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A multiparameter variational calculation of a four-particle nonadiabatic Coulomb system, the 
positronium molecule e + e - e + e - ,  is realized for the first time in the basis of functions 
exponentially depending on all interparticle separations. The eight-fold permutation symmetry of 
the wave function of e + e - e f e -  is taken into account. Using a 90-term basis of symmetrized 
exponential functions, we find the variational values of the total binding energy of the positronium 
molecule, E = - 0.515920 a.u., and the energy of the molecule's dissociation into two 
positronium atoms, D =  0.015920 a.u.=0.433 eV. We calculate the lifetime of the positronium 
molecule against electron-positron annihilation, T,+,-,+,- = 2.25X 10-I0s. These results 
have appreciably higher accuracy than those of previous calculations of the positronium molecule 
done with other sets of basis functions, and suggest that there is great potential in the use of 
exponential functions of interparticle separations in calculations of various four-particle 
nonadiabatic Coulomb systems. O I996 American Institute of Physics. [ S  1063-7761 (96)00507-01 

1. INTRODUCTION 

The positronium molecule occupies a spe- 
cial place among four-particle Coulomb systems because the 
masses of the constituent particles are equal. It concludes the 
class of systems consisting of two pairs of identically 
charged particles, a class that begins with the isotopic modi- 
fications of the hydrogen molecule, T2, D2, and Hz, and ex- 
tends, through various mesomolecules (as the values of 
masses of the pairs of heavy and light particles become 
closer), to the case where the masses of the particles are 
exactly equal, or the e f e - e f e -  system. Molecules of biex- 
citons in a solid with various values of the effective masses 
of electrons and holes also belong to this class of Coulomb 
systems. For this reason the positronium molecule serves as 
a standard in analyzing the binding energies of mesomol- 
ecules and biex~itons,'-~ with the result that quantum me- 
chanical calculations of this system are of great interest to 
the theory of four-particle Coulomb systems. 

The ground state of e 'e -e fe , - ,  which is also the only 
state in that is stable against decay into two positronium 
atoms e + e - ,  is a singlet state in both the electron spins and 
the positron spins. 

The energy operator of the positronium molecule re- 
mains unchanged not only under the exchange of identical 
particles (electrons or positrons) but also under permutations 
of particles and antiparticles (simultaneous permutation of 
both electrons and both positrons). If we employ the Pauli 
principle and the exchange antisymmetry of singlet spin 
functions, we see that the coordinate wave function of the 
ground state of the positronium molecule possesses the fol- 
lowing eight-fold permutation symmetry: 

Odd numbers correspond to positrons and even numbers to 
electrons. 

A distinctive feature of the positronium molecule is that 
it is entirely nonadiabatic: because all the particles in it have 
equal masses, it is impossible to separate the motions into 
"fast" and "slow," with the result that one must allow for 
their simultaneous mutually correlated motion. This makes 
calculating the positronium molecule much more compli- 
cated than calculating such adiabatic systems as the hydro- 
gen molecule. 

To date the most accurate variational calculation of the 
positronium molecule has been the one done by HO: who 
used a 400-term wave function. He provided the value 
E= -0.5151 a.u. for the total binding energy of the 
e f  e - e + e -  system against decay into four separate particles, 
which corresponds to an energy D of dissociation of such a 
system into two positronium atoms equal to 
0.0151 a.u.= 0.41 1 eV. The basis used in this calculation 
consisted of exponential-power functions of the interparticle 
separations r j k =  lrj- rkl ,  but proper exchange symmetry of 
the wave function was not maintained. 

