Modification of the particle-in-cell method for a slightly ionized plasma
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An algorithm for numerical modeling of a slightly ionized plasma by the particle-in-cell method
is developed on the basis of a statistical description of collisions of electrons with neutral

atoms and molecules, including elastic collisions and those associated with the excitation,
ionization, and attachment of electrons to neutrals. The algorithm can be used to

investigate the dynamics of a highly nonequilibrium plasma on ordinary computers. The
penetration of an electromagnetic pulse from a powerful lightning discharge into the lower
nighttime ionosphere and significant modification of the latter are modeled. The heating

of electrons to several electron-volts and the possibility of strong induced ionization of the lower
ionosphere above thunderstorms are confirmed. The self-consistent fields calculated on a

time scale of 100 us exhibit highly nonlinear decay in transmission through the D layer of the
ionosphere. © 1996 American Institute of Physics. [S1063-7761(96)00907-9]

1. INTRODUCTION

The penetration of the lower ionosphere by the electro-
magnetic fields of lightning discharges is accompanied by
the formation of a highly nonequilibrium, slightly ionized
plasma. The particle-in-cell (PIC) method provides the most
workable means for describing the dynamics of a highly non-
equilibrium plasma.'~ In its initial form this method can be
used to investigate a highly ionized plasma and requires
large computer resources. A slightly ionized plasma is sim-
pler to describe, because the collisions of electrons are de-
termined by the external medium (neutral atoms and mol-
ecules) in this case, and over sufficiently long times the
statistical properties of the medium do not depend on the
parameters of the electron gas. The modified particle method
is tailored to the description of a slightly ionized plasma.
Only collisions of electrons with neutrals are treated within
the scope of this method, where the density and temperature
of the neutrals are assumed to be given. The modified
method retains the main advantages of the conventional par-
ticle method but is far simpler to implement and is capable of
yielding informative results on everyday computers within a
reasonable time period. It can be used to study phenomena
associated with strong anisotropy of the distribution function
of plasma electrons.

The interaction of a powerful electromagnetic pulse
from a lightning discharge in the lower ionosphere poses an
especially timely problem in connection with the recent dis-
covery (or reliable confirmation) of a multitude of atmo-
spheric phenomena induced by powerful lightning dis-
charges, specifically the luminous emissions known as red
sprites and blue jets,* and high-intensity electromagnetic
pulses in the F, layer of the ionosphere above lightning
source points, correlating with upward fluxes of high-energy
electrons (of the order of several electron-volts).” Important
new data have been obtained in studies of the lightning-
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induced, anomalously early disturbances of guided-wave sig-
nals from very low-frequency (VLF) transmitters, probably
caused by the heating of electrons and a change in the ion-
ization balance of the D layer,® % as well as cloud-to-
stratosphere lightning discharges.'! A proper calculation of
the self-consistent electric fields generated by various types
of lightning discharges in the atmosphere on a time scale
<107! s is essential to the unambiguous interpretation of
these phenomena. In this article we examine the dynamics of
highly nonlinear phenomena in the lower ionosphere in a
time interval <10™* s, in the very beginning of which the
electrons have a highly anisotropic velocity distribution. A
similar problem has been investigated within the framework
of the kinetic approach in the approximation of weak anisot-
ropy of the electron distribution function'® and also in the
approximation of electrons preheated to a constant tempera-
ture of 6 eV with a conductivity tensor of the form used in
hydrodynamic theory, but with additional ionization taken
into account on the basis of experimental data for the depen-
dence of the ionization frequency on the amplitude of the
electric field."?

2. MODIFIED PARTICLE METHOD

As in the conventional PIC method, the electron gas in
the modified particle method is regarded as a set of coarse
particles (‘‘particles-in-cells’’) having certain coordinates
and velocities. The mass and charge of each particle can be
many times the mass and charge of the electron, but the
charge-to-mass ratio, the velocity, and the cross section of
interaction of a particle with neutrals are the same as for the
individual electron. The path of a particle between collisions
is determined from the solution of the equations of motion in
an alternating electromagnetic field. The current density ob-
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tained after statistical averaging is substituted into the Max-
well equations to determine the self-consistent electromag-
netic field.

