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A method is developed for the ensemble averaging of the microscopic Einstein equations
(Einstein equations whose right-hand side contains the energy—momentum tensors of individual
particles) for a system of self-gravitating particles. This results in macroscopic Einstein
equations for continuous media that are accurate to second order in the gravitation interaction
constant. The equations differ from the classical Einstein equations by the presence of

additional terms caused by particle interaction. The terms are proportional to the third power of
Einstein’s constant and can be expressed in terms of the two-particle correlation function

of the particles. In addition, the relativistic kinetic equation for the one-particle distribution
function of gravitating particles is derived by a method that is more compact and complete

than the one used earlier by the same author (Sov. Phys. JETP 72, 437 (1989)). © 1996 American

Institute of Physics. [S1063-7761(96)00107-2]

1. INTRODUCTION

As is known,! the macroscopic Maxwell equations for
continuous media can be obtained from the microscopic
Maxwell equations by ensemble averaging the latter.

The Einstein equations, whose right-hand side contains
the energy—momentum tensor of matter, are phenomenologi-
cal equations. It is natural to suppose that the Einstein equa-
tions (or their generalizations) for continuous media can also
be obtained from the microscopic Einstein equations, i.e.,
Einstein equations whose right-hand side contains the sum of
the energy—momentum tensors of individual particles. How-
ever, due to the nonlinearity of the left-hand side of Einstein
equations, averaging the microscopic Einstein equations is
much more complicated than averaging the microscopic
Maxwell equations.>

The objective of the present paper is to develop a
method for deriving the macroscopic Einstein equations by
the ensemble averaging of microscopic equations that are
accurately up to second-order terms in the interaction con-
stant. Here we employ the ensemble averaging procedure
introduced by Klimontovich®® for deriving the relativistic
kinetic equation for a plasma. The same procedure was used
by the present author in Ref. 6 to derive a relativistic kinetic
equation for gravitating particles accurate to second order in
the interaction constant.

We write the system of microscopic Einstein equations
for gravitating particles in terms of the random function
N, 2(¢',p;) introduced by Klimontovich:*

d58*(q'— g} (5) 85— 5 (5)).
1)

n,
ﬁa(q",ﬁ,-)=121

Here n, is the number of particles belonging to species a,

5 is the canonical parameter along the path, ¢' and p; are the
coordinates in eight-dimensional phase space, and q(;, and
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P are the coordinates and momentum of the Ith particle of

the a species. The latter coordinates and momentum are
found by solving the equations of motion

“—d; mcP0 g T L P (ol - @
Here p( =g ”p O , 8 is the metric of the gravitational field

generated by a]l the particles, I ;,ik are the Christoffel sym-
bols of the first kind given by the metric g/, m, is the pass
of a particle of species a, and ¢ is the speed of llght

The microscopic energy—momentum tensor of a system
of particles can be expressed in terms of N, in the following
way:

=3 o[ 2 L LT a5, ®
where g’is the determinant of &'/, i =(1/mc)p,, and
d*p _ dp.dpydpidpy
V™8 V=8
is the invariant volume element in eight-dimensional space.’
Actually (3) is the sum of the microscopic energy-

momentum tensors of the individual particles.
We write the microscopic Einstein equations in the form

Gii=xTV, @

where G is the Einstein tensor in a Riemannian space with
metric g ¥, the tensor T V is defined in (3), y=8k/c*
Einstein’s constant, and k is the gravitational constant.

In view of Egs. (2) the random function (1) obeys the
equation

~

”taN"+1~* pip* aN—o 5)
p aq" ikP P op; .
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In the sections below we develop a procedure for obtaining
the Einstein equations for a continuous medium by averaging
the system of equations (3)—(5).