In Ref. 5 a variational calculation of the positronium 
molecule used Gaussian functions exponentially depending 
on the squares of all the interparticle separations and accu- 
rately accounted for the eight-fold permutation symmetry (1) 
of the coordinate part of the wave function. Calculations 
with a 750-term wave function yielded the following 
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values of the total binding energy and the dissociation energy the positronium molecule. We also develop a unique method 
of the positronium molecule: E = - 0.51580 a.u. and of practical calculation of four-particle Coulomb systems in 
D=0.01580 a.u.=0.430 eV. These results are appreciably the basis of functions that exponentially depend on all the 
more accurate than those of Ref. 4. At the same time, the fact interparticle separations. 
that Gaussian functions do not have the required "sharp- 
ness" at the points of pair collisions of particles and fall off 
too rapidly at large interparticle separations slows down the 

2- THE METHOD 
convergence of the variational procedure and may have a 
strong effect on the calculated expectation values of the Let us take a system of four particles with masses mi and 
physical quantities that d e ~ n d  on interparticle separations, charges q j  ( j =  1,2,3,4). The energy operator of this system 
such as the electron-positron collision probability, which de- is 
termines the rate of electron-positron annihilation. 

In view of what has been said, it seems appropriate to 4 4 

calculate the positronium molecule in a basis of functions (2) 
that exponentially depend on the first powers of all the inter- 
particle separations rjk= l r j - rk) .  The high quality of such 
basis functions is corroborated by numerous calculations of Here we use the atomic system of physical units. We intro- 

three-particle ~ ~ s t e m s . ~ - ~  The main difficulty here is the duce a system of basis functions that depend exponentially 

need to calculate ten-dimensional integrals with nonsepa- on all six separations of the four particles: 

rable integration variables (such integrals determine the ma- 
trix elements of the energy operator of a four-particle sys- 
tem). The problem is much more complicated than 
calculating the matrix elements of the energy operator of 
three-particle Coulomb systems, which can easily be calcu- 
lated using parametric coordinates. 

A special method for calculating integrals for four- 
particle systems in the basis of exponential functions of the 
interparticle separations was developed by Fromm and 
 ill.'' The first application of this method to model prob- 
lems, to the bosonic analog of the lithium atom, and to a 
four-particle system bound by gravitational forces with cal- 
culations of the diagonal matrix element of the energy op- 
erator in the basis of a single exponential function, produced 
promising results.' 

In Ref. 13 it was shown that calculating all the matrix 
elements (diagonal and off-diagonal) of the energy operator 
of a four-particle Coulomb system in an exponential basis 
reduces to calculating only two types of integrals: nonnaliza- 
tion integrals and the Coulomb-interaction integrals. With 
the results of Ref. 10 this opened a real possibility for varia- 
tional calculations of four-particle Coulomb systems in a 
broad class of bases of exponential functions. 

The aim of the present work is to realize this possibility 
in calculations of the energy and the physical properties of 

Each function contains six variable parameters bjk= bkj (or 
c jk= ckj) ,  whose set is symbolized by the label b (or c )  on 
the function @. 

The exponential basis function Q b  of Eq. (3) can be 
graphically represented by a square whose vertices corre- 
spond to separate particles and whose sides and diagonals 
represent the interparticle separations (Fig. 1). Such func- 
tions must be square-integrable. This means that only such 
sets of exponential parameters bjk are permissible for which 
Q b  tends to zero for all imaginable ways of dividing the 
square into two parts. There are seven ways to do this: four 
correspond to detaching one of the vertices and involve in- 
creasing three interparticle separations without limit, and 
three correspond to the three ways in which the square can 
be cut into two parts with two particles in each and involve 
increasing four interparticle separations without limit. For 
the function Q b  to tend to zero in each of these seven cases, 
the sum of the exponential parameters for those interparticle 
separations that increase without limit must be positive. 
Hence the admissible sets of exponential parameters bjk 
obey the following system of seven inequalities: 

TABLE I. The parameters bj, of the first ten exponential basis functions and the values of the binding energy 
E (a.u.) of the ground state of the positronium molecule obtained by successive introduction of these functions 
into the variational calculations. 