The collisions of electrons with neutrals is modeled by
statistical methods. The probability of collision of a particle
in time dt is

() vdt
E Nioj vdt=—,
i lo

where v is the velocity of the particle, N; is the density of
neutrals of the rth species, 05’) is the collision cross section
in the jth process, and /; is the mean free path. The number
of collisions corresponding to this distribution is established
as follows. The length / of the path traversed by the particle
is determined in each time step of the trajectory calculations.
The time step is set to ensure that the ratio a=1/1; will
remain much smaller than unity. As soon as a exceeds a
certain value (which is still much smaller than unity, say
0.1), a generator of random numbers distributed uniformly
over the interval [0,1] is actuated, and if a random number
comes out smaller than a, a collision is assumed to have
taken place. After each actuation of the random number gen-
erator, irrespective of the outcome, the instantaneous value
of 1 is set to zero. While the resulting time distribution of the
collision probability may differ from the theoretical (Pois-
son) distribution in subtler details (the occurrence of maxima
at values of I/], equal to 0.1,0.2,0.3, . ..), numerous tests
have confirmed that it has correct values of the mean, vari-
ance, skewness, and kurtosis. If a collision takes place, a new
random number is generated in the interval [0,1] and, de-
pending on the subinterval in which it lies (each subinterval
is proportional to the probability of the process n ,~a’§-°), it is
ascertained just what process occurs in collision. A random
number generator is then used again to determine the particle
scattering angle (and the energy of the secondary particle in
the event of ionization). The modulus of the postcollision
particle velocity is determined by the energy loss Ef-i) which
is assumed to be known for each process.

The current density can always be calculated with allow-
ance for symmetry of the problem. In the,one-dimensional
problem (depending only on z), to determiine the current in
the interval Az, it is necessary to sum over all particles with
different coordinates x and y. Since the particle velocities are
clearly independent of x and y, this procedure is of a formal
nature. The current density j(¢,z,) at a given node z, is
determined by summing over all particles situated in the two
intervals of the computational grid adjacent to the given
node:

1
j(t,Z,,)= E[j(t’n— 1)+j(t’n)]

Here j(t,n) is the current density in the grid intervals
(Zns2p+1):

1
"(””)=szexz( v, (1)

t,n
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where K(t,n) is the set of indices of particles belonging to
the interval (z,,z,+) at time ¢, and g; and v, are the charge
and velocity of the kth particle.

The initial coordinates and charge of the particles stipu-
late the initial charge density distribution of the electrons.
This is achieved in two ways in the given algorithm. At low
electron densities the charge of the particles is assumed to be
fixed. Its value is determined by requiring that the plasma
frequency corresponding to a single particle in a grid interval
be much smaller than the characteristic frequencies of the
problem. However, as the electron density increases, the
number of such particles can become unrealistically large.
The density of particles is then fixed, and the correct charge
density distribution is established by a variable particle
charge.

The initial particle velocity distribution is specified by a
random number generator that establishes a Maxwell veloc-
ity distribution with a known initial temperature.

3. ENERGY CONVERSION

To gain insight into the energy conversion processes and
to check the conservation of total energy, we determine the
energy density and energy flux of the field, the kinetic energy
of the electrons, and the energy imparted from electrons to
neutrals. We consider the following quantities:

Blt,n)= 5= D EHO2

Atm)= ;"—e( S quitAn

ke K(1—At,n)

- E qui(t)),

kel(t,At,n)

2
qr0i(1)
ke K(1,n)\K(1—At,n)

