!* The slow
dependence of the terms already taken into account on 6 and
0" can be neglected on their background. In this approxima-
tion the spin-lattice relaxation can be described by the former
equations, in which the coefficients (A5), (A6), and (3.12)
should be altered by including the contributions from the
following new terms in them:
Aif(0)= A] +2w (3cos 6—1)b;

ijo

3cosf’

N1 —
D(6')=D 4o,

9cosf'’
8w, ’

E(6')=E+

3cosf’

0(0")=0+
e
When everything stated above is taken into account, we
obtain the following final expressions for the different con-
tributions to Eq. (5.3) for the spin-lattice relaxation time:

1

= w0 + 582200}
Tle 18 2 e 2 elSs

1 2d
.T_,_ = W32{49g3(3w2)+ 127g3(w2)},
2pp
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1
T -=1.58 8 3M,,8,(2w3){[£2—4.5(3cos?0—1)]?
(2)
+367%},
1
7=8" 3M, 1853 w3)[1.2662(eK,+ 12.5c0s8")?
(3)
+87.1K2 7?1+ 8 73 M,,8(w3){0.344e *K 2
+4.8083K 5050 +24.48%cos? 0’ + 10.9K2 7%},
7 =8 *M5%{4.328 4(403) +2.9984(203)},
(4)

1
T.=8 M 46*K5{1.09g5(503) +3.51g5(3 w3)
(5)

+0.83gs((1)3)}, (5.4)

where we have written X %=M 24! w% and the remaining pa-
rameters have already been defined above.

To select the values of the parameters in Egs. (5.4), we
take solid benzene, CaF,, and PbF,. Reorientation of the
molecules in benzene can be regarded as an example of cor-
related motion,”?!?2 while diffusion in CaF, and PbF, (Ref.
23) can be regarded as an example of independent motions.
Taking published values of the second moments M,, of the
NMR absorption line and the effective frequency
®,/27m=100 kHz used in experiments,'''S we obtain the
following values of €: in benzene, 0.125 for stationary mol-
ecules and 0.051 for rapidly rotating molecules; in CaF,,
0.06 in the [111] orientation and 0.144 in the [100] orienta-
tion; in PbF,, 0.048 and 0.115 in the same orientations, re-
spectively.

The choice of the field strengths w, and w; in Egs. (5.4)
is not entirely arbitrary, since a field strength
w,>M, l/2~0 45e M Y2 must be achieved to effect secondary
averagmg In turn, the conditions for spin locking in the third
field require w; to exceed the mean local field in the doubly
rotating reference frame. Since the mean square of the local
field is significantly smaller than the second moment in the
doubly rotating frame M, , it is more convenient for us to
take the value of M}? 2pp s the lower bound for w;. We obtain
an estimate for sz,, in the approximation under consider-
ation by assembling the coefficients in (5.4):

szp=M(2) +M® + MY S

2pp 2pp 2pp 2pp° (5.5)

where MY" is the contribution from the n-spin effective

X " 2pp

interaction:
M) =1.58-873M, f[e?~4.5(3cos?6—1)]*+3677},
M), =8"3M,,{1.616*K3+3636%k,c056"

+220.4e%cos? 0’ +98.0K3 9}, (5.6)

M) =731-873M, 6%,

M$) =5.43-873M,,6°K}.

The dependence of Ty ,,, on 7. was calculated from Egs.
(5.3) and (5.4) for various values of the parameters of the rf
field. Several characteristic curves are shown in the figures.
To simplify the analysis, all the frequencies are assigned in
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FIG. 1. Plots of the dependence of T ,,, on 7, for independent (solid lines)
and correlated (dashed line) motions for magic-angle-spinning conditions,
7=1%10"3, and various values of the fields: 1) ®,=20, w,=1,
03;=0.72X1073%; 2) ©,=20, ©,=0.5, w;=1.16X10"3; 3) w,=20,
©,;=02, ©;=2.68X1073; 4) 0,=10, w,=1, w;=186X1073; 5)
©,=20/3, w,=1, 03;=4.02X1073,

units of M7 (the times are given in units of M,,"), and

7,, which is equal to 7, for independent motions and 2 7, for
correlated motions. With this a choice we achieve juxtaposi-
tion of the curves in the region of the principal minimum at
7,=2/w, from 1/T,, in (5.3) expressed in terms of two-
particle correlation functions. Besides the principal mini-
mum, the curves in Fig. 1 exhibit a step at 7,=2/w, from
/T,,, and, finally, a minimum or a step at 7,~ 1/w;. Sin-
cethe latter minimum becomes deeper as w; decreases (com-
pare the upper curves in Figs. 1 and 2), the curves in Fig. 1
were constructed for w3=M;fp In the slow-motion limit
7,—% the curves approach the asymptotic dependence