2. THE MACROSCOPIC EQUATIONS

Let us represent the metric g;; of the gravitational field
generated by all particles as a sum of the averaged metric g;;
and a contribution /;; due to particle interaction:

gij=8ijthij (6)

where g;;=(g;;) is the ensemble average of g; i Note that
(h;;>=0. In addition to the momenta pi=m,cdq'lds we use
the momenta p' measured in the metric g;;:

ds i ds 1

;_ds _ ')
p dsp’ ds

= o @)
“algp) GpP)"
Here s is the canonical parameter introduced by g;;.

The transformation from p; to p; is given by

pi=gup " =ag;g"p;. (®)
The Jacobian of transformation (8) is®
9pi

45,1
8p =agg ", )

J
where g is the determinant of g;;.

Now we introduce the function Na(q ,p;j) defined in the
eight-dimensional phase space with coordinates (q,p) as

Nu(d'p) =2 f ds6(q'— qiy(5))8(p,~pP(5)),
(10)

where qé,)(s) and pﬁ-”(s) are found by solving equations
obtained from (2) with the transformations (8) taken into
account:

dqé,)_ 1
ds mgc P>
dp(l) 1 . ;
k k
s me [Tj.ap{np ()~ QAmP{nP(n]- (11)
a
Here

Akj=8kj— Uplhj, U=

and Qp;=Uy;—T7; is the difference of the Christoffel sym-
bols of the second kind for the metrics g;; and g;; . In view of
Eqgs. (11) the function N,(q',p ;) satisfies the following
equation:

oN,

i a

W+F] ikP p 0p

p (Q]kAmtplpkNa) (12)

Note that the functions N, o and N, are related in the follow-
ing manner:

N,,=g~a5 N,. (13)
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Equation (12) can also be obtained directly from (5) by re-
placing the variables via (8) and (13).
If in (3) we go over to the variables (8) and (13), we get

7'71'1'___2 C ! a(q,P) \/éNa(qrp)’ (14)

where d*p/ \/—_g- is the invariant element in the unperturbed
momentum space.

For subsequent calculation is it convenient to write the
Einstein equations as

7 == 1.\,
Rij=x\8u8jm= 75 8ij8km | T

or, with allowance for (14) and the identity
Q;",,Qf’m

(R;; is the Ricci tensor of the Riemannian space with metric
gij» and V,, is a covariant derivative in this space) as

R+ V,,,Q;"-—V]-QQ',‘,,+Q%Q?].—Q;""Q?M
J [glkg]m
1 ~ ~ k.m
~ 75 8ij8km|P'P N,(q.p). (15)

We write the left-hand side of the Einstein equations (15) as

(1) (2)
R,](g)+ R’](h)+ R,](h)+..-,

(1)
where R ;;(h) is the sum of all terms that are first-order in &,
2)
R ;;(h) is the sum of all terms that are second-order in %, etc.
In particular,
(1) (1) (1)

RU=V,,,Q VQ:",,,, (16a)

(2) (2) (2) () (1) (1) (1)

R,J=VmQ:']5—VjQ;',’"+Q$nQ" Q'"Q:'m, (16b)
where

m
Q;',':E g™ (= Vihij+ Vihy+Vihy),

@) - LW
9:7= - 'i‘ h" (—Vlh,]+V,h1}+V}h,,)= - 5‘ h;"‘()’l]'
(17)

We also expand the expression

8~ ~ 1 __
a ? 8ik8jm— 2 8ij8km|>»
in the integrand on the right-hand side of Eq. (15) in powers
of h:

8-~ 1 _ _
a ? 8ikgjm—'2‘8ij8km
1 (1) (2)
=gikgjm_Egijgkm+Lijkm(h)+Lijkm(h)+"'- (18)
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In particular,

n 1 (hytpspl

1
L ijkm= — 2 E;‘I;TE‘*hug") (gikgjm— 2] gijgkm)

1 1
+hir8jmt 8ikhjm— 5 hij8km=— 5 gijhim -  (19)