At,m)= Ze(

- > qrvi(t ))-
ke K(t—At,n)\K(t,n)
Here K(t,n), q;, and v, are defined in (1), I(¢,At,n) is the
set of indices of particles formed by ionization in the interval
(t— At,t) and belonging to the interval (z,,z,+,) at time ¢,
uf(t,A 1) is the total variation of the square of the velocity of
the kth particle in inelastic collisions in the interval
(t—At,t) (the final velocity is assumed to be zero in the
event of attachment), &(¢,n) is the kinetic energy of the
particles at time ¢, &X(t,n) is the energy imparted from par-
ticles to neutrals, and (¢t,n) is the difference in the energies
of particles entering and leaving the interval (z,,2,+,) dur-
ing the time At.
In zero electric field

W(t,An=vi(t— A —vi(),

and the energy conservation law has the form
m
Bty 1) = EOm)+ 2 [Aty,m) = A11,m)]=0, ()
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where t,, are the nodes of the time grid (¢4, —t,=At). We
call attention to the fact that in zero electromagnetic field this
conservation law must be satisfied with machine precision,
which is a test of the algorithm. The same is true in the
presence of a static magnetic field when one uses an algo-
rithm that provides exact conservation of energy during mo-
tion of the particles between collisions (we have recruited
such an algorithm from Ref. 3).

In an electromagnetic field the left-hand side of Eq. (2)
is equal to the work done by the field. The law of conserva-
tion of total energy assumes the form

40

FIG. 1. Initial distributions of the den-
sity of neutral components N,, (a), the
electron density N,, (b), and the am-
plitude of the electric field of the inci-
dent wave E, (c).

gf(tm 1n)+ g(tm 9") - g(09n)+s(tm ’Zn)*S(tm ’Zn+l)

+,§1 [2(1t;,n)— A1;,n)]=0,

where &4(t,n) is the energy of the electromagnetic field,

S(t,z)= fots( 7,2)dT,

and s(¢,z) is the energy flux density of the field.
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FIG. 2. Height (h) variations of the
y-component of the electric field E,
(a), the y-component of the current
density j, (b), the effective electron
temperature 7, (c), and the relative
variation of the electron density
(N,—N,o)/N, (d) at various times ?.
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FIG. 3. Time (¢) variations of the
electron temperature 7, (a), the rela-
tive variation of the electron density

(N,—N,o)/N,q (b), the effective col-

lision frequency v.g (c), and the rate
of energy transfer from electrons to
neutrals D (d) at height A=90 km.
The heavy lines represent the results
of calculations based on hydrody-
namic theory.
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4. RESULTS OF THE CALCULATIONS

The above algorithm for the modified particle method
has been applied to the problem of interaction of a high-
intensity electromagnetic pulse from a lightning discharge
with the lower ionosphere. We model this process by the
one-dimensional problem of vertical propagation of a plane
electromagnetic wave through a horizontally stratified iono-
sphere.

The initial distributions of the electron density N,y and
the density of neutrals N, corresponding to a nighttime iono-
sphere model are shown in Fig. 1. The upper boundary in the
model is the leading edge of a pulse moving at the speed of
light c. The lower boundary is located at a height #=79 km,
where the amplitude of an incident linearly polarized pulse
(E, ,B,) is specified. The profile of the pulse modeling the
electric field of a strong lightning discharge is also shown in
Fig. 1. The geomagnetic field is assumed to have a strength
of 0.3 G and to be directed horizontally along the y axis. An
explicit scheme of second-order precision (‘‘hopscotch’’
scheme'?) is used to solve the system of Maxwell equations
numerically.

Two separate parts can be discerned in the pulse incident
on the ionosphere: a leading part of duration of the order of
one to several tens of microseconds, where the electric field
is strong (up to 10? V/m for the most powerful discharges),
and a trailing part, where the amplitude of the field is com-
paratively low. This field structure is preserved as long as the
currents are fairly small.'® Rapid heating of the electron gas
and the ionization of neutrals take place during passage of
the leading part of the pulse. During passage of the trailing
part of the pulse, the heating of electrons by the electric field
is not as strong, and the electrons cool as a result of the
excitation of lower energy levels of the neutrals.
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Of utmost interest is the process in the leading part of
the pulse, where the modified particle method is also used,
whereas in the trailing part the current density is calculated
by hydrodynamic theory,'* i.e., the system of ordinary dif-
ferential equations for the electron temperature and the cur-
rent density is solved at each node of the spatial z-grid. The
initial values of these quantities are determined by matching
with the modified particle method. The error limits of the
calculation of the trailing part of the pulse do not affect the
leading part, which moves with the speed of light.