UT ) ppp~Mj, ) 037, (5.7

which corresponds to straight lines in the figures. The coef-
ficient M, differs from M, in that the coefficient in front
of g,(pw;) in (5.4) appears with the multiplier p 2 for cor-
related motions and with n/2p? for independent motions.
Since M o~ M3, holds, these curves follow asymptotic
behavior (5.7) with a coefficient close to unity at the values
of w3=M¥3p selected for the curves in Fig. 1. At the same
time, the right-hand limb of the principal minimum has the
dependence

UT\ ppp=~ VT~ €% T, .

Thus, the corresponding parts of the curves have the form of
two segments of the indicated straight lines joined by a seg-
ment with the inverse dependence

1/T1ppp~§ M) T,. (5.8)
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FIG. 2. Plots of the dependence of T ,,, on 7, in the slow-motion region
(solid lines — independent motions; dashed lines — correlated motions) in
systems with a weak dipolar interaction for &=0.05, w,=1,
®3=3.14X 1073, and the following values of the remaining parameters: /)
0="0,, 6'=90°, n=1X1073; 2) 6=6,,, 6'=90°, »p=1.5X10"3; 3)
0=54.6, ' =90°, 7=1.5X1073; 4) 6=86,,, 6'=85°, n=1.5%X1073.

Hence it follows, first, that the distance between these
straight lines increases and the minimum at 7,~1/w; deep-
ens as & decreases. Conversely, as & increases, the straight
lines approach, and the minimum degenerates into a step.
Second, as the remaining parameters of the rf field vary, the
portion of the plot of (5.8) between the straight lines (the
left-hand wing of the minimum or the step) moves upward or
downward, following the variation of M,,, (see Fig. 3).

Figure 1 shows that T, is most sensitive to the motion
model in the region 7,=1/w;, while in the region of the
principal minimum at 7,@,=2 the curves for the two motion
models merge under the definition of 7, chosen in the equa-
tions. Figures 2 and 3 show plots of the dependence of
T\ ,pp On 7, in the slow-motion region for various values of
the parameters. Not only the depth of the corresponding
minimum and its position, but also the roles of the different
terms in (5.4) in the relaxation process vary with the param-
eters. For example, when we take £¢=0.05 and the angles
have the magic values, i.e., when there is strong narrowing,
the main contribution is made by the terms in 1/T(,;, and
/T3y induced by the nonuniformity of the rf field. As #
varies from 1 X 1073 to 1.5X 1073, a shift corresponding to a
1.6-fold decrease in T',,,, which is close to a 2.25-fold
increase in 72, occurs on the upper curves in Fig. 2.

When 6 deviates from the magic value 6=40y
=54.74°, there is a rapid increase in the contribution of
/T,y in (5.4), which is expressed, like 1/T,,, in terms of
two-particle correlation functions and is, therefore, insensi-
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FIG. 3. Plots of the dependence of T',,,, on 7, in the slow-motional region
(solid lines — independent motions; dashed lines — correlated motions) in
systems with a strong dipolar interaction for £=0.1.25, ,=0.5,
7=1.5X 1073, and the following values of the remaining parameters: 1)
6=0,, 0'=912°, w,=411X107% 2) 6=6,, 6 =90°,
0;=444X107% 3) 6=0,, 60'=86°, w;=9.32X1073; 4) 6=6,,
0'=85°, 0,=9.32X107%; 5) §=54°, 6'=90°, w,=M}2,=9.32x 107>,
tive to the motion model (under the definition of 7, chosen).
This property is clearly seen from the corresponding curves
in Figs. 2 and 3.

When the deviation of 6’ from the magic value of 90° is
sufficiently great, the contribution of 1/T 3y, which is ex-
pressed in terms of three-spin correlation functions that have
a dependence on the motion model different from that of the
two-particle functions, increases. Consequently, the minima
on the curves for 8’ =85° in Fig. 2 for correlated and inde-
pendent motions move in opposite directions away from the
minimum of the curve for §=54.6°. This property of the
curves enables us, in principle, to draw a qualitative conclu-
sion regarding the motion model from the positions of the
minima on the corresponding experimental plots of the tem-
perature dependence.

Conversely, when the deviation of ' from 90° is small,
the contribution of 1/T'3) can decrease, as is demonstrated by
the upper curve in Fig. 3. The value 6’ =91.2° was taken for
it, since under the conditions selected the contribution of
M (2?0 reaches its minimum value at this value of the angle.