We average (15) over the paths:
-
Rij(8)+\Rj(h) [ +\R;j(h) [ +--
=2 xf —(ﬂ—p(N )(g-kg- —lg--g )p"p”‘
~ \/__—g a ik&jm o Sij km

a4 (1)
+§ Xj '\/?_% <NaLijkm(h)>pkpm+"' . (20)

We introduce the one-particle distribution function*®

fa(q,p)=< f dsa‘*(q"—q;‘,)(s))a(prpﬁ-”(s))),
(Noy=nafa, 1)

and write (20) in the form

<<1) > <(2) >

d‘p 1 m
=§a: X fgnafa 8ik8jm ™ 5 8ij8km |P"P
22
k
+§ X \/—TE NLijgm(B)[ p"p™+ - . (22)

(6)) (1)
Since R ;; is linear in &, we have (R ;;(h)) = 0. As a result
the approximate macroscopic equations for the averaged
metric g;; that allow for the second-order terms in the inter-
action constant assume the form

Rij+A;j=x(T;j—(1/2) Tg;;), (23)
where
d*p

T=2, nuc p'ufq.p)
a

is the macroscopic energy—momentum tensor, and

F 3] 2 i
Aiiz Rij _2 X Fg NaLijkm p"p. (24)

2)
The expressions for R ;; and A;; can be obtained from Eqgs.
(16b), (18), and (19).

Let us now calculate A;; inside the region determined by
the correlation radius and the corresponding correlation time.
We assume the average gravitational field generated by the
particles, and the correlation function as well, to be constant
within the correlation region. In this case we can interpret g;;
within the correlation region to be the Minkowski metric.

To obtain the macroscopic equations (23) to the required
accuracy it is enough to substitute into (24) the value of 4;;
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obtained from the Einstein equations linearized with respect
to g;;. By employing the gauge V;y"/=0, where

1 .
Yij=hij— 2 hgij, h=g"h;,

we arrive at the following form of the linearized Einstein
equations:®

Dy""=—§ 2xmbczf d*py'®y(q.ppuyuy’, (25

where ®,=N,—n,f,, D=gijViVj, and indices are raised
and lowered using the Minkowski metric g;; .

Subsequent calculations do not have a covariant form,
but they are all done for the purpose of determining the com-
ponents of the tensor A;; at some point (¢) in a selected
coordinate system, where g;;(q)= 7;; is the Minkowski ten-
sor. No difficulties are encountered in writing the final result
in covariant form.

We use the identity

1
®,(7,q,p0)= )’

Xfd3q'fdske_ik'(q—q')‘bb(n,q’,pb)-
(26)

Here 7 is the temporal coordinate, and q=(¢',4%,¢>) are the
spatial coordinates. We substitute (26) into (25) and seek a
solution of Eq. (25) in the form

Yii(7,.qQ)= (217)7 g fd"p,’,f d3q'j d’k

Xe_""'(q‘q')'yzj( 7.q",p' K). 27

For 9/ we obtain the equation

!

(V)" + k= —2xmyctuy uy/ @y (n.q" py),  (28)

where the prime on the right-hand side stands for a deriva-
tive with respect to 7, and k=|k||. We write the solution of
Eq. (28) in the form

n .
f_ dn' sin k(' —puy'u,’®y(7'.q',pp).
(29)

o 2xmyct
ij__
Yo = k

As a result, for )17 we obtain
.. n
Yi(nq9=2 fd“péf d3q’fd3kf dn'
b —00

Xe @) licp n' bl K)D,(7'.q",p}),

(30)
where
ij ' 2xmyc? T '
Ys(m.7n'.py.K)= m uy'uy’ sink(n'—n). (31)
For
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1
hi( 7.9)=vij— 7 Yij

where y=g" Y;j» We have

. n
(1= f d*p; f dq’ f &’k f dy'
b —

Xe M OpB (5,9’ p, K)Dy(7',q".Pp),
2xmc? 1

iy ry (ub ui—> v")sm Kn'=m). (32

Let us also calculate the quantities

(1) 1

Q'k"z g (— dihjit djhyt Sxhyy).