Data on the collision cross sections are taken from Refs.
15-17, and 18. The excitation of vibrational and optical lev-
els, the ionization of neutrals, and the attachment of electrons
are taken into account.

The results of the calculations are represented by graphs
of the electric field E, the magnetic field B, the current den-
sity j, the effective electron temperature ¢, , the electron den-
sity N, , the effective collision frequency v, and the elec-
tron energy dissipation rate D as functions of the height
h=z+z( and the time ¢. Within the framework of the modi-
fied particle method, the values of these quantities at a par-
ticular node of the computational grid are determined by
averaging over particles located in the two intervals adjacent
to that node. As in the case of the current density j (1), we
have

N t,z2,)= __>_ + E: )
e(£:21) 2Aze \ kektn) I keK(t,n+1) qk
2
= e —— +
T,(t,2,) 3 2AzNe(t,z,,)[g(t’n) &t,n+1)],

1
D(t,z,)= m[_@(t,n)+_@’(t,n+l)].
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We use the following definition for the effective collision
frequency in the modified particle method:

1 1
= — I 71 =7
Veff(t’z") At g(t,n)—i‘ff(t,n“i‘I)Ly(t’n)+v(t’n+l)]’

where

= S g D

2
vi(ty)(1—cosby),
2e kekitn) tqe(1—Anr) kst *

t denotes the collision times of the kth particle, v,(ty) is the
precollision particle velocity, and 6, is the angle between the
velocity vectors before and after particle collision.

The calculations are carried out in the interval ¢t=(0, 100
us) for a grid spacing Az=50 m (Az=200 m in the deriva-
tion) and 100 particles per grid interval. Control calculations
for 255 and 400 particles per grid interval have demonstrated
the required convergence of the results. The results are
shown in Figs. 2 and 3. Figure 2 shows the evolution of a
pulse as it penetrates the ionosphere at time intervals
At=20,30,...,,100 us after the instant at which the lead-
ing edge of the incident pulse is located at a height A=79
km. For the chosen parameters of the initial pulse the elec-
tron density increases 40—50%, and the electron temperature
reaches ~8-10* K in the vicinity of heights ~90 km. The
time variations of the ionization-induced electron tempera-
ture, the effective electron collision frequency, and the rate
of energy transfer from electrons to neutrals are shown sepa-
rately for a height of 90 km in Fig. 3. An analysis of the
energy balance shows that a large part of the field energy is
spent in the excitation and ionization of neutrals in the range
of heights up to ~93 km. It is evident from Fig. 3 that in the
trailing part of the pulse, hydrodynamic theory gives some-
what excessive values of the energy losses and collision fre-
quencies.

5. CONCLUSION

The modified particle method is an effective tool for the
investigation of processes in a slightly ionized plasma. Its
application is especially productive in problems associated
with rapidly changing and highly anisotropic distribution
functions, as in the rapid heating of electrons by a strong
electric field. We note that other methods, as a rule, are in-
applicable in this situation. On the other hand, if a problem
involves transition from a highly transient to a quasisteady
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state, the modified particle method can be coordinated with
other methods such as hydrodynamic theory'* or the kinetic
equation method.'°

The modified particle method has demonstrated its effec-
tiveness in solving the problem of the penetration of the
electromagnetic fields of lightning discharges into the lower
ionosphere. A modeling study has confirmed the theoretical
conclusion'® that impulsive heating of electrons to several
electron-volts and strong additional ionization at altitudes of
80-95 km are induced by powerful lightning discharges.
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