The degree of narrowing of the line decreases (& in-
creases) in substances with a large value of M,,. In such
cases, as is seen in Fig. 1 and Fig. 3, the minimum becomes
indistinct and resembles a step. Motion can also be studied
on the basis of such curves. In addition, as € increases, the
sensitivity to the motion model increases due to the increase
in the contributions of 1/T(4) and 1/T(sy, which are ex-
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pressed in terms of four- and five-particle correlation func-
tions. For example, while the ratio between the values of
1/T 3y for correlated and independent motion equals 1.5 in
the limit 7,— o, the ratios for 1/T4y and 1/T s are equal to
2 and 2.5. On the calculated curves with the magic values of
0 and @' this ratio equals 1.4 at 7,=10* in the case of
£=0.05 (Fig. 2). At £=0.125 (Fig. 3), it equals 2.01, and at
6'=91.2°, it even increases to 2.11 because of the decrease
in the contribution of 1/T 3, . As in the preceding case of Fig.
2, qualitative conclusions regarding the motion model can be
drawn in Fig. 3 by comparing the curves for § # 6,, and 6’
# 90°, although the comparison procedure changes. For this
purpose we plotted a curve for 6=54° and w;=M ;gp in Fig.
3. Then the values of 6’ were determined separately for cor-
related and independent motions from the condition that the
values of T,,, coincide at 7,= 10*. Good agreement was
obtained (as is seen in Fig. 3) for ' =85° and 6’ =86°. The
curves diverge as 7, decreases. The curve for independent
motions is appreciably higher than the curve for §=54°, and
the curve for correlated motions practically coincides with
the latter, except in a small neighborhood about the mini-
mum. This behavior of the curves for correlated motion
arises because we have 1/T ppp~2M8,)p/ w37, for the three-
spin contribution in the limit 7,— o, and on the edge of the
step we have 1/T, ,,,,,,~M(3 ) 7,/2. In the case of independent

. @ 7% 3) .
motions we have 3M5 ' /w37, and M3 ) 7,/3, respectively.

2pp 2pp

Therefore, when we achieve coincidence between the right-
hand portions of the curves by varying M(zz,)p, the steps di-
verge by a factor of (3/2)2. The ratio for the five-spin con-
tribution 1/T'5y would be (5/2)? for independent motions, as
opposed to 1 for correlated motions. The ratios for the cal-
culated curves are smaller than these values due to the pres-
ence of other contributions in Egs. (5.7) and (5.8). However,
these differences are large enough to determine the type of
motions by comparing calculated and experimental curves
even when there are only rough estimates of the lattice sums
and correlation functions.

Above we discussed the qualitative aspect of the depen-
dence of Ty,,, on the parameters of the rf field and the
temperature. Quantitative separation of the various contribu-
tions to T';,,, at each temperature can be accomplished by
solving the system of equations obtained from (5.3) and (5.4)
after plugging in the value of T,,,, measured for several
values of the parameters.

Thus, the foregoing analysis of the theoretical expres-
sions obtained for the spin-lattice relaxation time in a triply
rotating reference frame shows that the two-, three-, four-,
and five-particle correlation functions can actually be studied
on the basis of the temperature dependence of the effect of
the rf field when its parameters are varied, and new detailed
information regarding atomic and molecular mobility in the
sample under investigation can ultimately be extracted.

We thank A. E. Mefed for some useful discussions.
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APPENDIX A:

We obtain explicit expressions for the coefficients of %, , which are listed briefly in Table II. We introduce symbolic
representations of the coefficients (2.13) in the form of triangles of three numbers: (A1)
i

i i
711 |2 s
~3 1>k' Crij = 4 —2>k' Akiy = s'>k'

J J J

Bijx

The correspondence rules are clear from a comparison with (2.13): the number at vertex ¢ is equal to the coefficient in front
of the terms b,,b,,. The coefficients (4.2) of 43 have the following diagrammatic representations:

1

-1
1 S

{al, jk, 1}-—3—

|
~
s

lijl kgl =2-4*| >< -4 ‘l>,<'2
(ijkql) = 4 :gl
{Jk l} Z 3k l +2k —]
1
—-1}]-1 2
N s>f“‘i<2
l
k k J*
—1|- -1 -2
+8j<5 1“>i’ i 5>I‘8 1">"'
l J k
N L sl|s
Lkl =2-5; i 2k "5 sk
2
+ 4 <—2 D8l (A2)
l