To this end we write h(b)(ﬂ,n’,p;,k) in the form

, txmbc b 1
hz('?)(ﬂ,ﬂ',Pb 9k)= (27T)3k (u bu b—_h )
X (ekn'=m) _ g=ik(n' =) (33)

and then introduce the 4-vectors k;” = (k.k) and k; =(—k.k),
where obviously

k7 =—k;} (—Kk). 34

0y
Calculating Q ;, we get

. n
AU(n)=3 [ aoi[ e f ox [ an
X ¢~k (a-a)Qi(h)

X(n,7'.pp . K)P (7.0} K), (35)

where

meC2

o] A
m“( —E”fk)k+_(“f“'"§‘53')k'c+
L RLC )] oL i
ugu' —55' — |\ wjue— 5w R
't 1 rori
—|uju —56“] ky —\ugu ——6‘,(

><e-"k<v'-v>}. (36)

Ql(b)

The expressions (32) and (35) must be substituted into (12)
and (24), with the latter becoming

Lo {{otig) o o lar ) )
Aij:‘—ivm h;nQ,'j +§‘Vj hTQim + anQ;’j

<(1) (1)>
- ‘an‘Q’im "XE

d*p 1
k
T
1 k_m 1 km 1 2.2 km k
8P P TS pipi8 " 7 mcT8i8 " pip o
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1
+p1pk6"'——m 2ot

t

(N hkm>—— 37

After averaging in (37) we arrive at the final macro-
scopic Einstein equations, accurate second order in the inter-
action constant. But first we must derive a kinetic equation
for the one-particle distribution function to the same accu-
racy.

3. RELATIVISTIC KINETIC EQUATION: SECOND-ORDER
ACCURACY IN THE INTERACTION CONSTANT
We substitute (35) into (12) and get

_ON, N,

i+
p aqt Fl]kpp ap]

“5 3 [ani] #a [ o

n , , ,

7'.py KPP AN 7.4.p ) PH( 7' .4’ })-
(38)

Below we denote the set of all variables (7,q.,p,) by x, the
set (7,q’,p}) by x’, while the momenta p, are denoted sim-
ply by p’ and the p;; by p".

We average (38) over the set of systems:*

NG L KN
aql i ;kp P 3p_,

ol R KRS R

~ik-(g—q') )i(b)
X e~k (q q)Q;fn

X(7n,n’

p

x(77’n,’pI’k,)plpmAjiNa(x)(Db(xl)' (39)
Multiplying (38) by ®,(x’) and averaging yields
HN(X)Py(x"))

HN (x)Dp(x"))
ik

aqi +U; up'p ——0
S

d4/ljd3rlfd3f d"
;< 7

K (g—a) i
X e ik (a q)Q;fnc)

X(7,7",p" KPP AN ()P y(x")D (x")).  (40)

Equation (40) is an equation for the second moment
(N, (x)®,(x")). The second equation for this moment can
be obtained from Eq. (40) by the substitutions a«>b and
xeox'.

We introduce two-particle, three-particle, etc. distribu-
tion functions:

< f ds5<x—xa<s))>=fa<x),

<fds5(X‘xa(S))fdS'5(X'“xb(S’))>=fab(x,X'),

A. V. Zakharov 4



< J dsé‘(x—xa(s))f ds' 8(x" —xp(s"))

X J ds”&(x"*x,,(s"))> = fope(x,x",x"). (41)
Here

8(x—x4(5))=6%q"'—q4(5)) 8*(p;— pi(s)).