NO. E b 12 b13 b ,4 b23 b24 b 34 
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Allowing for the eight-fold symmetry (1) of the coordi- 
nate wave function of positronium, we constructed symme- 
trized eight-term combinations qb of the basis functions 
Q b  specified in (3): 

where Pjk is the exchange operator for particles j and k. 
The variational test function was built as a linear com- 

bination of N functions of the type qb whose parameters 
bjk obey the conditions (4). The matrix elements of the en- 
ergy operator (2) of a four-particle system in the basis of the 
exponential functions G b  were calculated by employing a 
special algorithm that we developed using the results of 
Refs. 10 and 11. The parameters of the first ten functions 
Q b  used in building the functions 'Pb specified in (5) were 
carefully optimized. They are listed in Table I together with 
the calculated values of the total binding energy of the pos- 
itronium molecule that were obtained after inclusion of the 
basis function with the given number N into the ever- 
growing basis of one, two, three, etc. functions 'Pb (up to ten 
functions). The parameters of the basis functions with 
N >  10 were chosen at random from fixed intervals by anal- 
ogy with calculations of three-particle systems? Here the 
parameters b12, b13, b24, and b34, which in Fig. 1 corre- 
spond to the horizontal sizes of the square and the diagonals, 
were taken from the interval - 0.5 to 0.5, and the parameters 
b and b23, corresponding to the vertical sides, were taken 
from the interval 0 to 1. 

The dependence of the variational value of the total 
binding energy E (a.u.) of the ground state of the positro- 
nium molecule on the number N of basis functions is illus- 
trated by Table 11. 

For the maximum number N of basis functions used in 
our calculations (90) we arrived at the following variational 
values of the total binding energy of the positronium mol- 
ecule and the energy of dissociation into two positronium 
atoms: 

TABLE 11. The variational value of the total binding energy E (a.u.) of the 
ground state of the positronium molecule as a function of the number N of 
exponential basis functions. 

No. E 

10 -0.515360 
20 -0.515567 
30 -0.515731 
40 - 0.5 15796 
50 -0.515846 
60 - 0.5 15872 
70 - 0.5 15887 
80 -0.515909 
90 - 0.5 15920 

FIG. 1. The exponential basis function Q b  for calculating the positronium 
molecule e 'e -e+e- .  The labels 1 and 3 at the vertices of the square indi- 
cate positrons, and the labels 2 and 4 indicate electrons. The sides and 
diagonals of the square are labeled by the exponential parameters determin- 
ing the dependence of the basis function on the separation of the respective 
particles. 

The convergence of the variational calculation is illustrated 
by Fig. 2. Clearly, the value of E in (6), with four significant 
figures, is the desired accurate value of the binding energy of 
the positronium molecule. Here the variational calculation in 
the basis of symmetrized exponential functions converges 
notably faster than in the exponential-power basis of Ref. 4 
and the Gaussian basis of Ref. 5. In particular, by N= 8, our 
calculations yielded a value of E that was below 
- 0.5151 a.u., the value obtained in Ref. 4 with 400 basis 
functions, and at N=42 we got a value that was below 
-0.51580, the value obtained in Ref. 5 with a basis of 750 
symmetrized Gaussian functions. 

Table I11 lists the average values of the reciprocal inter- 
particle separations llrjk and the delta functions 8(rjk) for 
the unlike and like charged pairs of particles in the positro- 
nium molecule, found here with the 90-tern exponential ba- 
sis and calculated in Ref. 5 with a 600-tern function in the 
Gaussian basis. Clearly, refinement of the calculated values 
as the Gaussian basis is replaced by the exponential has an 
effect on the third significant figure in the average values of 
the reciprocal interparticle separations and on the second sig- 
nificant figure in (6(rjk)). 