352 JETP 83 (2), August 1996 V. E. Zobov and M. A. Popov 352



where an asterisk at one of the vertices denotes multiplication by A with the corresponding index. It is easy to symmetrize the
coefficients and sum them in such diagrammatic representations. As a result, for the coefficients with five indices we obtain

353

.. 490
Cs(ijkql) = ED

-

+ +
1 1
,>+<l

+
+

-1 3

>+<

- 56 —-2

z
+
56
Cu(i, jkql) = -3 ><7__25
z
+
.. 2 0
Cls(t)kaql) = 24 13>Z<0
¥ -5><

CJZ(Q]a llk) ==

Cu(i, qljk) = =

+ l

::: >< |

-

+12

173 187
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Cie(ik, jql) = <

8 —l6
3| -4’
+
+
>+@3
+

173
~151

+
Wi s

Here, at the vertices we indicate the form of the operator,
viz., I} I or I} corresponding to the respective vertex in
the operator expression instead of the lattice indices, since
after symmetrization the indices referring to the same opera-
tors can be positioned arbitrarily. The explicit forms of the
coefficients in terms of the diagrams are written out accord-
ing to the same rules as in (A1). However, now we have a
product of two sums for two triangles, and this product has
been symmetrized with respect to lattice indices referring to
identical operators. The coefficients for #,,” (p) are distin-
guished by the replacement of each plus sign by a minus sign
and of each minus sign by a plus sign in the diagrams.
When the trace is taken in (2.15), the vertices with con-
jugate operators should be joined in pairs in all possible
ways in the coefficients (A3) for #,.(p) and F,,"(p) (we
multiply the coefficients at the vertices) and divide by the
number of such ways. This gives the sum of all the possible
products of the eight coefficients b;; (just as the sum of the
products of six such coefficients was formed in Sec. 3). In
the approximation of infinite-dimensional lattices'®?! we re-
tain only the ones which do not contain coupling loops. They

are:
W)W, F) r 1. X) ><
(A9)

Loop formation can be avoided only if the vertices com-
mon to two triangles are joined to one another in the coeffi-
cients for m and —m. Furthermore, operators belonging to
identical triangles should be paired (triangle to triangle) to
find the “W”’ and ‘‘F”’ contributions, while the ‘“X’’ con-
tribution forms when all the operators are paired indepen-
dently of their assignment to triangles.

After summation over the lattice indices, each diagram
(A4) gives a multiplier B*, since in the approximation of
infinite-dimensional lattices, we neglect the sums with a
small number of summations appearing because of the need
in (A4) to eliminate the terms with coinciding lattice indices.
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l2l -2

8

(A3)

-

The expression for M,(m,n) presented in Table II is ob-
tained after summing the numerical coefficients in the form
of the diagrams (A4) found according to the rules described
and multiplying by the numerical coefficient appearing in
(4.3) in front of the corresponding correlation function.

Let us move on to coefficients with three lattice indices.
In the case of {jk,i} in (A2) the triangles touch along one
side, on which one of the vertices has no operator (the free
vertex /). The three other vertices with operators should be
joined in pairs to calculate the trace of (2.15). The formation
of coupling loops on the lattice can be avoided only if a
product, for example, b;;b;;, with a free vertex at an end and
with one coupling (b;;) along the common side of the tri-
angle is taken in each triangle. Then the summation over the
free vertex gives the multiplier B, and the coefficients take
on the simple form

26 {.7"' l}/“JZ Eb]sbtk +Q( 1kbk1 +bijbjk)v (AS)

where

49B 3 3m B ;i
E= 30y(80,))  da,’ T 8w0 4w,
We note that in the contributions from the nonuniformity of
the rf field we took 7;= %;, since the 7; vary over macro-
scopic distances. The frequency shift, which is identical for
all spins, is assumed to be included in w, .

The first two terms in the coefficient [ijk] (A2) have
one less summation over the lattice indices and should be
omitted in the limit d— . For the other two we find, as in
the preceding case,

m
267 [i7K] fw2 = D(bjibix + bixbis + bijbye) /3,  (A6)
where
_ B 7
T 32w0° 20,
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After forming the combinations of (AS) and (A6) listed
in Table II and substituting them into (4.4), we find

C1x(0)=B*(E*+20%),
C3(0)=4B*(E*+2Q%) ~B*(E+2Q~D)*+4B?D?,
C4(0)=BXE+2Q—D)?*3. (A7)

These expressions should be averaged over the nonunifor-
mity of the rf field. The term that is linear in 7; vanishes.
Only the quadratic expression appearing in Eqs. (A7) in the
form of a separate term remains. After multiplying through
by the coefficients in (4.3), we obtain the result presented in
the last column of Table II.
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