For the moments of random functions we have the following
formulas:*

(No(x))=n,fq,
<Na(x)Nb(x’)> = (nanb—naaab)fab(xrx’)

(41a)

+ngbafo(x) | ds' 0= x,(s'12),
(41b)
(Na(XINp(x")N(x"))
=(ngnpnc—nanp8,c—NahySpc— NN Ooc

+2n4840pc) fapc(X,x",x")

(e mabad Snfacex®) | ds' ' = x,(5'10)
+namy=ng8up) Sucfnex’) | 578067 x,(571)
+(”a”b""b5ab)5bcfab(x,x')J ds" o(x"
—("15)) el ) [ ds' 8

—-xa(s’/x))f ds" 8(x"—x,(s"Ix)). (41¢)
Here x,(s/x) stands for the particle path through point x of
the phase space. Bearing in mind that ®,=N,—n,f, and
that f,, is not a random function, we can easily obtain expres-
sions for the averages (N, (x)®@,(x')) and
(N, (x)D,(x")D(x")).

Substituting (41) into (39), (40), and similar equations,
we arrive at an infinite chain of kinetic equations for the
distribution functions f,,f,..f.c, etc. To obtain a kinetic
equation for the one-particle distribution function f, to sec-
ond order in the interaction constant, we truncate the chain
and assume that

fab(x) =fa(x)fb(x’) +gab(xax’)’
Fabe(X)=fa(X) fox") fo(x"). (42)

As a result we get an approximate system of equations for
the functions f,(x) and g,,(x,x"). For n,>1,

. 0f, .. O0f,
p‘ ——r-{-F.'.kp'pk —_—
aqt p;

a n
= —_— d4 'f d3 If d3kj dn'
; np ép;f p q . 7
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Xe k@O 5’ pl K)PLPTA g ap(x,x"),
(43)
i agab(xax ! )
14 —'—aqi
J
op;

X(0,7",py KPLPTA if o(x) f5(x")

ik agab(xrx’)
P

7 o
dp" f d3‘1"f dskj e D

+Fi,jk

Xf ds" 8(x" —xp(s"/x")). (44)

In deriving (43) and (44) we assumed that x’ #x,(s/x), i..,
point x’ is not on the path of particles of species a passing
through the point x of the phase space.

In view of the weakness of the interaction, the path of
particles of species b can be thought of as a geodesic in the
Minkowski world:

pP(s",x")=p]=const,
’

v
G(s"Ix)=q'+ — (7" 7"),  gy(s"Ix)=17".

Herev’' = cu,’,/uéo, withw' =@ u'%,u'?).
Integrating in (44) with respect to s”, q”, and p”, we
obtain

po ‘;gab +Pa agaab
an dq

d f 7 .
=— | &k J dn" Q)
p; AR
"o l.m 1 ’
X(n,7".p" K)p'p"A;; ;l:_ofa(x)fb(x )

Xexp

i
_ik'(q_Q')""C'(k'V')(ﬂ"_ﬂ')]- (45)
In this equation for g, we have put I'; ;=0 on the left-hand
side, since we assume that within the correlation region the

metric coefficients g;; are constant. The solution of this
equation has the form

7 dT
euterr= [ v [ 4

[
X

Ap'p™Aif o(x))
ap;

Im

T () )
770 folx Q5 (1,7 ,p,k)

i
Xexp| —ik'-(q—q')+ p (k" -v)(n—17)

. (46)

= (K V(7' =)

Here the subscript 7 indicates that after calculating the de-
rivatives with respect to p we must replace the arguments 7
and q by 7 and q+(v/c)(7—7), respectively. The solution
(46) allows for the effect of the path of a particle of species

A. V. Zakharov 5



b on a particle of species a. The reciprocal effect is taken
into account by the solutions of the equation obtained from
(45) via the substitutions a«—b and x—x'. Such a solution
can also be obtained from (46) via the same substitutions.
The right-hand side of Eq. (43) must include the sum of
these solutions. As a result we arrive at the desired relativis-
tic equation to second order in the interaction constant. Here
we restrict our discussion to space-time variation of the dis-
tribution function that is so slow that it can be considered
constant in the region determined by the correlation radius
and correlation time. Then in calculating the integrals with
respect to q', %', 7and 7’ in Egs. (43) and (46) we can ignore
the dependence of f,, and f}, on coordinates and time. After
integrating with respect to q' and k we arrive at the follow-

ing equation for f,(f,=f.(¢,p;) and f} = f,(¢",p})):
fq fa 0
——+ ik 24 __ qb 7
p 0q' Fl ]kp P 617] apl > JI ’ (4 )

where
n .
J?”=(27r)3n,,f d4p'j d3kJ_wd17’Q{,(n”)