Our calculations with a 90-term wave function yielded 
the following average values for the kinetic and potential 
energies of the positronium molecule: Ekin= - 2(A 
=0.51628 a.u., and E,,=2(1/r13-2/r12)= - 1.03220 a.u.. 
This corresponds to a virial ratio - 2Eki, lE,,,= 1.000349. 
Thus the error to within which the virial theorem is true 
amounts to 0.03%. Optimization of the overall scale of co- 
ordinates of all the particles in the test function affects only 
the seventh significant figure in the total binding energy E of 
the system but the fourth significant figures in the quantum 
mechanical average values of the physical quantities listed in 
Table 11; they were calculated after optimizing the overall 
general scale of the wave function. 
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FIG. 2. The variational value of the total binding en- 
ergy E of the positronium molecule as a function of the 
number N of exponential basis functions. 

Knowing (S(rI2)), which is the probability density of 
the collision of positron number 1 and electron number 2, 
makes it possible to calculate the lifetime of the positronium 
molecule from the known rate of annihilation of the positro- 
nium atom e + e - .  The probability of annihilation of an 
electron-positron pair is proportional to the expectation 
(6(r12)) and depends on the mutual orientation of the spins 
of the colliding particles. According to Ref. 16, the lifetime 
of the positronium atom e'e- is rs= 1.25X 10- I0s for sin- 
glet parapositronium in which the electron and the positron 
have antiparallel spins, and T,= 1.4X 1 0 ~ ~ s  for triplet ortho- 
positronium in which the electron and the positron have par- 
allel spins. 

In the positronium molecule there is no correlation be- 
tween the electron and positron spins, so that each electron- 
positron collision occurs with probability 314 for parallel par- 
ticle spins and probability 114 for antiparallel particle spins. 
At the same time, in the positronium molecule there may be 
annihilation in each of the four electron-positron pairs, 
while in the positronium atom this may happen only in one 
pair. Hence the reciprocal lifetime of the positronium mol- 
ecule is related to the reciprocal lifetimes of orthopositro- 
nium and parapositronium atoms as follows: 

+ 117s) (S(r12))e+e-e+e-/(S(rl2))e+e- > (7) 

where (S(rI2)),+,- = 1/8~r= 0.0397887 a.u. is the probabil- 
ity density of an electron-positron collision in the positro- 
nium atom. Combining (7) and the values of 
(S(r12)),+e-,+,- listed in Table 111, we arrive at the follow- 

TABLE 111. Average values of the reciprocal interparticle separations and 
the probability density of pair particle collisions in the positronium molecule 
calculated in a 600-term Gaussian basis and a 90-term exponential basis. 

Gaussian 0.3692 0.2226 0.02065 0.000680 
Exponential 0.3683 0.2206 0.02206 0.000616 

ing values of the lifetime of the positronium molecule calcu- 
lated in the exponential basis: re+,-,+,- = 2.25X 10- I0s. 
(The value re+,-,+,- = 2.40X 10- I0s corresponds to the cal- 
culations in Ref. 5 with a Gaussian basis.) 

Thus, the quadrupling of the number of possible 
electron-positron pairs in the positronium molecule is bal- 
anced by the decrease in the statistical weight of the singlet 
states of the electron-positron pairs, and the high diffusivity 
of the charge cloud of this molecule leads to a doubling of 
the molecule's lifetime in comparison to that of the para- 
positronium atom. 

3. CONCLUSION 

Our results suggest that the use of exponential functions 
of interparticle separations in precision variational calcula- 
tions of various four-particle nonadiabatic Coulomb systems 
is promising. The complication in the computation procedure 
introduced by using an exponential basis instead of a Gauss- 
ian basis is fully balanced by improvement of the approxi- 
mation of the multiparticle wave function, which ensures 
considerable refinement of the variational calculation and ac- 
celeration of convergence. In allowing for all these merits of 
the exponential basis, the primary interest lies within preci- 
sion calculations in this basis of various four-particle meso- 
molecular system, which occupy an intermediate position be- 
tween the hydrogen molecule and the positronium molecule, 
whose energies are now known only as estimates.' 
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