7 drt

X(n,7'.p’' k)p’p'"A,,U ey

(7 dr’
bef_m;m

Q;Sb)('r,r’,p’,—k)

Ap°p'Afa)
opx .

i i
—= (kW)= = (k¥ )(7' = 7')
’ d d d 's ”A,’. ,) T d'T
+j7’ _7(; (pp—,"f“ faJ - Qr(a)
-w P opy y —o U

= (kV)(7=7)

X exp

X(7',7,p,K)exp

-3 (k) (7 = ')

) . (48)

Now let us examine the seven-dimensional distribution
function, which depends on the coordinates and the spatial
components of momentum p, (here and in what follows
Greek letters are used to denote the spatial components of
vectors and tensors):

nof o(X)=F (q',p o) 8(Ng"pipj—myc). (49)

The equation for F can be obtained from (47) by integrating
both sides with respect to p,. We must also integrate with
respect to p, in (48). Let us take into account the identity

I(p*p'A, QY F) Jd [1
T an P PP AR ] (60

Here and in what follows we assume that there is summation
over repeated Greek indices. In calculating the partial deriva-
tive with respect to p, on the left-hand side of (50) we as-
sume all the components p, independent and only allow for
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the fact that gijp,-pj=m2c2. On the right-hand side of Eq.
(50) this fact is taken into account in calculating the deriva-
tives with respect to the spatial components of the momen-
tum p,.

Using (50), we arrive at the following kinetic equation
for F,:

; OFa oF,
P o +T; wp'p* p. v

EE‘ Jab (51)

where

n .
J’,’,b=(2ar)3fd3p’fd3kf_md7/’Q§,(,,”)
' K)A 4 i(uu’0) !

_‘Z_ (psp[ArﬂFa

apg p°

X(n,7n'
n
X[f dr

XF,,I TQ’(I))(T,T’,p’,“k)

T

X exp

= (k)= )+ (k-V’)(ﬂ’—T’)}
+f”ld7"

7’ dr
XF, f = QI(r',7.p k)

_3_ P’sP’tA,’BF;,
app P’

e

Xexp| — (k V)(T—‘77)+_(k v')(n'=7)

| o

Now we only have to substitute the expression (36) for Qﬁ-(kb)
into (52) and integrate with respect to 7', 7, and 7.
The kinetic equation assumes the form

c "aFa+I‘ i k(?Fa
;6 p aqi j,akP°P P

’

3 7 an
@HZ jdp E,,ﬁ F,, —F,|, (53)

P
where
[2(u'u;)>—17?
— 2 2 2
EaB—ZG (mac) (mbc) (u?iulii)i

k, kgé(k-v—k-v’
xfd3k £ ) (54)

[k%c—(k-v)]?
After integrating with respect to k in (54), we arrive at the
following expression for E ,4:

2wG?L[2(u*up) (p'p!) — (u*pi) (u''p])]?

aB™ CSuOuIO[(uilut)Z__l]ZS/Z

X{—gapl (w'u;)? =11~ uqupg—upup+(uu'’)
X(uquptugup)}, (55)

A. V. Zakharov 6



where

L[
A

is an analog of the Coulomb logarithm.
Now we can easily write the covariant kinetic equation
for the function f of eight variables ¢' and p; :

; fa «fa_ 9 d*p’ afa
iu _
u' 0" ,+F11kp 0p’ t7P,~ 5 \/'— U fb
3fb
~ %, fa), (56)
where
E _27TG2Lnb[2(uku;2)(pip{)—(ukpk)(u” D1
af c6[(u,-'u)2—1]3/2

X{—gi L (w'ul)? = 11— uu;—uju;

+(u,iuk)(u,~uj'~+ui'uj)}. (57

The collision integral thus obtained is logarithmically
divergent. Just as in plasma theory this difficulty must be
resolved by introducing a cutoff in the expression for L. We
set the upper limit in the integral

L J’ ko dk
K k

to 1/rin, Where r .. is the distance at which the kinetic
energy of colliding particles becomes equal to their potential
energy. The lower limit & is set to 1/R, where the distance R
depends on the nature of the averaged metric g;;. For in-
stance, if g;; is the Friedmann metric, then R=(v*)"%,
where (v?)!? is the average thermal velocity of the particles,
and ¢ is the cosmological time. As shown in Ref. 9, allowing
for an expanding universe removes the divergences as k—0,
with the contribution to L of the region with k<1/R becom-
ing negligible.

The right-hand side of the resulting kinetic equation van-
ishes if instead of the function f, we substitute the relativis-
tic Maxwell distribution

cup’ —
Tl (Vg pipj—mgc).

Here A, is a normalization constant, u i is the vector of the
average velocity in an equilibrium state, T is the temperature,
and ky is the Boltzmann constant.

Earlier the kinetic equation (56) was derived in Ref. 6,
but in a somewhat questionable manner. An additional met-
ric was introduced in the process of deriving the kinetic
equation, and the metric did not coincide with the averaged
metric. As a result the left-hand side of the kinetic equation
acquired a term interpreted as the action of a self-consistent
gravitational field. If the variables in the corresponding equa-
tion of Ref. 6 calculated by this additional metric are re-
placed by variables calculated by the averaged metric ac-
cording to a scheme similar to (7) and (13), we immediately
arrive at the kinetic equation (56) with the kernel (57).

fdd'.p)=A4, eXp( -
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4. EXPRESSING THE ADDITIONAL TERM IN THE
MACROSCOPIC EINSTEIN EQUATIONS IN TERMS OF THE
CORRELATION FUNCTION

We substitute (32) and (35) into (37) and use (41). As a
result the additional term A;; in the macroscopic Einstein
equations can be expressed in terms of the correlation func-
tion g,,(x,x") as follows:

Aij=(5f;3;‘5§3;)["

kP?s+Q;c’is +

_<th’ls>=2 fd fd4 uj PE de3 "
b,c
n n
xfd%’f d3k"f dn'f dn'exp[ —ik'(q

—q')—iK"(q—q")]h} O (7, 7' ,p’ k')QLO

x(77’7]”9pn’k”)nbncgbc(x,9x”)v
infg f d'p, f d*p; f d’q’ f dq" f 4K’

7 n
defiknf dﬂ’f dn"exp[-—ik’(q—q')

Nijs (58)

where

(59a)

—ik"(q—q") Q4" (9,7 ,p' k')QK

X(n,7".p" K" )npn gp(x',x"),
A,,=—x§) d4pafd fd3 'fd3kf dy'

1
XeXP[—ik(q*—q”)][ 7 Pipju kym 7 g,,p kpm

(59b)

1 1
— 5 PP "+ 7 mic’g, 8"+ pp* &7+ p Sy

1

— 5 mgc’ ;6] ’ X' p" K)nanygap(x,x").

(59¢)

Here the quantities h(”) and Q'(b ) are determined by (32) and
(36), and the expression for the correlation function
gap(x,x") is obtained by adding to (46) a similar term ob-
tained via the substitutions a«<+b and x—x'.

Further simplification of the macroscopic equations can
be achieved by substituting the explicit form of g, into (59)
and calculating the integrals in (59) with respect to the vari-
ables k', K", q’, q", 7', and 7. This procedure requires
separate study.
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